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Page 394, lines 13 and 14, transpose potential and projection. 

VOL. IIL 
Page 3, line 27, far 2 read S . 

10, " 29, « Fig. 6 rearf Fig. 4. 

11, " 8, « 15 read 5. 
" 12, dele line 20. 

'' 12, line 21, insert (in') (x) before and. 
" 12, " 22, dele (xii). 
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95, line 7, before x ^^ X* *^wer^ 4w. 

97, last line, « " " " " 
158, line 24, for m + n-^ z read m -t- n — 2.' 

158, " 28, " xy " - xy. 

159, " 8, « =-2 ^' = + 2. 

160, « 6, " «7=Ci., « J^=9Ci.a. 
160, " 8, « An« " — Ati« 
160, « 13, " J==6hw « 8t£7=Ce.a. 

« 160, lines 6, 8, 19, 20, for h " 4. 
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160, " 23, 25, " h " L. 

160, " 23, 26, " b " G. 

160, line 27, rcarf =- 4{Cf., (4J2rG^ - i?'») - Ci.,Ce.,(2iO 

+ 2 iV-^ - -MF) + CeS (4iiV^- JT)}. 

161, " 7y for Cs,z read C^,t' 
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Regular Figures in n-dimensional Space. 

By W. I. Stringham, 

Fellow of the Johns Hopkins University, 



A PENCIL of lines, diverging from a common vertex in n-dimensional space, 
forms the edges of an n-fold (short for n-dimensional) angle. There must be at 
least n of them, for otherwise they would lie in a space of less than n dimen- 
sions. If there be just n of them, combined two and two they fonn 2-fold face 
boundaries ; three and three, they form 3-fold trihedral boundaries, and so 

on. So that the simplest n-fold angle is bounded by n edges, ^v^"'^) faces, 
n(n--l)(n-2) 3.foid8 in fact, by /' , Molds. Let such an angle be called 

1.2.3 ^ ' ^ ^ k\{n^k)\ ^ ^ 

elementary. Fig. 1 represents the symmetrical arrangement, in three-dimensional 
perspective, of the four trihedral boundaries of an elementary 4-fold angle. 
When put into space of four dimensions, the faces of the tetrahedra, which lie 
adjacent to the common vertex, are to be brought into coincidence two and 
two ; the edges will then fall together three and three. 

A regular angle is defined as one all of whose boundaries of any given num- 
ber of dimensions are the same in form and piagnitude. The number of regular 
■w-fold angles that can be formed out of sets of regular (n — l)-fold angles is 
limited by the number of those symmetrical arrangements of the {n — l)-fold 
angles about a vertex in an {n — \ )-fold space, which involve the symmetrical 
and equal distribution of all of their boundaries. To give concreteness to 
the idea, let equal distances be measured from the vertex of a regular n-fold 
angle on its edge boundaries. These equal lines must terminate, in the sum- 
mits of a regular (n — l)-fold figure; from which it follows that the different 
kinds of regular n-fold angles are just equal in number to the regular {n— 1)- 
fold figures or, what is the same thing, to the regular distributions of points 
on the (n — l)-fold sphere. Hence there suggests itself an obvious criterion 

for the possibility of any regular n-fold angle, viz. : 
1 
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(A.) The number of Us edge boundaries sluUl be equal to the nvmbcr of summits of 
some regular [n — \)-f old figure. 

Conformably with a notation hereafter employed in connection with the 
regular figures (see p. 8), this criterion may be expressed analytically in the 

form (»)? = (n — 1)S-', or {nt = {N — \)^, 

where (iV— l)o = (n — l)j;~' is the number of summits of some regular (h — 1)- 
fold figure, and is to have all possible values under the conditiooa named, and 
{nfi ia the number of edges which are to enter into the formation of the regular 
ji-fold angle ; (n), can have only such values as are equal to the different possible 
values of (n — l)o"'- The criterion is at least sufficient, and in this discussion 
I shall assume it to be necessary, reserving the question for future considemtion, 
if such be required. 

In particular, the number of regular 4-fold angles that can be made up of 
regular polyhedral angles is five. Out of trihedral angles three regular 4-fold 
angles can be formed, corresponding to the three regular polyhedra which have 
triangular boundaries. Similarly there is one regular distribution for tetrahedral 
and one for pentahedral angles. Tlie former consists of a set of six angles corre- 
sponding to the faces of the cube, and the latter of twelve angles corresponding 
to the faces of the dodekahedron. 

Three of the five regular 4-fold angles are shown in Plates I., II., laid out in 
three-dimensional perspective. Figs. 1 and 3 belong to what may be called 
the tetrahedroidal, Fig. 5 to the oktahedroidal, and Fig. 7 to the hexahedroidid 
4-fold angles. The other two, not represented in the plates, are dodekahe- 
droidal and ikosahedroidal. 

A complete ?i-fold figure is defined as one which is limited on every hand by 
complete (n — l)-fold figures which are themselves limited by complete [n — 2)- 
fold figures, and so on. In other words, a complete figure has no gaps in it. It 
will be convenient to designate as an n-fold poli/hedroid the n-dimensional figure 
which is bounded by {n — l)-fold flat (not curved) figures; and in particular to 
call the figure which has m {n — l)-foId boundaries an «-fold (m)-hedroid ; thus, 
an oktahedron is a 3-fold (8)-hedroid, or oktahedroid. 

An n-fold elementary pyramid is the simplest ii-fold figure. It has n + 1 sum- 
mita, (!L+lli^ edges, i^+^)^i^-'^) faces, and in genera! it has —^ili- (A - 1> 
dimensional boundaries. Thus the successive tenns of the left-hand member of 

(l-l)" + ' = 0, (1) 

beginning with the second and ending with the (b + l)"", represent the numbers 
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of boundaries of the figure, the secoud term standing for summits, the third for 
edges, the fourth for two dimensional boundaries, and so on. This is, in fact, a 
generalized form, for this special class of n-fold figures, of Euler's equation for 
polyhedra. The summits of a regular elementary pyramid are all equidistant 
from each other, and may be said to have absolute symmetry of position with 
reference to each other. The elementary pyramids are self-reciprocal in the 
sense in which a tetrahedron is said to be self-reciprocal; that is to say, 
if the centres of the (n — l)-fold boundaries be taken for the summits of a new 
figure, then the old summits will be replaced by an equal number of (n — l)-fold 
boundaries, and in general the same reciprocal relation will exist between any 
two sets of boundaries which are equidistant from the two ends of the series ; 
viz. a set of A:-fold and a set of (n — k — l)-fold boundaries. 

In particular, the 4-fold pentahedroid has 5 summits, 10 edges, 10 trian- 
gular and 5 tetrahedral boundaries. To construct this figure select anj' one 
summit of each of four tetrahedra and unite them. Bring the faces, which lie 
adjacent to each other, two and two into coincidence. There will remain four 
faces still free ; take a fifth tetrahedron, and join each one of its faces to one 
of these four remaining ones. The resulting figure will be the complete 4-fold 
pentahedroid. 

It has been seen that Equation (1) is a particular case of the generalized 
Eulerian polyhedral formula. Before proceeding with the discussion of the other 
regular figures, I propose to give a demonstration of the generalized formula for 
7i-fold figures in general. Let Nj, represent the number of A:-fold boundaries to 
an n-fold figure ; that is, say it has Nq summits, N^ edges, N^ faces, etc. Con- 
formably with this notation, Equation (1) will assume the form 

(l-l)n + i = l_(n-M)+^— +J^-^-....± (^,+ 1) IF 1 

wherein N^ is to be counted as 1 when the figure is simple, as here, i. e. not an 
assemblage of two or more n-fold figures. It is to be shown that this equation 
is true for any n-fold figure whatever, simple or complex ; — by a complex figure 
I mean one made up of two or more simple figures joined together. It is impor- 
tant to observe that, when the figure is complex, it may either be treated as 
such, in which case iV„ is the number of figures in the group, or it may be 
regarded as an (n + l)-fold simple figure, in which case another unit is to be 
added to iVj,, viz. some selected n-fold outline of the figure, not counted before, 
is to be counted as 1 in iV„. Also a term iVu + i? counting as 1 for the (n+ l)-fold 
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figure, must be added to the formula. The figure may be actually converted into 
a simple (n + l)-fold one by properly distorting it in the (n + l)-dimensional 
space. The formula thus remains the same in form for the (n + l)-fold simple 
figure as for the n-fold complex one, the upper limit of k for the former case being 
n + 1, for the latter n. The n-fold complex figure is, in fact, simply the projec- 
tion of tlie {n + l)-fold one into one of its n-fold boundaries. On this principle 
is based the following very simple proof that the function (a) must vanish for any 
n-fold simple figure, or what is the same thing, for any (n — l)-fold complex one. 
For brevity, write the function (a), corresponding to a simple n-fold figure 
of arbitrary construction, in the form 

* (n) = 1 - 2 (-)* N,. (a) 

The object of the proof is to show that * (n) = 0. For the purposes of the proof, 
the boundaries of the figure may be supposed to be elastic, so as to admit of 
being distorted without incurring any change in their numerical relations. First, 
project the figure as a whole into one of its (n — l)-fold boundaries ; the term 
iV^ = ± 1 disappears, together with a unit, of opposite sign from iV„, out of the 
term iV^_i ; these units cancel each other, and the function becomes * (71 — 1). 
The figure is now (n — l)-dimensional and complex, and iV„_i is the number of 
its (n — l)-fold constituents. Taking any one of these constituents, project it 
into one of its own (n — 2)-fold boundaries, distorting the other boundaries of the 
figure sufiiciently to allow of this being done ; taking care, at the same time, that 
no two boundaries shall fall into coincidence in the projected figure, and so one 
of them disappear. In this process the (n — l)-fold figure is obliterated and also 
an (n — 2) -fold one ; viz., the former hiis collapsed and no longer exists, while 
the latter is replaced by the other (n — 2)-fold figures which have been projected 
into it. Thus, a unit is extracted from each of the terms iV„_i , iV,»_2 ? ^^^ the 
two units cancel each other in consequence of iVi,_i and J^n-2 having opposite 
signs. This operation, repeated upon all save one of the other constituent (n — 1)- 
fold parts of the complex (n — l)-fold figure, will reduce the figure to a simple 
(w — l)-fold one, for which iV„_i is equal to 1. Observe that at each step of 
this reduction one unit and on^ one is extracted from each of the terms iV„ _ i , 
iV;»_2- The projection can always be made so as to insure this result* 



* It is of no consequence if some of the boundaries intersect each other in the projected figure. But even 
this may be avoided by a proper order in making the projections and by a proper distortion of the figure. 
Thus, if two (n — l)-fold boundaries happen to lie in the same (n — l)-dimensional flat space, such a crossing 
of boundaries mil take place ; but the two (n — l)-fold boundaries may, by a slight distortion of the figure, 
be made to lie in different (n — l)-dimen8ional spaces. 
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This simple (n — l)-fold figure can now be projected as a whole into one of its 
(n — 2)-fold boundaries, thus becoming an (n — 2)-fold complex figure; N'n-i 
will disappear entirely from the formula, which thus becomes 4> (w — 2). By a 
repetition of the foregoing process, the number of dimensions of space to which 
the figure belongs is diminished by successive units, simultaneously with 
which the upper limit of k in the 4> function is also diminished by successive 
\mits. The outcome of this is that in the limit, on arriving at zero-dimensional 
space, the function reduces to the simple identity 4>(0) = 1 — 1 = 0. Now 
since the quantities which were extracted from the terms of * (n) have 
cancelled each other in pairs, and the function is zero in the limit, therefore, in 
general, * (n) = 0, which was to be proved. 

I pass to the further consideration of the regular figures, and first of those 
belonging to four-dimensional space. The 4-fold pentahedroid has already 
been described. The next simplest is the 4-fold orthogonal figure; it is an 
oktahedroid. It may be generated by giving the 3-fold cube a motion of 
translation in the fourth dimension in a direction perpendicular to the three- 
dimensional space in which it is situated. Eiich summit generates an edge, each 
edge a square, each square a cube. To the numbers of boundaries thus generated 
must be added twice the numbers of summits, edges, squares, and cubes of the 
original figure (viz. each summit, edge, square, and cube must be counted once 
for its initial and once for its final position). Using i>o , -Di , 2?2 > -D3 , D^ in place 
of the iVo ? -^i > • • • • to represent in particular the numbers of the boundaries of 
4-fold figures, we have for the case in hand 

D^= 8+8 = 16 = 2^ 

A = 12 + 8 + 12 = 32 = 4 . 2^ 
A= 6 + 12+ 6 = 24 = ^2« 

A= 1+ 6+ 1= ^ = "^-^2 

A = = 1. 

The equation (a) for this case becomes 

1 - A + A - A + A - A = 1 - (2 - ly = 0. 

By an extension of the above process of construction to higher dimensional figures 
it is easy to show that in general the boundaries of the w-fold orthogonal figure 
give the relation 

1 - iV; + iV, - iVa + iV3 - . . . . T iV, = 1 - (2 - 1)», (2) 

the upper sign corresponding to n even, the lower to n odd. 
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The 4-fold hexadekahedroid and its analogues in w-fold space are the recipro- 
cals of the corresponding orthogonal figures, and the * function for these is (2) 
written backwards, i. e. 

1 - a; + iVi -- iV, + iV3 - • • • • =f ^n = (1 - 2)« T 1 = 0. (3) 

But it will be interesting to see how the 4-fold figure may be completely 
determined by purely geometrical considerations. Take the eight middle points 
of the cube boundaries of the 4-fold octahedroid as summits ; 2?o == 8 = 4 . 2 . 
These points are the eight extremities of the four mutually perpendicular diame- 
ters of the 4-fold sphere. The edges of the figure are found by joining each sum- 
mit with each of the other summits except its antipode, i. e. with six adjacent 
ones ; so that the number of edges diverging from a vertex is six. Hence 

Dy = —i^ = J— 2 2^. Consider the four points, equidistant from each other, which 

lie at the extremities of four mutually perpendicular radii of the 4-fold sphere. 
They have absolute symmetry of position in three-dimensional space, and so are 
the summits of a regular tetrahedron. Any fifth point of the series is an 
antipode of one of the four already selected, and such a group of five points 
cannot lie in a space of three dimensions, so that four of the eight points only 
can be taken as constituting the summits of the three-dimensional boundaries ; 
hence these boundaries are tetrahedra. Their number is found by enumerating 
the groups of four out of the eight points, excluding groups which contain 

antipodes; so that Ds =^ 1 + 4 + ^ — h j~V~§ + 1 = 16 = 2^; whence, also, 

D^ = -^^ = 32 = j^'2 3 2^- Therefore D^^Di, D^^D^y D^ do satisfy the relation 

(3), as was predicted. 

It appears, then, that every space has at least three regular figures. I shall 
hereafter refer to these as the binomial tri-group in w-dimensional space. The 
three figures in question are, in the notation we have adopted, the w-fold {n + 1 )- 
hedroid, the w-fold (2 w)-hedroid, and the w-fold (2'*)-hedroid. 

Figs. 1, 3, 5 represent respectively the summits, one in each figure, of the 
4-fold pentahedroid, oktahedroid, and hexadekahedroid, with the 3-fold boun- 
daries of the summit spread out symmetrically in three-dimensional space. 
Figs. 2, 4, 6 represent the complete projections of these three regular figures upon 
a plane. The tetrahedral boundaries of the pentahedroid (Fig. 2) are a 6 erf, 
bcdcy cdeay deah, ahce. The eight cube boundaries of the oktahedroid (Fig. 
4) are ahcdefgh^ Imnpqr st^ ahcdlvinp^ efghqrst^ aclnegqs^ hdm 
pfhrt^ Jicdpghstj ahlmefqr. The sixteen tetrahedral boundaries of the 
hexadekahedroid (Fig. 6) are abed, dh'cd'^ aVcW^ ahcdy ab'cd, abcd\ 



U ii 

i6 a 



i6 i6 16 

a i6 ii 
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abcdy ah'cd\ ahcd\ dVcd^ ahc'd\ dVcd^ ahcd, aVcd\ dhcd\ aV d d> 
The accented letters are the antipodes of the unaccented ones. 

Now in building up all possible 4-fold regular figures we have five regular 
3-fold figures to deal with. Let us take successively these five figures, and using 
each as a framework upon which to arrange symmetrically the 3-fold bounda- 
ries to one of the summits of the 4-fold figures, consider all the possible cases. 
(The framework above referred to I shall call the frame figure, and the {n — 1)- 
fold figure, out of a group of which the w-fold one is to be constructed, the gen- 
erating figure.) The arrangements, with the 3-fold figures, which give regular 
distributions amongst the summits of the frame figure, i. e. those which satisfy 
the criterion (A) of page 2, for a regular angle, are — 

(i.) 4 tetrahedra upon a tetrahedral frame. 

{%%.) 4 hexahedra " 

{ill.) 4 dodekahedra " 
(it;.) 8 tetrahedra upon an octahedral frame. 

(t?.) 8 hexahedra 
{yi,) 8 dodekahedra 

{yii,) 20 tetrahedra " ikosahedral " 
{vin.) 20 hexahedra " 
(ia^.) 20 dodekahedra " 

(a?.) 6 octahedra upon a hexahedral 
(rri) 12 ikosahedra " dodekahedral " 

These eleven cases naturally fall into reciprocal pairs wherein the generating 
figure of the one case is the reciprocal of the frame figure of the other, and into 
self-reciprocal single categories in which the generating and frame figures are the 
reciprocals of each other. The reciprocal pairs are (n) {iv\ {Hi) (vii), (vi) (viii), 
and the self-reciprocal categories are (i), (r), {ix)j {x)^ (xi). The resulting figures 
will group themselves into three classes, — real, imaginary, and infinite. The 
imaginary figures are those which cannot be built up in consequence of their 
enclosing too much space ; the infinite ones are those which completely fill up — 
saturate, so to speak — infinite three-dimensional space. 

For the rejection of those cases which give rise to imaginary figures and the 
complete determination of the real figures, the following general criteria, appli- 
cable to an n-fold regular figure, will be useful, and are obviously necessary : — 

(B.) The number of {n — \)fold boundaries which border upon any summit of a 
regular nfold figure must be less than the number of those (n — V)fold boundaries which 
can be joined together — vdth their (n — 2yfold boundams coincident two and two — about 
a point in ( n — 1 ydimensional space. 
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(C.) In a regular n-f old figure ^ every boundary of a given number of dimensions nmst 
have lying adjacent to it the same number of equal boundaries of any of ha* number of dimen- 
sions. 

Analytically expressed, the criterion (C) is equivalent to 

(n); iV; = in); Nr, (4) 

where iV, , iVj. represent the number of s- and r-fold boundaries to the regular 
figure, and (n)JI = the number of r-fold boundaries to an s-fold boundary, (w)J 
= the number of s-fold boundaries to an r-fold one. Here n is the number of 
dimensions of the space to which the figure belongs, and r, s may have any values 
from to n inclusive. It is obvious that (n)J = iVi.. 

For the application of the criterion (B) to the 4-fold figures, the following 
table of lengths of edges of the five regular solids, each inscribed in a sphere 
whose radius is unity, will be useful : — 

Tetrahedron, / = 1.632994, 
Hexahedron, / = 1.154700, 
Oktahedron, Z= 1.414214, 
Dodekahedron, 1= .713644, 
Ikosahedron, I = 1.051462. 

Case (v) gives the only infinite figure in the above scheme. Its construction 
is obvious. 

Cases {i)y (u), (iv) give real figures, viz. the pentahedroid, the oktahedroid, 
and the hexadekahedroid. 

Cases (vi), (ix). Let the three summits of a dodekahedron, which are nearest 
to and equidistant from another of its summits Sy be placed in coincidence with 
three mutually adjacent summits of a regular oktahedron inscribed in the unit 
sphere, and let the summit S be directed inward towards the centre of the 
sphere. The length of an edge of the oktahedron being 1.414214, the calcu- 
lated length of edge of the dodekahedron is .874048, or less than the radius of 
the sphere. Hence the summit S will fall short of the centre of the sphere ; 
wherefore eight trihedral angles of regular dodekahedra more than fill up the 
three-dimensional space about a point. Case {vi)y therefore, gives rise to an 
imaginary figure. Case (ix) likewise gives an imaginary figure, since I is less 
for the ikosahedron than for the oktahedron. 

Case {viH). This, being the reciprocal of Case (vi), must give an imaginary 
figure. It is othei'wise seen to be imaginary from the fact that the length of 
edge of the frame figure (the ikosahedron) being 1.051462, that of the hexa- 
hedron is 1.051462 -^ V2 = .743496, or less than the radius of the sphere. 
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Case (od). Five summits of an ikosahedron adjacent to another summit S are 
to be placed in coincidence with the five summits of a pentagonal face of the 
frame dodekahedron, with S inside the sphere. The length of edge of the 
dodekahedron being .713644, that of tlie ikosahedron is the same, or less than 
the radius of the sphere. Hence the figure is imaginary. 

Case (x). Place the four summits of an oktahedron (Fig. 6), which lie at the 
comers of a square section, in coincidence with the four comers of one of the 
faces of the inscribed cube. The edge of the cuhe is 1.1547, greater than the ra- 
dius of the sphere. Hence this case gives rise to a real figure. 

Case {in). The length of an edge of the frame figure (the tetrahedron) being 
1.632994, the calculated length of an edge of the dodekahedron is 1.009261, or 
greater than the radius of the sphere. The figure is real. 

Case {vii). The length of edge of the frame figure (the ikosahedron) is 
1.051462, and that of the tetrahedron is the same, or greater than the radius of 
the sphere. The figure is real. 

There are thus three 4-fold figures yet to be determined, the self-reciprocal 
figure of Case (x) and the reciprocal group of Cases {iii)^ (vii). 

That the figure of Case (x) is self-reciprocal is shown by the relations 

(d)? A = (d^ A , (rf)? A = (d)l A, 

special forms of the equation of Criterion (C), wherein for the case in hand 

(d)\ = (d)l = 3 , {d)l = {d^ = 6. 

The figure is a 4-fold ikosatetrahedroid. A summit out of each of six oktahedra 
joined together make up one summit of the new figure. Fig. 7 shows such a 
summit with six oktahedral boundaries arranged about it symmetrically in three- 
dimensional space. Conceive Fig. 7 to be transported into four-dimensional 
space and the interstices between the adjacent triangular faces to be closed up 
by joining those faces two and two ; the figure assumes a form whose projection 
is represented in Fig. 8 with dotted lines omitted. Adjust to this figure twelve 
other oktahedra in a symmetrical manner; three of these oktahedra are repre- 
sented by the dotted lines of Fig. 8. Again, close up the interstices between 
the adjacent faces ; the outline of the figure assumes a form whose projection is 
represented in Fig. 9. Now, conceive this figure to be turned inside out. There 
will be' left in the middle of the figure a vacant space of exactly the form of 
Fig. 8 with the dotted lines omitted ; such a group of six oktahedra is therefore 
required to complete the 4-fold figure. By counting up all the constituent okta- 
hedral summits and other boundaries the reader may satisfy himself that the 
summits of the 4-fold figure are filled to saturation, and that the figure is in other 
respects complete and regular. 
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The number of oktahedral boundaries is ZJg = 6 + 12 + 6 = 24 ; of summits, 

2>o = — g— = 24 ; of triangular faces, D^ = --2~~ = 96 ; of edges, D^ = — y- = 96. 
Thus the equation *(n) for this case is 

1 - A + A - A + A - A = 1 - 24 + 96 - 96 + 24 - 1 = 0. (5) 

This figure bears peculiar relations to the oktahedroid and the hexade- 
kahedroid. It is easily shown that the edge of the oktahedroid is equal to the 
radius of the circumscribed 4-fold sphere ; in fact, 4 P = (2 r)^, or Z = r, where r 
is the radius of the sphere and / is the length of edge of the oktahedroid. Now, 
the semidiagonal of the cube whose edge is r, is r ^V3 ; therefore, the distance 
from the centre of the 4-fold sphere to the centre of one of the cube boundaries 
of the inscribed regular oktahedroid is ^^^ — ^^(j^)* = J r. Hence the point of 
intersection, P, of the sphere with the radius drawn through the centre of one 
of these cubes is at a distance r from each of the summits of the cube ; in other 
words, the eight lines joining this point with the summits of the cube are in 
length equal to an edge of the cube, therefore also to the radius of the sphere. 
These lines, in fact, are edges of a regular ikosatetrahedroid. There are 8X8 = 64 
of the lines joining the points P with the summits of the oktahedroid, and these 
together with the 32 edges of the oktahedroid constitute the 96 edges of the 
ikosatetrahedroid. Moreover, the summits of the latter figure are the 16 sum- 
raits of the oktahedroid plus the 8 points P. Again, each of the 32 edges of 
the oktiihedroid has 3 cubes bounding it; hence, there are 3 triangular 
faces of the ikosatetrahedroid corresponding to each of these edges, or in all 
3 X 32 = 96. Finally, the 24 2-fold faces of the oktahedroid are 24 square 
plane sections of the oktahedral boundaries of the ikosatetrahedroid. Eight of 
the summits of the ikosatetrahedroid constitute the summits of a regular hexade- 
kahedroid ; but the edges and 2-fold boundaries of the latter figure are quite dis- 
tinct from those of the former. 

A projection of the ikosatetrahedroid may be constructed by drawing all the 
diagonal lines of the 8 cubes of Fig. 6, and regarding the half-diagonals as 
edges of the new figure and the middle points of diagonals as summits. 

Having determined the figure of either Case {Hi) or {vii)y that of the other 
will be determined as its reciprocal. The process of building up the figure of 
Case {mi) is graphically illustrated in Figs. 10-17. Twenty tetrahedral summits 
are required to make up a summit of the 4-fold figure. By joining together a single 
group of 20 tetrahedra and bringing the tidjacent faces two and two into coinci- 
dence, a figure is produced whose projection in three-dimensional space has the 
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form of Fig. 10* In Fig. 11, 20 more tetrahedra have been added; the addition 
of 20 more to Fig. 11 gives Fig. 12 ; the addition of 5 X 12 = 60 to Fig. 12 gives 
Fig. 13; the addition of 2 X 30 = GO to Fig. 13 gives Fig, 14; the addition of 
5 X 12 = 60 to Fig. 14 gives Fig. 15. The manner of distributing the tetrahediu 
as they are added is obvious. This hist figure contains 20 indentations into 
which trihedral, and 12 into which pentahedral angles must be inserted. Form 
20 groups of 2 tetrahedra each, as represented in Fig, 16, having trihedral 
angles at R, R \ and form 12 groups of 15 tetrahedra each, as represented in 
Fig. 17, having pentahedral angles at Sj S\ These 20 + 12 = 32 groups, 
together with two of the groups of Fig. 15, will fit into each other and complete 
the regular 4-fold figure. That the summits of this figure are all saturated can 
be verified by actual count. Thus the number of tetrahedral boundaries to the 
regular figure is 2 (20 + 20 + 30 + 60 + 60 + 60) + 2 X 20 + 5 X 12 = 600. 
Applying the criterion ( C) in order to determine the other boundaries, we have 

(d)S = 20, (ci)?=4, (d)J=5, (c?)? = 6, (rf)? = 2, (d^ = 4; 

whence, in consequence of the relation (rf); -D, = (d)I Dr> 

20 A = 4X600, A =120; 
5 A = 6 X 600, A = 720 ; 
2 A = 4X600, A = 1200; 

so that 4> (n), for this case, is 

l-A + A-A + A-A=l-120 + 720-1200 + 600-l = 0. (6) 

In the nomenclature we have adopted the figure is a 4-fold (GOO)-hedroid, or 
hexakosioihedroid. 

The reciprocal of the figure last described is evidently a 4-fold (120)-hedroid, 
or hekatonikosihedroid. This figure m«ay be constructed as follows: Each 
summit must have 4 constituent dodekahedral summits. Take a single dodeka- 
hedron as ^ foundation upon which to build. Surround it with 12 other 
dodekahedra, tis represented in Fig. 18. The successive additions to this figure 
of 20, 12, and 30 dodekahedra produce respectively the figures 19, 20, and 21. 
Now 19 and 20 are the negatives of each other in the photographic sense, and 
will fit together so as to complete the regular figure. Thus the number of 
dodekahedral boundaries to the figure is 2 (1 + 12 + 20 + 12) + 30 = 120. 
Applying the criterion (C) we have 

♦ The constituent tetrahedra represented in the projected figures are not regular in so far as they have not 
equal regular faces. But that is evidently of no consetjuence, so long as the interstices are closed in the proper 
way and the right faces are left free to admit of further additions. In other respects the projected figures may 
be distorted ad libitum. Figs. 11^ 13 are the two regular star-faced do<.lbkaliedj:a of Puinsot. 
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(rf)S = 4, (rf)? = 20, (rf)J = 3, {d)\ = Z(i, {d%^2, (rf)i=12; 

4 Do= 20X120, A = 600; 
3 A = 30 X 120, A = 1200 ; 
2 A= 12X120, A = 720; 

1-A + A — A + A-A=l-600+1200-720 + 120 — 1 = 0, (7) 

which last is (6) written backwards, as it should be. 

Passing to the discussion of the regular 5-fold figures, the several arrange- 
ments to be considered are 



(i.) 

("•) 
{Hi.) 

{iv.) 

iv.) 

(m.) 

{vii.) 

{via.) 
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(5)-hedroids upon a (5)-hedroidal 
(8)-hedroids •' " «* 



frame. 



5 (120)-hedroids 

16 (5>hedroids 

16 (8)-hedroids 

16 (120)-hedroids 

8 (24)-hedroid8 

24 (16)-hedroids 

(ix.) 600 (5)-liedroids 

(x.) 600 (8)-hedroids 

(xi.) 600 (120)-hedroids 

{xii.) 120 (600)-hedroids 
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The reciprocal pairs in this scheme are {ii) (it?), {vii) (mii), {Hi) {ix\ and the 
cases giving self-reciprocal figures are (i), {v\ {xi\ {xii). 

For present purposes the following approximate lengths of edges of the 
4-fold regular figures inscribed in the unit 4-fold sphere are sufficiently accurate : 

4.fold (5)-hedroid, Z= 1.58113, 






(8)-hedroid, 
(16)-hedroid, 
« (24)-hedroid, 
« (120)-hedroid, 
« (600)-hedroid, 



I = 1.00000, 
I = 1.41421, 
/ = 1.00000, 
l< 1, 
;<1.* 



♦ In general, the length of edge of the n-fold (n -f l)-hedroid, (2 w)-hedroid and (2")-hedroid are respectively 

. /2mTl) - -1- - ./=- 

where r^ is the radius of the circumscribed 7i-fold sphere. The first expression is a consequence of the fact that 

the distance of the centre of the n-fold (n -f l)-hedroid to one of its summits is ^ ^ times the distance from a 

summit to the centre of the opposite (n — l)-fold boundary. The second expression is obtained from the ef^uation 
(2 r„)' = 7</J , where /„ is the length of edge, and the thinl is the quadrant of a great circle on the «-fold sphere. 
Observe that in an infinite-dimensional space the second expret^sion is zero and the iirst and third are iden- 
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Cases (i), (f/), (it?), give the binomial tri-group for five-dimensional space. 
Their 4> functions are respectively : 

(1-1)6=0, 1- (2 -1)^ = 0, (1-2)*^+ 1 = 0. 

Cases {v)j {vii)y and {viii) each give rise to infinite figures, the first being self- 
reciprocal, the other two forming a reciprocal pair. The figure of Case {v) is in- 
finite, for the edge of the frame figure is \/2, hence that of the generating figure 
is equal to the radius of the circumscribed 5-fold unit sphere. In applying the 
criterion to Case {vii)j we notice that the extremities of the eight edges diverg- 
ing from a summit of an ikosatetrahedroid terminate at the summits of a cube, 
and the edges of that cube are edges of the ikosatetrahedroid. Making these 
eight summits coincide with those of one of the cubes of an oktahedroid inscribed 
to the 4-fold sphere, then the adjacent summit of the ikosatetrahedroid — 
since the edge of the oktahedroid is equal to the radius of the sphere — will 
lie at the centre of the sphere. Evidently then other ikosatetrahedroids may 
be added to the figure ad wfinUunij in such a way as to saturate the four-dimen- 
sional space. Tlie centres of these ikosatetrahedroids are the summits of an 
infinite series of successive hexadekahedroids, which also fill to saturation the 
infinite four-dimensional space. This is the figure of Case {viii). It may also 
be shown to be infinite by the application of the criterion (i?).* 

Cases {iii\ (ix), {vi\ {x\ {xi). The edge of the frame figure of Case {Hi) 
being 1.58113, the calculated length of edge of the generating figure is .97722, 
or less than the radius of the circumscribed sphere. Hence the figure is imagi- 
nary and also its reciprocal of Case (ix).t Moreover, since the edge of the 
frame figure of Case (vi) is shorter than the corresponding edge in Case {iii)j 

tical. The edge of the (120)-hedroid inscribed in the unit 4-fold sphere must be leto than the edge of a regular 
dodekahedron inscribed in the unit 3-fold sphere ; for the dodekahedral boundaries to the (120)-hcdr()id are 
themselves inscribed in sjnaU spheres whose radii are less than the radius of the circumscribed 4Tfold sphere. 
Hence the limit I < 1 for the (120)-hedroid is justified. The limit I < 1 for the (600)-hedroid is verified in the 
last footnote to this page. 

♦ The fact here brought to light that four-dimensional space may be built up with either hexadekahedroids 
or ikosatetrahedroids suggests another method for calculating the length of an edge of the ikosatetrahedroid. 
Let A and B (Fig. 22) be the centres of two adjacent hexadekahedroids out of 24 which have been joined to- 
gether about a point 0, the centre of a 4-fold sphere which circumscribes the ikosatetrahedroid whose summits 
are A^ B, etc. The radius of the sphere is the same as of that which circumscribes the hexadekahedroid whose 
centre is at jB, so that OB = BF = r. Let C be the centre of a tetrahedral boundary common to the two 
adjacent hexadekahedroids. Then C bisects AB and CF is perpendicuLir to AB. Now IIF Ls an edge of the 
hexadekahedroids and is equal to r ^2" ; and i4 ^ = / is an edge of the ikosatetrahedroid ; and we have 

CF=:HF^ = r ^^; CF^'\' CB^ = FB^, or | r^ -h i /« = r^ ; .-. / = r. 

t This verifies the assumption on page 12, that the length of edge of the regular 4-fold (600)-hedroid is 
less than the radius of the circumscribed 4-fold sphere. For if it were e(j[iuil to or greater than the radius of 
the sphere, the application of Criterion (B) to Case (t>) would give either an infinite or real figure. 
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the reciprocal figures of Cases (ri) and (x) are also imaginary; for the Bame 
reason the self-reciprocal figure of Case (xi) is imaginary. 

Case {xii). The generating figure is hounded by tetrahedra, the edge of 
which (in applying the criterion) must be equal to the edge of the frame figure; 
i. e. it is less than the radius of the sphere. Hence the figure is imaginary, 

Thus, according to the criterion (B) here used, there are only three regular 
5-fold (.timple) figures. Now if this be so, then, according to the same criterion, 
there can be no more than three belonging to any space of more than five 
dimensions. Suppose, in fact, that we have a set of the tri-group of 7^-foId figures, 
and wish to build up {;i + l)-fold regular figures. Tlie three figures in question, 
the H-fold (n + l)-hedroid, (2 Ji)-hedroid and (2")-hedroid, have respectively for 
the numbers of the summits belonging to their (« — l)-fold boundaries : 

(») {»);-' = »; m (»).— = 2— ; (0) («).-' = .<. 

Now the equation of Criterion (C), page 8, gives 

(ii)!iV. = («)W = 2iV,, 

where (h)J is the number of edges radiating from a given summit, and wg have 

for the first case (n)J(»+ 1) = 2 — ^ — > f'^'" ^'^^ second (7i^2" = 2n 2"~', 

and for the third (n)1 . 2n= 2 . 2 «(« ~ 1), wluch give the group of values 

(a)' (»)! = »; (6)' («);=« 1 W («)! = 2(«-l). 

For those arrangements in the formation of a regular angle which are possible 
to alt spaces we are to select, in obedience to the criterion (A), the pairs of 
values (»)S~S (»)i, which are identical in the two groups, and these are 

(a) (a)' (a)(4)' (c)« (c)(6)'. 
The fourth pair gives the arrangement for the infinite self-reciprocal figure, and 
the other three give rise to the tri-group of regular figures in (n + l)-dimensional 
space. The other five combinations, (a) (c)', (6) {a)',(h) (&)',(&) {c)',{c) (c)', are 
possible only when w = 2 , 1 , 1 , 2 , 2 respectively. Ilonce, if « be greater than 
2, the only regular figures that ciin be produced out of combinations of the three 
figures of the tri-group are their own analogues in the higher spaces. 

It will be obvious to the reader of this paper, that the methods herein em- 
ployed are extremely liable to errors which might materially modify the conclu- 
sions drawn, and I shall be surprised if none are found ; 

" For hard, hnnl, hanl is it only not to tumble, 
So ffiiLljistical is the dainly iiiptrc." 

I wish, in conclusion, to make grateful acknowledgment to my coworkers at 
this University, and especially to Dr. Story, for valuable sugge.stions. 
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On the Algebra of Logic, 



By C. S. Peirce. 



CnAPTER I. — Syllogistic. 

§ 1. Derivation of Logic. 

In" order to gain a clear understanding of the origin of the various signs used 
in logical algebra and the reasons of the fundamental formuloB, we ought to 
begin by considering how logic itself arises. 

Thinking, as cerebration, is no doubt subject to the general laws of nervous 

action. 

When a group of nerves are stimulated, the ganglions with which the group 
is most intimately connected on the whole are thrown into an active state, 
which in turn usually occasions movements of the body. The stimulation con- 
tinuing, the irritation spreads from ganglion to ganglion (usually increasing 
meantime). Soon, too, the parts first excited begin to show fatigue ; and thus for 
a double reason the bodily activity is of a changing kind. When the stimulus 
is withdrawn, the excitement quickly subsides. 

It results from these facts that when a nerve is affected, the reflex action, 
if it is not at first of the sort to remove the irritation, will change its char- 
acter again and again until the irritation is removed ; and then the action will 
cease. 

Now, all vital processes tend to become easier on repetition. Along whatever 
path a nervous discharge has once taken place, in that path a new discharge is 
the more likely to take place. 

Accordingly, when an irritation of the nerves is repeated, all the various 
actions which have taken place on previous similar occasions are the more likely 
to take place now, and those are most likely to take place which have most 
frequently taken placo on those previous occasions. Now, the various actions 
which did not remove the irritation may have pre^nously sometimes been per- 
formed and sometimes* not ; but the action which removes the irritation must 
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have always been performed, because the action must have every tinie continued 
until it was performed. Hence, a strong habit of responding to the given irrita- 
tion in this particular way must quickly be established. 

A habit so acquired may be transmitted by inheritance. 

One of the most important of our habits is that one by virtue of which certain 
classes of stimuli throw us at first, at least, into a purely cerebral activity. 

Very often it is not an outward sensation but only a fancy which starts the 
train of thought. In other words, the irritation instead of being peripheral is 
visceral. In such a case the activity has for the most part the same character ; 
an inward action removes the inward excitation. A fancied conjuncture leads us 
to fancy an appropriate line of action. It is found that such events, though no 
external action takes place, strongly contribute to the formation of habits of 
really acting in the fancied way when the fancied occasion really arises. 

A cerebral habit of the highest kind, which will determine what we do in 
fancy as well as what we do in action, is called a beUef. The representation to 
ourselves that we have a specified habit of this kind is called a judgment A 
belief-habit in its development begins by being vague, special, and meagre; it 
becomes more precise, general, and full, without limit The process of this de- 
velopment, so far as it takes place in the imagination, is called thovghl. A judg- 
ment is formed; and under the influence of a belief-habit this gives rise to a new 
judgment, indicating an addition to belief. Such a process is called an inference ; 
the antecedent judgment is called the premise ; the consequent judgment, the 
conclumn; the habit of thought, which determined the passage from the one to 
the other (when formulated as a proposition), the leading principle. 

At the same time that this process of inference, or the spontaneous develop- 
ment of belief, is continually going on within us, fresh peripheral excitations are 
also continually creating new belief-habits. Thus, belief is partly determined by 
old beliefs and partly by new experience. Is there any law about the mode of 
the peripheral excitiitions ? The logician maintains that there is, namely, that they 
are all adapted to an end, that of carrying belief, in the long run, toward certain 
predestinate conclusions which are the same for all men. This is the faith of the 
logician. This is the matter of fact, upon which all maxims of reasoning repose. 
In virtue of this fact, what is to be believed at last is independent of what has 
been believed hitherto, and therefore has the character of reality. Hence, if a 
given habit, considered as determining an inference, is of such a sort as to tend 
toward the final result, it is correct ; otherwise not. Thus, inferences become 
divisible into the valid and the invalid; and thus logic takes its reason of 
existence. 
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§ 2. St/Uogism and Diabgism. 

The general type of inference is 

P 
. * . \j^ 
where . * . is the sign of illation. 

The passage from the premise (or set of premises) P to the conclusion C 
takes place according to a habit or rule active within us. All the inferences 
which that habit would determine when once the proper premises were admit- 
ted, form a class. The habit is logically good provided it would never (or in the 
case of a probable inference, seldom) lead from a true premise to a false con- 
clusion ; otherwise it is logically bad. That is, every possible case of the opera- 
tion of a good habit would either be one in which the premise was false or one 
in which the conclusion would be true ; whereas, if a habit of inference is bad, 
there is a possible case in which the premise would be true, while the conclusion 
was false. When we speak of a possible case, we conceive that from the general 
description of cases we have struck out all those kinds which we know how to 
describe in general terms but which we know never will occur ; those that then 
remain, embracing all whose non-occurrence we are not certain of, together with 
all those whose non-occurrence we cannot explain on any general principle, are 
called possible. 

A habit of inference may be formulated in a proposition which shall state 
that every proposition c?, related in a given general way to any true proposition p^ 
is true. Such a proposition is called the leading pnnctple of the class of infer- 
ences whose validity it implies. When the inference is first drawn, the leading 
principle is not present to the mind, but the habit it formulates is active in such 
a way that, upon contemplating the believed premise, by a sort of perception the 
conclusion is judged to be true.* Afterwards, when the inference is subjected to 
logical criticism, we make a new inference, of which one premise is that leading 
principle of the former inference, according to which propositions related to one 
another in a certain way are fit to be premise and conclusion of a valid inference, 
while another premise is a fact of observation, namely, that the given relation 
does subsist between the premise and conclusion of the inference under criticism; 
whence it is concluded that the inference was valid. 

Logic supposes inferences not only to be drawn, but also to be subjected to 
criticism; and therefore we not only require the fonn P .-. C to express an argu- 

♦ Though the leading principle itself is not present to the mind, we are generally conscious of inferring 
on some general principle. 
8 
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raent, but also a form, Pj -<^ Cj, to express the truth of its leading principle. 
Here Pi denotes any one of the class of premises, and Q the corresponding con- 
clusion. The symbol -<^ is the copula, and signifies primarily that every state 
of things in which a proposition of the class Pj is true is a state of things in 
which the corresponding propositions of the class C| are true. But logic also 
supposes some inferences to be invalid, and must have a form for denying the 
leading premise. This we shall write P| -<^ C|, a dash over any symbol signifying 
in our notation tJie negative of thai symbol* 

Thus, the form P, — <^ Q implies 
eitliery 1, that it is impossible that a premise of the class Pj should be true, 
or, 2, that every state of things in which Pj is true is a state of things in which 
the corresponding Ci is true. 

The form P, -<^ C, implies 
bothj 1, that a premise of the class Pj is possible, 
andj 2, that among the possible cases of the truth of a Pj there is one in which 

the corresponding Ci is not true. 
This acceptation of the copula differs from that of other systems of syllogistic 
in a manner which will be explained below in treating of the negative. 

In the form of inference P .-. C the leading principle is not expressed; and 
the inference might be justified on several separate principles. One of these, 
however, P| -<[ Cj, is the formulation of the habit which, in point of fact, has 
governed the inferences. This principle contains all that is necessary besides the 
premise P to justify the conclusion. (It will generally assert more than is neces- 
sary.) We may, therefore, construct a new argument which shall have for its 
premises the two propositions P and Pj -<^ Ci taken together, and for its conclu- 
sion, C. This argument, no doubt, has, like every other, its leading principle, 
because the inference is governed by some habit ; but yet the substance of the 
leading principle must already be contained iniplicitly in the premises, because 
the proposition Pi -<Cl Ci contains by hypothesis all that is requisite to justify 
the inference of C from P. Such a leading principle, which contains no fact not 
implied or observable in the premises, is termed a logical principle, and the argu- 
ment it governs is termed a complete^ in contradistinction to an incomplete^ argu- 
ment, or enthymeme. 

The above will be made clear by an example. Let us begin with the enthy- 
meme, 

Enoch was a man, 

.-. Enoch died. 

* This dash was iis<kI by Boole, but not over other than class-signs. 
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The leading principle of this is, " All men die." Stating it, we get the complete 

argument, 

All men die, ^ 

Enoch was a man ; 

. • . Enoch was to die. 

The leading principle of this is 7iota mtae est nota rd ipsitis. Stating this as a 
premise, we have the argument, 

Nota nofae est nota rei ipsinSj 

Mortality is a mark of humanity, which is a mark of Enoch ; 
.-. Mortality is a mark of Enoch. 

But this very same principle of the nota notae is again active in the drawing of 
this last inference, so that the last state of the argument is no more complete 
than the last but one. 

There is another way of rendering an argument complete, namely, instead 
of adding the leading principle P| -^ Cj conjunctively to the premise P, to form 
a new argument, we might add its denial disjunctively to the conclusion ; thus, 

P 

.-. Either C or Pj ^ Ci . 

A logical principle is said to be an einptf/ or merely formal proposition, because 
it can add nothing to the premises of the argument it governs, although it is rele- 
vant; so that it implies no fact except such as is presupposed in all discourse, as 
we have seen in § 1 that certain facts are implied. We may here distinguish be- 
tween logical and extrahgical validity ; the fonner being that of a complete^ the latter 
that of an incomplete argument. The term logical leading principle we may take to 
mean the principle which must be supposed true in order to sustain the logijcal 
validity of any argument. Such a principle states that among all the states of 
things which can be supposed without conflict with logical principles, those in 
which the premise of the argument would be true would also be cases of the truth 
of the conclusion. Nothing more than this would be relevant to the logical leading 
priticipk, which is, therefore, perfectly determinate and not vague, as we have 
seen an extralogical leading principle to be. 

A complete argument, with only one premise, is called an immediate inference. 
Example: All crows are black birds; therefore, all crows are birds. If from 
the premise of such an argument everything redundant is omitted, the state 
of things expressed in the premise is the same as the state of things expressed 
in the conclusion, and only the form of expression is changed. Now, the 
logician does not undertake to enumerate all the ways of expressing facte : 
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he supposes the facts to be akeady expressed in certain standard or canonical 
forms. But the equivalence between different ones of his own standard forms is 
of the highest importance to him, and thus certain immediate inferences play the 
great part in formal logic. Some of these will not be reciprocal inferences or 
logical equations, but the most important of them will have that character. 

If one fact has such a relation to a different one that, if the former be true, 
the latter is necessarily or probably true, this relation constitutes a determinate 
fact; and therefore, since the leading principle of a complete argument involves 
no matter of fact (beyond those employed in all discourse), it follows that every 
complete and material (in opposition to a merely formal) argument must have at 
least two premises. 

From the doctrine of the leading principle it appears that if we have a valid 
and complete argument from more than one premise, we may suppress all premises 
but one and still have a valid but incomplete argument. This argument is justi- 
fied by the suppressed premises ; hence, from these premises alone we may infer 
that the conclusion would follow from the remaining premises. In this way, 
then, the original argument 

P Q R S T 



is broken up into two, namely, 1st, 



P Q R S 
.-.T-^C 



and, 2d, T -< C 

T 

• ' • v/. 

By repeating this process, any argument may be broken up into arguments of two 
premises each. A complete argument having two premises is called a syUogmn* 
An argument may also be broken up in a different way by substituting for 
the second constituent above, the form 

T-<C 
. • . Either C or not T. 

In this way, any argument may be resolved into arguments, each of which has 
one premise and two alternative conclusions. Such an argument, when complete, 
may be called a dicUogism. 

* The general doctrine of this section is contained in my paper, Oil the Classification of Argnments, 1867. 
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§ 3. Forms of Propositions. 

In place of the two expressions A -<^ B and B -<^ A taken together Ave 
may write A = B ; * in place of the two expressions A -<;^ B and B -<^ A taken 
together we may write A <[ B or B > A ; and in place of the two expressioujj 
A -<^ B and B — <^ A taken together we may write A X B. 

De Morgan, in the remarkable memoir with which he opened his discussion 
of the syllogism (1846, p. 380), has pointed out that we often carry on reasoning 
under an implied restriction as to what we shall consider as possible, which re- 
striction, applying to the whole of what is said, need not be expressed. The 
total of all that we consider possible is called the universe of discourse, and may 
be very limited. One mode of limiting our universe is by considering only 
what actually occurs, so that everything which does not occur is regarded as 
impossible. 

The forms A -<^ B, or A implies B, and A -<^ B, or A does not imply B, 
embrace both hypothetical and categorical propositions. Thus, to say that all 
men are mortal is the same as to say that if any man possesses any character 
whatever then a mortal possesses that character. To say, ' if A, then B ' is 
obviously the same as to say that from A , B follows, logically or extralogically. 
By thus identifying the relation expressed by the copula with that of illation. 



* There is a difference of opinion among logicians aa to whether — < or = is the simpler relation. But 
in my |)aper on the Logic of Relatives, I have strictly demonstrated that the preference must be given to — < in 
this respect. The term simpler has an exact meaning in logic ; it means that whose logical depth is smaller ; 
that is, if one conception implies another, but not the reverse, then the latter is said to be the simi)ler. Now 
to say that A = B implies that A — < B, but not conversely. Ergo, etc It is to no purpose to reply that 
A — < B implies A ^ (A that is B) ; it would be equally relevant to say that A -< B implies A = A. Con- 
sider an analogous case. Logical sequence is a simpler conception than causal sequence, because every causal 
sequence is a logical sequence but not every logical sequence is a causal sequence ; and it is no reply to this 
to say that a logical sequence between two facts implies a causal sequence between some two facts whether the 
same or diflferent. The idea that = is a very simple relation is probably due to the fact that the discovery 
of such a relation teaches us that instead of two objects we have only one, so that it simplifies our conception 
of the universe. On this account the existence of such a relation is an important fact to learn ; in fact, it has 
the sum of the importances of the two facts of which it is compounded. It frequently happens that it is more 
convenient to treat the propositions A — < B and B — < A together in their form A = B ; but it also frequently 
happens that it is more convenient to treat them separately. Even in geometry we can see that to say that 
two figures A and B are equal is to say that when they are properly put together A wiU cover B and B wiU 
cover A ; and it is generally necessary to examine these facts separately. So, in comparing the numbers of two 
lots of object**, we set them over against one another, each to each, and observe that for every one of the lot 
A there is one of the lot B, and for every one of the lot B there is one of the lot A. 

In logic, our great object is to analyze all the operations of reason and reduce them to their ultimate 
elements ; and to make a calculus of reasoning is a subsidiary object. Accordingly, it is more philosophical to 
use the copula — <, apart from all considerations of convenience. Besides, this copula is intimately related 
to our natural logical and metaphysical ideas; and it is one of the chief purposes of logic to show what 
validity those ideas have. Moreover, it will be seen further on that the more analytical copula does in point 
of fact give rise to the easiest method of solving problems of logic. 
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we identify the proposition with the inference, and the temi with the p^opo^ition. 
T7ii.s identification, by meani) of which all that i:§ found true of term, proposition, 
or inference i.s at once known to be true of all three, i« a mo:*! important engine 
of reasoning, which we have gained by beginning with a con^^ideration of the 
gene^iH of logic * 

Of the two fonns A -<^ B and A -<[ B, no doubt the former 15 the more 
primitive, in the sense that it is involved in the idea of reasoning, while the 
latter is only required in the criticism of reasoning. The two kinds of propo- 
sition are essentially different, and every attempt to reduce the latter to a special 
case of the former must fail. Boole attempts to express •s'ome men are not 
mortal,' in the form' ^whatever men have a certain unknown character r are not 
mortal/ But the propositions are not identical, for the latter does not imply 
that some men have that character v ; and, accordingly, from Boole's proposition 
we may legitimately infer that ' whatever mortals have the unknown character r 
are not men'; yet we cannot reason from ^some men are not mortal* to •some 
mort^ds are not men.'t On the other hand, we can rise to a more general form 
imder which A -<^ B and A -<^ B are both included. For this purpose we 
write A -<^ B in the form A -<^ B, where A is some-A and B is ;w/-B. This more 
general form is equivocal in so far as it is left undetennined whether the propo- 
sition would be true if the subject were impossible. When the subject is genend 
this is the case, but when the subject is particular ( i. e., is subject to the modifi- 
cation some) it is not. The general form supposes merely inclusion of the subject 
under the predicate. The short curved mark over the letter in the subject shows 
that some part of the term denoted by that letter is the subject, and that that is 
asserted to be in possible existence. 

The modification of the subject by the curved mark and of the predicate by 
the straight mark gives the old set of prepositional forms, viz. : 

A. a ^^ b Every a is 6. Universal affirmative. 

E. a -<^ 5 No a is 6. Universal negative. 

I. 2 -<^ 6 Some a is 6. Particular affirmative. 

0. S -<[ 5 Some a is not 6. Particular negative. 

There is, however, a difference between the senses in which these propo- 



* In consequence of the identification in question, in S — < P, I speak of S iudiflfeivntly as sxAjtct, ante- 
udnnty or premis€y and of P as predicate^ consequent, or conclusion. 

t f/iually un.«uccfc.s.sful is Mr. Jevons's attempt to overcome the difficulty by omitting particular propo- 
HitionH, * ljef:ause we can always substitute for it [some] more definite expression* if we like.' The same reason 
nii^ht \k: allejjwl for nej^lecting the consideration of not. But in fact the form A -< B is re«iuired to enable us 
to pimply deny A — < B. 
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sitions are here taken and those which nre traditional ; namely, it is usually 
understood that affirmative propositions imply the existence of their subjects, 
while negative ones do not. Accordingly, it is said that there is an immediate 
inference from A to I and from E to 0. But in the sense assumed in this 
paper, universal propositions do not, while par- 
ticular propositions do, imply the existence of their 
subjects. The following figure illustrates the pre- 
cise sense here assigned to the four forms A, E, I, O. 
In the quadrant marked 1 there are lines 
which are all vertical ; in the quadrant marked 2 
some lines are vertical and some not; in quadtrant 
3 there are lines none of which are vertical ; and 
in quadrant 4 there are no lines. Now, taking line 
as subject and vertical as predicate, 

A is true of quadrants 1 and 4 and false of 2 and 3. 

E is true of quadrants 3 and 4 and false of 1 and 2.' 

I J8 true oi quadrants 1 and 2 and false of 3 and 4. 

Is true of quadrants 2 and 3 and false of I and 4. 

Hence, A and precisely deny each other, and so do E and I. But any other 
pair of propositions may be either both true or both false or one true while the 
other is false. 

De Morgan (On the Syllogism, No. I., 1846, p. 381) has enlarged the system 
of propositional forms by applying .the sign of negation which first appears in 
A -<^ B to the subject and predicate. He thus gets 

A — <^ B. Every A is B. A is species of B. 

A — <^ B. Some A is not B. A is exient of B. 

A -<^ B. No A is B. A is external of B. 

A ~<^ B. Some A is B. A is partient of B. 

A -^d B. Everything is either A or B. A is complement of B. 

A— <^B. There is something besides A and B. A is coinadequate of B, 

A -<^ B. A includes all B. A is genus of B. 

A -<^ B. A does not include all B. A is deficient of B. 

De Morgan's table of the relations of these propositions must be modified to 
conform to the meanings here attached to -<^ and to ^<^. 

We might confine ourselves to the two propositional forms S — :^ P and 
S— <^P. If we once go beyond this and adopt the form S-<^P, we must, for 
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the wiko of completeness, sulopt the whoh* of De MorjranV system. Bui thi*i 
MyHtem, lui we Hhall nee in the next section, i*< itself incomplete, and requires to 
com])Iete it the admission of particularity in the predicate. This has already 
been attempted by Hamilton, with an incompetence which ought to be extraor- 
dinary. I shall allude to this matter further on. but I shall not attempt to say 
how many fonns of propo.^itious there would be in the completed system.* 

§ 4. The Algebra of the Copula. 

From the identity of the relation expressed by the copula with that of 
illation, springs an algebra. In the first place, this gives us 

x^x (1) 

the principle of identity, which is thus seen to. express that what we have 
hitherto believed we continue to believe, in the absence of anv reason to the 
contrary. In the next place, this identification shows that the two inferences 

X 

y and x (2) 

are of the same validity. Hence we have 

}a:-<(y-<2)} = {i^^U^2)|.t (3) 

From (1) we have 

whence by (2) 

x-<Cy X 

■y ^'* 

is a valid inference. 



By (4), if X and x -<^ y are true y is true ; and if y and y -<^ z are true z is 
true. Hence, the inference is valid 

By the principle of (2) this is the same as to say that 

-^yy-<- (5) 

IS a valid inference. This is the canonical form of the syllogism, Barbara. The 

* In thin connwtion M;e De Morgan, (Jn the Sijllogism, Xo. V., 1862. 

t Mr. Hiij^h McOill (Calcnlui of ^/uivalent Statenunts, Second Paper, 187S, p. 18.3) makes use of tbe sign 
of iri'tliiflion no vera! tiine-j in the same proixj:*ition. He does not, however, give any of the fomuilae of this 
HM'tion. 
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statement of its validity has been called the dicitim de omni^ the nota notae^ etc.; 
but it is best regarded, after De Morgan,* as a statement that the relation signified 
by the copula is a transitive one.f It may also be considered as implying that 
in place of the subject of a proposition of the form A -<^ B, any subject of that 
subject may be substituted, and that in place of its predicate any predicate of 
that predicate may be substituted, t The same principle may be algebraically 
conceived as a rule for the elimination of y from the two propositions x -<^ y 
and y^^z.% 

It is needless to remark that any letters may be substituted for sc, y, 2 ; and 
that^ therefore, x, ^, S, some or all, may be substituted. Nevertheless, after 
these purely extrinsic changes have been made, the argument is no longer called 
Barbara^ but is said to be some other imiversal mood of the first figure. There 
are evidently eight such moods. 

From (5) we have, by (2), these two forms of valid immediate inference : 

S-<P 

.-. (x-<S)-<(x^P) (6) 

and 

.•.(P-<x)^(S-<x). C^) 

The latter may be termed the inference of contraposition. 

From the transitiveness of the copida, the following inference is valid : 

(S-<M)^(S-<P) 
(S-<P)-<x 
.•.(S-<M)-<«. 

But, by (6), from (M -<^ P) we can infer the first premise immediately ; hence 

the inference is valid 

M-<P 

(S-<P)-<a: (8) 

:•. (S-<M)-<x. 

* On the Syllogism, No. II., 1850, p. 104. 

t That the validity of syllogism is not deducible from the principles of identity, contradiction, and 
excluded middle, is capable of strict demonstration. The transitiveness of the copula is, however, implied in 
the identification of the copula-relation with illation, because illation is obviously transitive. 

t The conception of substitution (already involved in the mediaeval doctrine of descent), as well as the 
word, was familiar to logicians before the publication of Mr. Jevons's Substitution of Similars. This book 
ai'gues, however, not only that inference is substitution, but that it and induction in particular consist in the 
substitution of similars. This doctrine is allied to Mill's theory of induction. 

§ This must have been in Boole's mind from the fint De Morgan (On the Syllogism, No. II., 1850, p. 83) 
goes too far in saying that " what is called elimination in algebra is called inference in logic," if he meana, as 
he seems to do, that all inference is elimination. 
4 



26 Peirce : On the Algebra of Logic. 

This may be called the minor indirect syUogism. The following is an example : 

All men are mortal, 

If Enoch and Elijah were mortal, the Bible errs ; 
/. If Enoch and Elijah were men, the Bible errs. 

Again we may start with this syllogism in Barbara 

(M -< P) -< (S -< P), 
(S ^P)^x; 
.-. (M -< P) ^ X. 

But by the principle of contraposition (7), the first premise immediately follows 
from (S — <^ M), bo that we have the inference valid 

S-<M, 
(S-<P)-<x; (9) 

.-. (M -< P) -< X. 

This may be called the major indirect syUogism. 

Example: All patriarchs are men, 

If all patriarchs are mortal, the Bible errs ; 
.-. If all men are mortal, the Bible errs. 

In the same way it might be shown that (6) justifies the syllogism 

M-<P, 

«-<(S-<M); (10) 

.-. X ^ (S -< P). 

And (7) justifies the inference 

S-<M, 
x-<(M-<P); (11) 

••• « -< (S -< P). 

But these are only slight modifications of Barbara. 

In the form (10), x may denote a limited universe comprehending some 
cases of S. Then we have the syUogism 

M-<P, 

S^M; (12) 



.-. S ^ P. 

This is called Darii. A line might, of course, be drawn over the S. So, in 
the form (11), x may denote a limited universe comprehending someM. Then 
we have the syllogism 
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S-<M, 

M-<P; (13) 

.-. S -< P. 

Here a line might be drawn over the P. But the forms (12) and (13) are 
deduced from (10) and (11) only by principles of interpretation which require 
demonstration. 

On the other hand, if in the minor indirect syllogism (8), we put ** what does 
not occur " for x, we have by definition 

{(S^P)-<x} = (s:<P) 



and we then have 



M-<P, 



S -<P; (14) 



.-. S -< M, 

which is the syllogism Baroko. If a line is drawn over P, the syllogism is called 
Festino ; and by other negations eight essentially identical forms are obtained, 
which are called minor-particular moods of the second figure* In the same 
way the major indirect syllogism (9) affords the form 

S ^M, 



S-<P; (15) 

/. M-<P. 

This form is called Bocardo. If P is negatived, it is called Disamis. Other 
negations give the eight major-particular moods of the third figure. 



We have seen that S -< P is of the form (S -< P) -< x. Put A for 
S -<^ P, and we find that A is of the form A -<^ x. Then the principle of 
contraposition (7) gives the immediate inference 

S ^ P (16) 

.-. P -< S. 



Applying this to the imiversal moods of the first figure justifies six moods. 
These are two in the second figure, 



X — <^ y z — <^ y /. X -<^ z ( Camestres) 



two m the third figure, 

y -<^ X y — <^ z .'. X -<[ z 



y— <^x y-<^z .'. x-<^2; 



De Morgan, SyUabus, I860, p. 18. 
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ftmJ two oth^m which are aairl to b^ir in thii fourth fij^nre. 

But th#^ ne^rativc; haA two other properties^ not vet taken into ai!connL These are 

jr — <^ 5 (17) 

or >: \n not not'X^ which i.s called the principle of erjutradMun : and 

or what i^ not not-X i^ x^ which is called the printipk </ eicbtded middle. 
By 07; and (16) we have the immediate inference 

S-<P (19) 

. . P -< S 

which i« called the conversion of E By r 18 1 and ( 16 1 we have 

S -< P (20) 

. . P -< S. 

By (17), (18), and (16), we have 

S-<P (21) 

.. P^S. 

Karrh of the inferences (19), (20), (21), justifies six miiversal syllogisms; 
namely, two in each of the figtures, second, third, and fourth. The result is that 
ea^;h of these figures has eight universal moods ; two depending only on the 
principle that A is of the form A — <^ ar, two depending also on the principle of 
contradiction, two on the principle of excluded middle, and two on all three 
principles conjoined* 

The same formuke (16), (19), (20), (21), applied to the minor-particular 
moofls of the second figure, will give eight minor-particular moods of the first 
figure ; and applierl to the major-particular moods of the third figure, will give 
eight major-fmrticular moofls of the first figure.* 

The principle of contradiction in the form (19) may be further transformed 
thus: — 

If (P /. C) is valid, then (C /. P) is vaUd. (22) 

Applying this to the minor-particular moods of the first figure, will give eight 
minor-particular moofls of the thirrl figure ; and applying it to the major-particu- 



* ArJAt/itle and I)e Morgan have particular concluiiions from two nniverral preiiiii«es. Tbej*e are all 
T*^u\fttn\ \\\(f^Ms{\ hy th*f at;p'»ifioati''/n« whi.ch I attai^h to — < ami 
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lar moods of the first figure will give eight major-particular moods of the second 
figure. 

It is very noticeable that the corresponding formula, 

If (P .-. C) is valid, then (C . •. P) is valid, (23) 

has no application in the existing syllogistic, because there are no syllogisms 
having a particular premise and universal conclusion. In the same way, in the 
Aristotelian system an affirmative conclusion cannot "be drawn from negative 
premises, the reason being that negation is only applied to the predicate. So in 
De Morgan's system the subject only is made particular, not the predicate. 

In order to develop a system of propositions in which the predicate shall 
be modified in the same way in which the subject is modified in particular 
propositions, we should consider that to say S — <^ P is the same as to say 



(S -<^ x) -<^ (P -<^ x), whatever x may be. That 



(S-<P)-< KS-<a;)-<(P^x)( 
follows at once from Bokardo (15) by means of (2). Moreover, since A may be 



put in the form A -<^ x, it follows that A may be put in the form A -<^ x, so 
that by the principles of contradiction and excluded middle, A may be put in the 
form A -<^ X. On the other hand, to say S -<^ P is the same as to say (S -<C^ x) 



(P -<^ x\ whatever x may be ; for 



(S ^ P) -< j(S -<*)-< (P -< X)} 

is the principle of Femon^ a valid syllogism of the third figure ; and if for x we 
put S, we have 



(S^S)-<(P^S), 



which is the same as to say that P — <^ S is true if the principle of contradiction 
is true. So that it follows that P -<;^ S if S -<[ P from the principle of contra- 
diction. Comparing 



S-<P or (S-<x)-<(P-<x) 
with 



S^P or (S -< x) -< (P -< x), 

we see that they differ by a modification of the subject. Denoting this by a 
short curve over the subject, we may write S -<^ P for S -<^ P. We see then 
that while for A we may write A -<^ x, where x is anything whatever, so for A 
we may write A — <^ x. If we attach a similar modification to the predicate 

also, we have 

g-<t^ or (S-<x)-<(P-<x), 
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which is the same as to say that you can find an S which is any P you please. 
We thus have 

(S-<P)-<(?^g), (24) 

a formula of contraposition, similar to (16). 
It is obvious that 

(g-<P)-<(?^S); (?5) 

for, negating both propositions, this becomes, by (16), 

(P^S)-<(S^P), 

which is (19). The inference justified by (25) is called the conversion of I. From 
(25) we infer 

^^x, (26) 

which may be called the principle of particularity. This is obviously true, be- 



cause the modification of particularity only consists in changing (A --c^ «) to 
(A -<^ x), which is the same as negating the copula and predicate, and a repe- 
tition of this will evidently give the first expression again. For the eaine reason 
we have 

x-<% (27) 

which may be called the principle of individuality. This gives 

(S ^ t^) ^ (P ^ g), (28) 

and (26) and (27) together give 

(g^^)^(P^S). . (29) 

It is doubtful whether the proposition S — <^ P ought to be interpreted as 
signifying that S and P are one sole individual, or that there is something be- 
sides S and P. I here leave this branch of the subject in an unfinished state. 

Corresponding to the formulae which we have obtained by the principle (2) 
are an equal number obtained by the following principle : 

(2') The inference 

.'. Either y or z 
has the same validity as 



From (1) we have 






(« ^ y) ^ (a-- -< y), 
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whence, by (2), 

(4') 

This gives 



X 

.'. Either (x -<^ y) or y. 



X 



.-. Either x ^^ y or y ^c^ z or z. 



X -<^ z 



Then, by (2), 

which is the canonical form of dialogism. The minor indirect dialogism is 



X ^ (M ^ P) 

(8') ^-.^ ^^ ; 



.-. Either a: ^ (S ^ P) or S ^ M. 
The major indirect dialogism is 



X ^ (S -< M) 



We have also 

(12') 
and 

(13') 



Either x -< (S -< P) or M ^ P. 



(S ^ P) ^ X 



• • 



Either (S -< M) or (M ^ P) -< x 



(S ^ P) ^ X 



Either (M ^ P) or (S -< M) -< x. 



We have A of the form x -<[ A. And we have the inferences 



S-<P S-<P S-<P S-<P 



.-. p-<s. .•:p-<s. .-. p-<s. .-. p-<s. 



Chapter II. — The Logic of Non-relatiye Terms. 

§ 1. The Internal MuUipUcation and the Addition of Logic. 

We have seen that the inference 

X and y 

.-. z 
is of the same validity with the inference 

X 

.-. Either y or 2, 
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and the inference x 

.'. Either y or z 



with the inference 



X and y 



In like manner, 

is equivalent to 

(The possible) -<^ Either x or y, 
and to 

X which is y -<^ (The unpossible). 

To express this algebraically, we need, in the first place, symbols for the two 
terms of second intention, the possible and the impossible. Let oo and be the 
terms ; then we have the definitions 

X -<^ 00 — <^ X (!) 

whatever x may be* 

We need also two operations which may be called non-relative addition and 
multiplication. They are defined as follows : t 

* The symbol is used by Boole ; the symbol od replaces his 1, accoiding to a suggestion in my Logic of 
Relatives, 1870. 

t These forms of definition are original. The algebra of non-relative terms was given by Boole {Mathe- 
maticcd Analym of Logic, 1847). Boole's addition was not the same as that in the text, for with him whatever 
was common to the two terms added was taken twice over in the sum. The operations in the text were given 
as complements of one another, and with appropriate symltols, by De Morgan (On the Syllogism, No. III., 1858, 
p. 185). For addition, sum, parts, he uses aggregation, aggregate, aggregants; for multiplication, product, 
factors, he uses composition, compound, components. Mr. Jevons (Formal Logic, 1864) — I regret that I can 
only speak of this work from having read it many years ago, and therefore cannot be sure of doing it full 
justice — improved the algebra of Boole by substituting De Morgan's aggregation for Boole's addition. The 
present writer, not having seen either De Morgan's or Jevons's writings on the subject, again recommended the 
same change (On an Improvem^ent in Boole^s Calculus of Logic, 1867), and showed the perfect balance existing 
between the two operations. In another paper, published in 1870, I introduced the sign of inclusion into 
the algebra. 

In 1872, Robert Orassmann, brother of the author of the Ausdehnungslehre, published a work entitled ' Die 
FormenUhre oder Mathematik,* the second book of which gives an algebra of logic identical with that of Jevons. 
The very notation is reproduced, except that the universe is denoted by T instead of U, and a term is n^atived 
by drawing a line over it, as by Boole, instead of by taking a type from the other case, as Jevons does. Grassmann 
also uses a sign ei^uivalent to my — <. In his third book, he has other matter which he might have derived 
from my paper of 1870. Orassmann's treatment of the subject presents inequalities of strength ; and most of 
his results had been anticipated. Professor Schroder, of Karlsruhe, in the spring of 1877, produced his 
Operationskreis des LogikkaUcids, He had seen the works of Boole and Grassmann, but not those of De Morgan, 
Jevons, and me. He gives a fine development of the algebra, adopting the addition of Jevons, and he exhibits 
the balance between -f- and X by printing the theorems in parallel columns, thus imitating a practice of the 
geometricians. Schroder gives an original, interesting, and commodious method of working with the algebra. 
Later in the same year, Mr. Hugh McColl, apparently having known nothing of logical algebra except from a 
jejune account of Boole's work in Bain's Logic, published several papers on a Calculus of Equivalent Statements, 
the basis of which is nothing but the Boolian algebra, with Jevons's addition and a sign of inclusion. Mr. 
McColI adds an exceedingly ingenious application of this algebra to the transformation of definite integrals. 



L^ 
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(2) 



If X — <^ a and x -<^ 6, 
then X -<^ a X 6 ; 

and conversely, 

if X -<^ a X bj 
then X -<^ a and x -<^ 6. 



(3) 



(4) 



If a — <[ X and 6 — <^ x, 

then a + b -<^ x ; 

and conversely, 

if a + 6 -<^ X, 
then a -<^ x and 6 — <^ x. 

From these definitions we at once deduce the following formulas : — 

a-<^a + b aXb-^a (Peirce, 1870) * 

b-^a + b aXb^b. 

These are proved by substituting a + 6 and a X 6 for x in (3). 

B. x = x + x xXx = x (Jevons, 1864). (5) 

By substituting x for a and 6 in (2), we get 

X + X -<^ X X -<^ X X x; 

and, by (4), 

X ^<^ X + X X X X -<^ X. 

C. a + b = b + a a X b = b X a (Boole, Jevons). (6) 
These formulae are examples of the commutative principk. From (4) and (2), 

b + a -<; a + b aX b -<C.b X a 

and interchanging a and 6 we get the reciprocal inclusion implied in (6). 

D. (a + 6)-|-c = aH-(6 + c) a X (6 X c) = (a X 6) X c (Boole, Jevons). (7) 

These are cases of the associative principk. By (4), c -<^ 6 + c and 6 X c — <^ c ; 
also 6 + c -<^ a + {b i- c) and a X (6 X c) ^^ 6 X c ; so that c -<^ a + {b + c) 
and a X (6 X c) -<^ c. In the same way, 6 -<^ a + (6 + c) and a X (6 X c) -<^ 6, 
and, by (4), a -<[ a -h (6 + c) and a X (6 X c) -<^ a. Hence, by (2), a + b — <[ 
a + (6 + c) and a X (6 X c) -<^ aXb. And, again by (2), {a + b) + c -<^ a + 
(6 + c) and a X (6 X c) -<^ (a X 6) X c. In a similar way we should prove the 
converse propositions to these and so establish (7). 

E. {a + b)Xc = {aXc) + {bXc) (a X 6)+ c = (a + c) X (6 + c).t (8) 

These are cases of the distribtdive principk. They are easily proved by (4) and 
(2), but the proof is too tedious to give. 

F. (a + &) + c = (a + c) + (6 + c) (a X 6) X c = (a Xc) X (6 X c). (9) 



♦ Logic of Relatives (§ 4) ; gives a X & — < <*. The other formuke, equally obvious, I do not find anywhere. 
t The first of these given hy Boole for his addition, was retained by Jevons in changing the addition. The 
second was firet given by me (1867). 
6 
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These are other cas^^^s of the distributive principle. They are proved by (5), 
(6) and (7j. These formuke, which have hitherto escaped notice, are not with- 
out interest. 
0. a + (aX6) = a aX(a + 6) = a (Grassmann, Schroder). (10) 

By (4), a-<^a'\-{ay.h) a X (a -h 6) -< a. 

Again, by (4), (a X 6) -^ a and a -<^ a + 6 ; hence, by (2) 

a + (a X 6) -<; rt a^ay.ia-^'h). 

H. (a + 6-<a) = (6^aX6). (H) 

This proposition is a transformation of Schroder's two propositions 21, (p. 25), 
one of which was given by Grassmann. By (3) 

(a + 6^ a) -<(&-<«) (&-<aX6)-<(6-<a). 

Hence, since 6 -<^ 6, a -<^ « 

we have, by (2), 

(a + 6^a)-<(6-<aX6) (6-<aX 6)-<(a + 6-<a> 



(a ^ 6) X (X ^ y) -< (; + ^ -< & + y) I (Peirce, 1870). (12) 



Readily proved from (2) and (4). 

J. (a -< 6 + x) X (a X X -< 6) = (a ^ 6). (13) 

This is a generalization of a theorem by Grassmann. In stating it, he errone- 
ously unites the first two propositions by + instead of X. By (12), (5), and (8), 

(a -< 6 + x) -< { a -< (a X 6) + (a X x) } 

(aXx-<6)-< {(a + 6)X(x + 6)-<6}. 
But by (4) 

a — <^ a + b aXh -<^ &• 

Hence, by (2), it is doubly proved that 

(a -< 6 + x) X (o X X -< 6) -< (a ^ 6)- 

The demonstration of the converse is obvious. 
We have immediately, from (2) and (3), 

K. (a + 6-<c) = (a-<c)X(6^c) (c-<a X 6) = (c-<a) X (c-<6) (14) 

L. (^"<C^ + ^) = 2) { (j9^C^a) X (5r-<^6) } where j9 + qr = c 

(a X 6 -< c) = S { (a -< p) X (6 ^ 9) j where c=pXq. (^^^ 

The propositions (15) are new. By (12) 

\{p -<^ «) X (q -<^ h) } -^ (c -<^ a + h) where p + q = c 
{(a -</>) X (6 -<; q)\-<i{aXb -<; c) where c=pX q. 
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And, since these are true for any set of values of j9 and q^ we have by (2) 

^ { {P ~^ ^) ^ (? '^ ^) } "<^ (^ "^ ^ ^" ^)> where j9 + g' = c. 
2 { (a -<^ j9) X (6 -<^ q) } -<^ (a X 6 -^ c), where c = pX q. 

By (4) and (8), we have 

(c ^ a + 6) ^ { (a X c) + (6 X c) = c } 

(aX 6-<c)-< {(c + a)X(c + 6) = c}. 
Hence, putting 

aXc=^p hXc = q, where j9 + g' = c 

a + c =p b + c = qj where pX q = Cy 

we have 

(c -<^ a + 6) -<^ (p -<^ a) X (gr -<^ 6), where p-\- q = c 

(aXh -<^ c) -<^ (a -<^ p) X (b -<^ gr), where c = j9 X qr, 

whence, by (4) 

(c -<^ a + b) -<^ 2 { ( j9 -<^ a) X (q -<^ 6) } where p-\- q = c 

(aXb -<^ c) -<^ S j (a -<^ j9) X (6 — <^ q) } where c = j9 X gr. 

A formula analogous to (15) will be found below, (35). 
From (1) and (2) and (4) we have 

x-\-0=x x = xX(x>. (16) 

From (1) and (4), 

« + oo = oo = a:XO. (17) 

The definition of the negative has as we have seen tliree clauses : first, that d 
is of the form a — <^ x ; second, a -<^ 3 ; third, a -<^ a. 

c a 
.-. 6 

c I 

.-. a 
(cXa-<6)-<(cx5-^a). (18) 



From the first we have that if 



is valid, then 



is valid. Or 
Also, that if 



is valid, then 



b 
.'. Either c or a 

a 

.•. Either c or 5 



is valid ; or 

(5-<c + a)-<(a^c + 5). (19) 

Combining (18) and (19), we have 

(a X 6 ^ c + d) ^ (a X J ^ c + 5). (20) 
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By the piinciples of contradiction and excluded middle^ this gives 

(a X d -< c + 5) -< (a X 6 ^ c + d). (21) 



Thus the fonnula 

(a X 6 -< c + rf) = (a X d ^ c + 5) (22) 

embodies the essence of the negative. 

If in (22) we put, first, a = d 6 = c = 0, and then a = d = oo 6 = c, we 
have from the formula of identity 

axa=0 a+a = oo. (23) 

We have 

p = {pXx) + {pXx) p = {p + x)X{p + x) (24) 

by the distributive principle and (23). If we write 

i=p + {aXx) j=p-\-{bXx) k=pX{c + x) l=pX{d + x)^ 

we equally have 

p = {iXx) + {jXx) p = {l + x)X{k + x). (25) 

Now p may be a function of x, and such values may perhaps be assigned to 

a, 6, Cy d, that i, y, k, I, shall be free from x. It is obvious that if the function 

results from any complication of the operations -h and X, this is the case. 

Supposing, then, i, jy A:, Z, to be constant, we have, putting successively, 1, and 

0, for X. 

^ 00 = i = k 

<l>0=j=l 
so that 

<l>x = {<l>(yo X x) + {(f^O X x) <^ = (<^0 + x) X (<^ oo + x). (26) 

The first of these formulaa was given by Boole for his addition. I showed 
(1867) that both hold for the modified addition. These formulaa are real 
analogues of mathematical developments; but practically they are not con- 
venient. Their connection suggests the general formula 

{a + x)X{b-\-x) = {aXx) + {bX x) (27) 

a formula of frequent utility. 

The distributive principle and (3) applied to (26) give 

<^0 X <^ oo -< <^x <^x -< <^ oo + <^0. (28) 

(<^x = 0)-<(<^OX<^oo = 0) • (<^ = oo)-<(<^0 + <^oo = oo). (29) 

Boole gave the former, and I (1867) the latter. These formulae are not con- 
venient for elimination. 

The following formulae (probably given by De Morgan) are of great impor- 
tance ; — 



Peirce : On the Algebra of Logic. 37 



ax6 = a + 5 a + b = axh. (30) 

By (23) 



(aX6) X (aX6)-<0 »-< (a + 6) + (« + 6), 

whence by (22) and the associative principle 



6 X (a X 6) ^ a a -<; 6 + (a + 6) 



aXb ^ a + 5 a X 5 -<; a+b. 

By (4) and (22) 

a-<;aX6 a + 6— <a 

5 -<; aXb a + b -<; 5, 

whence by (2) 

a + 5-<a + & a + 6^ax5. 

The application of (22) gives from (11) 



(6-<aX6) = (a + &^a); (31) 

from (12) ^_ 

(a + x-<6 + y)^(a-<6) + (x-<y) 

(aXx=<6Xy)-<(a-<6) + (a;-<y); ^ ''^ 

from (13) 

(a _<; 6) = (a ^ 6 + a;) + (a X X -< 6) ; (33) 

from (14) 



(« + 6-<c) = (a^c) + (&-<c) (c^aX6)-<(c-<a) + (c-<6); (34) 
from (15) 



(c ^ a + 6) = n { (;) ^ a) + (ry -< 6) } where;) + 9 = c 

(35) 



(a X 6 -<; c) = n { (a -<jp) + (&-<?) } where^ X gr = c ; 
from (22) 

(a X 6 ^ c + rf) = (a X d :< c + 5). (36) 

§ 2. The ResoMion of Problems in Non-relative Logic. 

Four different algebraic methods of solving problems in the logic of non- 
relative terms have already been proposed by Boole, Jevons, Schroder, and 
McColl. I propose here a fifth method which perhaps is simpler and certainly 
is more natural than any of the others. It involves the following processes: 

First Process. Express all the premises with the copulas -<^ and -<^ , re- 
membering that A = B is the same as A -<^ B and B -<^ A. 

Second Process. Separate every predicate into as many factors and every 
subject into as many aggregant terms as is possible without increasing the 
number of different letters used in any subject or predicate. 



examine 
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An expression might be separated into such factors or aggregants (let us term 
them prime factors and ultimate aggregants) by one or other of these formulaB : 

<^x = (<^ 00 X x) + {(f>0 X x) 
<f>x= {<f>oo+ x) X {<l>0 + x). 

But the easiest method is this. To separate an expression into its 

f ultimate aggregants I ^^^ f product! ^^ ^^j ^j^^ ^^ ^ ^ 

I prime factors j ^ { sum j 

expression, each taken either positively or negatively (that is, with a dash over 

it). By means of the fundamental formulaa 

XXY-<Y-<Y + Z, 

whether the |P^^^^^^* I taken is a | ^^^4^^ J I of every | ^^""^^ , \ 

I sum j ( predicate j ^ \ aggregant j 

of the given expression. If so, it is a | ^ . SS^^S^^ I Qf tj^^^ expression ; 

otherwise not Proceed in this way until as many ^J " ^ . ^pS^^S^^ I have 

^ -^ ( pnme factors j 

been found as the expression possesses. This number is found in the case of a 
< P . n. A t \.^^ letters, as follows. Let m be the number of diferent 

letters in the expression (a letter and its negative not being considered different) ; 
let n be the total number of letters whether the same or different, and let p be 

*e uuMb« of {f-;^} . Then the number of { ""^^J JST*^ } 

2"* + w — mp — j9. 

For example, let it be required to separate x + (y X z) into its prime factors. 
Here m = 3, n = Sy p = 2. Hence the number of factors is three. Trying 
a? + y -h z, we have 

x -<^ x-\- y + z yX2; -<^ X + y + z, 

80 that this is a factor. Trying x + y + z, we have 

X -<^ x-^ y + z yXz -<^ x + y + Zy 

80 that this is also a factor. It is, also, obvious that x + y + z is the third factor. 
Accordingly, 

x + {y X z) = {x + y + z)X {x + y + z)X {x + y + z). 

Again, let us develop the expression 

(a + 6 + c) X (a + 5 -h c) X (a + 6 + c). 
Here m = 3, 7i = 9, /> = 3 ; so that the number of ultimate aggregants is five. 



IS 
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Of the eight possible products of three letters, then, only three are excluded, 
namely : (a X 5 X c), (a X 6 X c) and (a X 5 X c). We have, then, 

(a + 6 + c) X (a + 5 + c) X (a + 6 + c) = 
(a X 5 X c) + (a X 6 X c) + (a X 5 X c) + (a X 6 X c) + (a X 5 X c). 

Third Process. Separate all complex propositions into simple ones by means 
of the following formuloB from the definitions of + and X : 

(X + Y -< Z) = (X -< Z) X (Y -< Z) 
(X-<Y X Z) = (X-<Y) X (X-<'Z) 



(X + Y -< Z) = (X ^ Z) + (Y -< Z) 



(X -< Y X Z) = (X -< Y)-|- (X -< Z). 

In practice, the first three operations will generally be performed off-hand in 
writing down the premises. 

Fourth Process. If we have given two propositions, one of one of the forms 

a -<^ h + X a X X -<^ 6, 

and the other of one of the forms 

d + X c X X -^ dj 

we may, by the transitiveness of the copula, eliminate x, and so obtain 

aX c -<^ h + d. 

Fifth Process. We may transpose any tenn from subject to predicate or the 
reverse, by changing it from positive to negative or the reverse, and at the same 
time its mode of connection from addition to multiplication or the reverse. Thus, 

(x X y -< z) = (a: -< y + z). 

We may, in this way, obtain all the subjects and predicates of any letter ; or we 
may bring all the letters into the subject^ leaving the predicate 0, or all into the 
predicate, leaving the subject qo . 

Sixth Process. Any number of propositions having a common < i^ . > 

are, taken together, equivalent to their < ^ > • 

As an example of this method, we may consider a well-known problem given 
by Boole. The data are 

X X z -<^ vX(yXw + yXw) 
V X xX w-<:i{y X z) + {y Xz) 
(xX y)-\-{v X xX y) = {zX w) + {zX w). 
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The quaesita are : first, to find those predicates of x which involve only y, z, 
and to; second, to find any relations which may be implied between y^ z, w; 
third, to find the predicates of y ; fourth, to find any relation which may be im- 
plied between x, 2, and w. By the first three processes, mentally performed, we 
resolve the premises as follows : the first into 

X X z -<^ V 

X X z — <^ y + to 

X X z -<^ y + w; 



the second into 



V X X X w -<^ y + 2 

V X X X to -<^ y + 2;; 



the third into 

X X y -<^ z + w 

X X y -<^ z+w 

V X X X y -<^ z-\- w 

V X X X y -<^ z -\- id 

z X w -<Ci X 

z+w -<^ V + y 
z + w -<^ X 
z+w — <^ V + y. 

We must first eliminate v, about which we want to know nothing. We have, 
on the one hand, the propositions 

V X X X y -<^ z + w 

V X X X y -<^ z + w; 
and, on the other, the propositions 

X X z -<^ V 

V X X X w -<;[ y + z 

V X X X w -<^ y + z 

z X id -<^ V +y 

z X w -<^ ^ + y- 

The conclusions from these propositions are obtained by taking one from 
each set, multiplying their subjects, adding their predicates, and omitting v. 
The result will be a merely empty proposition if the same letter in the same 
quality as to being positive or negative be foimd in the subject and in the predi- 
cate, or if it be foimd twice with opposite qualities either in the subject or in the 
predicate. Thus, it will be useless to combine the proposition vXxX y -<;] z + w 
with any which contains x, y, z, or to, in the subject. But all of the second set 
do this, so that nothing can be concluded from this proposition. So it will be 
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useless to combine v X x X y -<^ z + w with any which contains x, y, z, id in 

the subject, or z in the predicate. This excludes every proposition of the second 

set except v X x X w — <^ y + ^> which, combined with the proposition under 

discussion, gives 

X X w -<^ y + z + t5 

or X X w — <^ y + Sj 

which is therefore to be used in place of all the premises containing v. 

One of the other propositions, namely, x X z — <^ y + to is obviously con- 
tained in another, namely : z X w — <^ x. Rejecting it, our premises are reduced 

to six, namely : 

X X z — <^ y + to 

X X y — <^ z + w 

X X y — <^ z + w 

z X id -<^ X 

z X w — <^ X 

X X w — <^ y + 2. 

The second, third, and sixth of these give the predicates of x. Their product is 

X -<;] {y + z + w) X {y + Z + w) X [y + Z + ib) 
or 

x-<C.y XzXiv + yXzXw + yXzXid + yXzXw + yXzXid 
or 

X -<^ zXid + zXw + yXzXid. 

To find whether any relation between y, z, and w can be obtained by the elimi- 
nation of X, we find the subjects of x by combining the first, fourth, and fifth 
premises. Thus we find 

yXzXid-\-zXi€ + zXw -^^ x. 

It is obvious that the conclusion from the last two propositions is a merely identi- 
, cal proposition, and therefore no independent relation is implied between y, z, 
and w. 

To find the predicates of y we combine the second and third propositions. 

This gives 

y -<^ {x + z + w) X (a; + 2 + t5) 

or y -<C xXzXic + xXzXw + x. 

Two relations between x, z, and w are given in the premises, namely: 
z X ib -<^ X and z X w — <^ x. To find whether any other is implied, we elimi- 
nate y between the above proposition and the first and sixth premises. This gives 

X X z — <^ xXzXid + w + x 
X X 10 -<^ X X z X to + X -\- z, 

6 
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The first conclusion is empty. The second is equivalent Uy x X w ^^ z, which is 
a third relation between x, z, and w. 

Everything implied in the premises in regard to the relations of a:, y, z, w 
may be summed up in the proposition 

CO -<^ x + zXw + yXzXw. 



Chapter III. — The Logic of Relatives. 
§ 1. Individual and Simple To-ms. 

Just as we had to begin the study of Logical Addition and Multiplication by 
considering oo and 0, terms which might have been introduced under the Algebra 
of the Copula, being defined in tenns of the copula only, without the use of + or 
X, but which had not been there introduced, because they had no application 
there, so we have to begin the study of relatives by considering the doctrine of 
individuals and simples, — a doctrine which makes use only of the conceptions of 
non-relative logic, but which is wholly without use in that part of the subject, 
while it is the very foundation of the conception of a relative, and the basis of 
the method of working wuth the algebra of relatives. 

The germ of the correct theory of individuals and simples is to be found in 
Kant's Critic of tlie Pure Reason^ Appendix to the Transcendental Dialecticj where he 
lays it down as a regulative principle, that, if 



a -<^ 6 6 -<^ a, 

then it is always possible to find such a term x, that 

a — <^ x X -<^ 6 

X -<^ a h ^<^ X. 

Kant's distinction of regulative and constitutive principles is unsound, but this 
law of continuitf/y as he calls it, must be accepted as a fact. The proof of it, which 
I have given elsewhere, depends on the continuity of space, time, and the in- 
tensities of the qualities which enter into the definition of any term. If, for 
instance, we say that Europe, Asia, Africa and North America are continents, 
but not all the continents, there remains over only South America. But we may 
distinguish between South America as it now exists and South America in former 
geological times ; we may, therefore, take x as including Europe, Asia, Africa, 
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North America, and South America as it exists now, and every x is a continent, 
but not every continent is x. 

Just as in mathematics we speak of infinitesimals and infinites, wliich are 
fictitious limits of continuous quantity, and every statement involving these 
expressions has its interpretation in the doctrine of limits, so in logic we may 
define an individual, A, as such a term that 



A-<0, 

but such that if 

X < A 

then X -<^ 0. 

And in the same way, we may define the simple, a, as such a term that 



l-<a, 

but such that if 

a <; X 

then 1 -<^ X. 

The individual and the simple, as here defined, are ideal limits, and every 
statement about either is to be interpreted by the doctrine of limits. 

Every term may be conceived as a limitless logical sum of individuals, or as 
a limitless logical product of simples ; thus, 

a = Ai + A2 + A3 + A4 + A5 + etc. 

ei = Ai X A^ X A3 X A4 X A5 X etc. 

It will be seen that a simple is the negative of an individual. 

§ 2. Relatives. 

A relative is a term whose definition describes what sort of a system of objects 
that is whose first member (which is termed the relate) is denoted by the term ; 
and names for the other members of the system (which are termed the correlates) 
are usually appended to limit the denotation still further. In these systems the 
order of the members is essential ; so that ( A , B , C) and (A , C , B) are different 
systems. As an example of a relative, take 'buyer of — for — from'; we may 
append to this three correlates, thus, ' buyer of every horse of a certain descrip- 
tion in the market for a good price from its owner.' 

A relative of only one correlate, so that the system it supposes is a pair, may 
be called a dual relative ; a relative of more than one correlate may be called 
plural. A non-relative term may be called a term of singular reference. 

Every relative, like every term of singular reference, is general ; its defini- 
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tion describes a system in general terms ; and, as general, it may be conceived 
either as a logical sum of individual relatives, or as a logical product of simple 
relatives.* An individual relative refers to a system all the members of which 
are individual. The expressions 

(A : B) (A : B : C) 

may denote individual relatives. Taking dual individual relatives, for instance, 
we may arrange them all in an infinite block, tlius, 

A : A A : B A : C A : D A : E et<;. 

B:A B:B B:C B:D B:E etc. 

C : A C : B C : C C : D C : E etc. 

D:A D:B D:C D:D D:Eetc. 

E:A E:B E:C E:D E:E etc. 

etc. etc. etc. etc. etc. 

In the same way, triple individual relatives may be arranged in a cube, and so 
forth. The logical sum of all the relatives in this infinite block will be the rela- 
tive universe, oo , where 

X — <^ oo, 

whatever dual relative x may be. It is needless to distinguish the dual universe, 
the triple universe, etc., because, by adding a perfectly indefinite additional mem- 
ber to the system, a dual relative m.ay be converted into a triple relative, etc. 
Thus, for hver of a tvoman^ we may write lover of a ivonian coexisting tvilh anyihing. 
In the same way, a term of single reference is equivalent to a relative with an 
indefinite correlate ; thus, woman is equivalent to ivonian coexisiing tvith anything. 
Thus, we shall have 

A = A:A + A:B + A:C + A:D + A:E + etc. 
A:B = A:B:A + A:B:B + A:B:C + A:B:D + etc. 

From the definition of a simple term given in the last section, it follows that 
every simple relative is the negative of an individual term. But while in non- 
relative logic negation only divides the universe into two parts, in relative logic 
the same operation divides the universe into 2" parts, where n is the number of 
objects in the system which the relative supposes ; thus, 

oo = A+A 

oo = A:B + A:B + A:B + A:B 



In my Logic of Relatives, 1870, I have iiscfl this expFession to designate what I now call dual relatives. 
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oo = (A : B : C) + (A : B : C) + (A : B : C) + (A : B : C) 

+ (A : B : C) + (A : B : C) + (A : B : C) + (A : B : C). 

Here, we have 

A = A:B + A:B; A = A:B + A:B; 

A:B = A:B:C + A:B:C; A:B = A:B:C + A:B:C; 

A:B = A:B:C + A:B:C; A:B = A:B:C + A:B:C. 

It will be seen that a term which is individual when considered as n-fold is not 

so when considered as more than w-fold ; but an ;^fold term when made (m + n)- 

fold, is individual as to n membei's of the system, and indefinite as to m members. 

Instead of considering the system of a relative as consisting of non-relative 

individuals, we may conceive of it as consisting of relative indi\'iduals. Thus, 

since 

A = A:A + A:B + A:C + A:D + etc., 
we have 

A : B = (A : A) : B + (A : B) : B + (A : C) : B + (A : D) : B + etc. 
But 

B = B:A + B:B + B:C + B:D + etc.; 
so that 

A : B = A : (B : A) + A : (B : B) + A : (B : C) + A : (B : D) + etc. 

Here we have evidently 

(A : C) : B = A : (B : C). 
In the same way we find 

(A : D) : (B : C) = (A : C) : (B : D) 

= A : [(B : D) : C] = A : [B : (C : D)] 

= [A : (C : D)] : B = [(A : D) : C] : B. 

§ 3. Relatives connected by Transposition of Relate and Correlate. 

Connected with every dual relative, as 

Z=2(A:B) = n(a:)8), 
is another which is called its converse, 

k-l=l(B:A) = n{fi:a), 

in which the relate and correlate are transposed. The converse, A:, is itself a 

relative, being 

k = l [(A : B) : (B : A)] ; 

that is, it is the first of any pair which embraces two individual dual relatives, 
each of which is the converse of the other. The converse of the converse is 
the relation itself, thus 
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or say 

We have also 



kk=l. 

k-l = hi 

kll = Ilk. 



In the case of triple relatives there are five transpositions possible. Thus, if 

6 = 2 [(A : B) : C] = 2 [A : (C : B)], 



Here we have 



= 2 [B : (C : A)] 
= 2 [(A : C) : B] 
= 2 [(C : B) : A] 
= 2 [C : (B : A)] 
= 2 [(B : C) : A]. 



we may write 

16 = 2 [(B : A) : C 

J6 = 2 [A : (B : C) 

K& = 2 [C : (A : B) 

L6 = 2 [(C : A) : B 

M6 = 2 [B : (A : C) 

LM = ML = 1 

II = jj = KK = 1 

IJ = JK = KI = L 

JI = KJ = IK = M 

IL = MI = J = KM = LK 

JL = MJ = K = IM = LI 

KL= MK = I = JM = U. 

If we write a : & to express the operation of putting A in place of B in the 

original relative 

6 = 2 [(A : B) : C] = 2 [A : (C : B)], 
then we have 



Then we have 
which does not imply 



I = a : 


6 + 6 


\ a + c : c 


J — a : 


a + h 


: c + c : 6 


K a, 


: c + 6 : 


6 + c : a 


L — a 


:6 + 6 


: c + c : a 


M-a 


: c + 6 : 


a + c : 6 


1-a 


: a + 6 


: 6 + c : c. 



I + J + K=l + L + M, 



(I + J + K) ; = (1 + L + M) ?. 
In a similar way the n-fold relative will have (» ! — 1) transposition-functions. 
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§ 4. Classification of Relatives. 

Individual relatives are of one or other of the two forms 

A : A A : B, 

and simple relatives are negatives of one or other of these two forms. 

The forms of general relatives are of infinite variety, but the following may 
be particularly noticed. 

Relatives may be divided into those all whose individual aggregants are of 
the form A : A and those which contain individuals of the form A : B. The 
former may be called concurrents^ the latter opponents. Concurrents express a 
mere agreement among objects. Such, for instance, is the relative ^man that 
is — ,' and a similar relative may be formed from any term of singular reference. 
We may denote such a relative by the symbol for the term of singular reference 
with a comma after it; thus (m,) will denote *man that is — ' if (m) denotes 
* man.' In the same way a comma affixed to an w-fold relative will convert it 
into an (w+l)-fold relative. Thus, (l) being Mover of — ,' (/,) will be Mover 
that is — of — .' 

The negative of a concurrent relative will be one each of whose simple com- 
ponents is of the form A : A, and the negative of an opponent relative will be 
one which has components of the form A : B. 

We may also divide relatives into those which contain individual aggregants 
of the form A : A and those which contain only aggregants of the form A : B. 
The former may be called self-relativeSy the latter aho-r datives. We also have neg- 
atives of self-relatives and negatives of alio-relatives. 

These diflferent classes have the following relations. Every negative of a 
concurrent and every alio-relative is both an opponent and the negative of a 
self-relative. Every concurrent and every negative of an alio-relative is both 
a self-relative and the negative of an opponent There is only one relative 
which is both a concurrent and the negative of an alio-relative ; this is ^ identical 
with — .' There is only one relative which is at once an alio-relative and the 
negative of a concurrent ; this is the negative of the last, namely, * other 
than — .' The following pairs of classes are mutually exclusive, and divide all 
relatives between them : 

Alio-relatives and self-relatives, 

Concurrents and opponents. 

Negatives of alio-relatives and negatives of self-relatives. 

Negatives of concurrents and negatives of opponents. 
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No relative can be at once either an alio-relative or the negative of a con- 
current, and at the same time either a concurrent or the negative of an alio- 
relative. 

We may append to the symbol of any relative a semicolon to convert it 
into an alio-relative of a higher order. Thus (/;) will denote a ' lover of — that 
is not — .' 

This completes the classification of dual relatives founded on the difference 
of the fundamental forms A : A and A : B. Similar considerations applied to 
triple relatives would give rise to a highly complicated development, inasmuch 
as here we have no less than five fundamental forms of individuals, namely, 

(A: A): A (A : A) : B (A : B) : A (B : A) : A (A : B) : C. 

The number of individual forms for the (n + 2)-fold relative is 

2 + (2»-l).3 + ^,|(3»-l)-2(2--l)|.4+^,|(4»-l)-3(3»-l) 

' +3(2»-l)|.5+^i|(5»-l)-4(4»-l) + 6(3»-l)-4(2»-l)l.6 

+ ^,|(6»-l)-5(5»-l) + 10(4»-l)-10(3»-l) + 6(2"-l)|.7-fetc. 
If this number be called fn, we have 



The form of calculation is 


A-/0 =/(n 
/0=1. 


-1) 




1 








2 


1 






5 


3 2 






15 


10 7 


5 




52 


37 27 


20 


15 


203 


151 114 


87 


67 



52 

where the diagonal line is copied number by number from the vertical line, 
as fast as the latter is computed. 

Eelatives may also be classified according to the general amount of filling up 
of the above-mentioned block, cube, etc. they present. In the first place, we 
have such relatives in whose block, cube, etc. every line in a certain direction 
in which there is a single individual is completely filled up. Such relatives may 
be called complete in regard to the relate, or first, second, third, etc. correlate. 
The dual relatives which are equivalent to terms of singular reference are com- 
plete as to their correlate. 
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A relative may be incomplete with reference to a certain correlate or to its 
relate, and yet every individual of the universe may in some way enter into that 
correlate or relate. Such a relative may be called unUmUed in reference to the 
correlate or relate in question. Thus, the relative 

A:A + A:B + C:C + C:D + E:E + E:F + G:G + G:H + etc. 

is unlimited as to its correlate. The negative of an unlimited relative will be 
unlimited unless the relative has as an integrant a relative which is complete 
with regard to every other relate and correlate than that with reference to 
which the given relative is unlimited. 

A totally unlimited relative is one which is unlimited in reference to the 
relate and all the correlates. A totally unlimited relative in which each letter 
enters only once into the relate and once into the correlate is termed a mbsti- 
UUion, 

Certain classes of relatives are characterized by the occurrence or non- 
occurrence of certain individual aggregants related in a definite way to others 
which occur. A set of individual dual relatives each of which has for its relate 
the correlate of the last, the last of all being considered as preceding the first 
of all, may be called a cycle. If there are n individuals in the cycle it may be 
called a cycle of the n*** order. For instance, 

A:B B:C C:D D:E E:A 

may be called the cycle of the fifth order. Now, if a certain relative be such 
that of any cycle of the rC^ order of which it contains any m terms, it also con- 
tains the remaining {n — m) terms, it may be called a cyclic relative of the 
n^^ order and m^ degree. If. on the other hand, of any cycle of the vf'^ order of 
which it contains m terms the remaining (n — m) are wanting, the relative. may 
be called an anticyclic relative of the vH-^ order and m^ degree. 

A cyclic relative of the first order and first degree contains all individual 
components of the form A : A. A cyclic relative of the second order and 
first degree is called an equiparant in opposition to a disqviparant. 

A highly important class of relatives is that of traimtives ; that is to say, those 
which for every two individual terms of the forms (A:B) and (B : C) also 
possess a term of the form (A : C). 

§ 5. The Composition of Relatives. 

Suppose two relatives either individual or simple, and having the relate or 
correlate of the first identical with the relate or correlate of the second or of 

7 
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its negative. This pair of relatives will then be of one or other of sixteen 
forms, viz. : 



(A 
(A 
(B 
(B 



:B)(B: 


:B)(C: 


:A)(B: 


:A) (C: 



C) 
B) 
C) 
B) 



(A 



(A 



(B 



(B 



B) (B:C) 
B) (C:B) 
A) (B:C) 
A) (C:B) 



(A 
(A 
(B 
(B 



B)(B 


:C) 


B)(C 


B) 


A) (B 


:C) 


A) (C: 


B) 



(A. 


:B) (B 


:C) 


(A 


:B) (C: 


B) 


(B: 


A)(B; 


:C) 



(B 



A)(C 



B). 



Now we may conceive an operation upon any one of these sixteen pairs of 
relatives of such a nature that it w^ill produce one or other of the four forms 

(A : C), (A : C), (C : A), (C : A). Thus, we shall have sixty-four operations 
in all. 

We may symbolize them as follows : Let 

A:B (III) B:C = A:C; 

that is, let (|||) signify such an operation that this formula necessarily holds. 
The three lines in the sign of this operation are to refer respectively to the first 
relative operated upon, the. second relative operated upon, and to the result. 
When either of these lines is replaced by a hyphen (-), let the operation sig- 
nified be such that the negative of the corresponding relative must be substituted 
in the above formula. Thus, 

ATB HI) B:C = A:C. 

In the same way, let a semicircle (^) signify that the converse of the correspond- 
ing relative is to be taken. The hyphen and the semicircle may be used 
together. If, then, we write the symbol of a relative with a semicircle or curve 
over it to denote the converse of that relative, we shall have, for example. 



A:BH|)B:C = A:C. 

Then any combination of the relatives a and e, in tliis order, is equivalent 
to others formed from this by making any of the following changes : 

First, Putting a straight or curved mark over a and changing the first 
mark of the sign of operation in the corresponding way ; that is, 

for 2, from | to w or from - to ^ or conversely, 
for S, from | to - or from v^ to ^ or conversely, 
for a, from | to j^ or from - to v^ or conversely. 



Second. 
mark. 

TJiinl 
and simultaneously writing the mark of negation over the whole expression. 



Making similar simultaneous modifications of e and of the second 
Changing the third mark from ) to - or from v^ to ^ or conversely. 
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Fourth. Changing the third mark from | to ^ or from - to i^ or conversely, 
and interchanging a and e and also the first and second marks. 

We have thus far defined the effect of the sixty-four operations when certain 
members of the individual relatives operated upon are identical. When these 
members are not identical, we may suppose either that the operation {|{ pro- 
duces either the first or second relative or 0. We cannot suppose that it 
produces oo for a reason which will appear further on. Let us elect the formula 

A:B(|||)C:D = 0. 

The other excluded operations will be included in a certain manner, as we 
shall see below. From this formula, by means of the rules of equivalence, it 
will follow that all operations in whose symbol there is no hyphen in the third 
place will also give in like circumstances, while all others will give or cx). 

We have thus far only defined the effect of the sixty-four operations upon 
individual or simple terms. To extend the definitions to other cases, let us 
suppose first that the rules of equivalence are generally valid, and second, that 

If a -< 6 and c -< d then a (|||) c -< 6 (|||) d 
or 

(a-<6)X(c^d)-<{a(|||)c^6(|||)rf|. 

Then, this rule will hold good in all operations in whose symbols the first and 

second places agree with the third in respect to having or not having hyphens. 

( first ) 
For operations, in whose symbols the < ^ i > mark disagrees with the third 

in this respect we must write ^^Z^'gl instead of "I^I^^M" t^^s rule. 

Thus, the sixty-four operations are divisible into four classes according to which 
one of the four rules so produced they follow. 

It now appears that only the hyphens and not the curved marks are of 
significance in reference to the rule which an operation follows. Let us 
accordingly reject all operations whose symbols contain curved marks, and there 
remain only eight. For these eight the following formulae hold : 



A:B (III) B:C = A:C A:B (||-) B:C = A:C 

ATB (-1!) B:C = A:C A^ (-|-) B : C = ATC 

A:B (l-l) BTC = A:C A:B (|--) BTC = ATC 

ATB (--]) bTc = a : C ATB ( ) BTC = ATC 
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A:B (111) C:D 
ATB (-11) C:D 



= 
= 

A:B (l-l) C:D = 

ATB( — |)CTD = 



A:B (II-) C:D = 
ATB (-I-) C:D = 
A:B (I—) CTD = 
A7B( )CTD = 



GO 
00 
00 
00 



(a-<6)X(c-<rf)^!a (III) c-<6 (|i|) d\ 
(a-<6)X(c-<(;)^{a(— )c-<6(— )d} 



(6 ^a)X(c-< (?)-<{« (-11) c 
(6-<a)X(c-<rf)^{a(|— )c 



6 (-11). d} 
b{\—)d\ 



(a-<6)X(d-<c)-<{a (l-l) c-<6 (\-\) d\ 
(a-<6)X(d^c)^ja(-|-)c-<6(-|-)rf} 

(6-<a) X (d-<c)-< {a (—1) c^h (— j) d] 
(6-<a)X(d^c)-<{a (II-) c^6 (||-) d]. 

As it is inconvenient to consider so many as eight distinct operations, we 
may reject one-half of these so as to retain one under each of the four rules. 
We may reject all those whose symbols contain an odd number of hyphens (as 
being negative). We then retain four, to which we may assign the following 
names and symbols : 

Relative or external multiplication. 
Regressive involution. 
Progressive involution. 
TransaddUion.* 



a (III) e = ae 
a (I — )6 = «6 
a (- 1 -) 6 = a:* 
a ( — I) e = ao6 



We have then the following table of equivalents, negatives, and converses : t 



X 


X 


X 


X 


ae — 5oe 


a' — «e 


• 


r -'n 


(f ~-^e 


56 — aoe 


«« =^3 


ea = eoH 


«6 =a^ 


ae = doe 


2« =?g 


eH = ?oa 


aoe = He 


(jf -^6 


eoS — et. 


^ ^n 



* The first three of these were studied by De Morgan (On tht Syllogism^ No. IV.) ; the last is new. The 
above names for the first three (except the adjective intenud suggested by Grassniann's operation) are given in 
my Logic of Relatives. 

t A similar table is given by De Morgan. Of course, it lacks the symmetry of this, because he had not 
the fourth operation. 
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If I denote * lover ' and 8 ' servant/ then 

U denotes whatever is lover of a servant of - , 

/• whatever is lover of every servant of - , 

Is wliatever is in every way (in which it loves at all) lover of a servant, 

lo8 whatever is not a non-lover only of a servant of - 

or whatever is not a lover of everything but servants of - 

or whatever is some way a non-lover of some thing besides servants of - . 

§ 6. Methods in the Algebra of Relatives. 

The universal method in this algebra is the method of limits. For certain 
letters are to be substituted an infinite sum of individuals or product of simples ; 
whereupon certain transformations become possible which could not otherwise 
be effected. 

The following theorems are indispensable for the application of this method : 

1st. l^"" =l{A:li) + kB. 

Since B is equivalent to the relative term which comprises all individual 
relatives whose relates are not B, so A: B may be conveniently used, as it is here, 
to express the aggregate of all individual relatives whose correlate is B. To 
prove this proposition, we observe that 



/^=» = /(A:B). 

Now /(A : B) contains only individual relatives whose correlate is B, and of 
these it contains those which are not included in Z ( A : B). Hence the nega- 
tive of Z(A:B) contains all individual relatives whose correlates are not B, 
together with all contained in I {A: B). Q. E. D. 

2d. ^^«Z=(A:B)Z + A. 

Here A is used to denote the aggregate of all individual relatives whose re- 
lates are not A. This proposition is proved like the last 

3d. A7b' = (A:B)Z + A. 

This is evident from the second proposition, because 

ATB' = <^ = »)Z. 



4th. 'A:B = Z(A:B) + A:B. 

Another method of working with the algebra is by means of negations. This 
becomes quite indispensable when the operations are defined by negations, as in 
this paper. 
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To illus^trate the ase of these methods, let ws investigate the relatioas of 
^ ami f to /& when / and h are totally unlimited relatiyes. 

Write / = Zi ( L| : 31.) 6 = 2, ( B, : C, l 

Then, by the rules of the last section, 

whence, bj the second and third propositions above. 
But by the first rule of the last section 

(Li:3I,)6-<ft /(B,:C,)-<ft; 

hence, 

'6-</6 + L| f-</6 + lB,. 

There will be propositions like these for all the diflerent values of i and j. 
31ultipl}'ing together all those of the several sets, we have 

But _ _ 

and since the relatives are imlimited, 

hence 



In the same way it is easy to show that, if the negatives of / and h are totally 
unlimited. 



§ 7. The General Formulce for Relatites. 

The principal formulae of this algebra may be divided into distriMion formula 
and assoeialum formulce. The distribution formidae are those which give the equiv- 
alent of a relative compounded with a sum or product of two relatives in such 
terms as to separate the latter two relatives. The association formulae are those 
which give the equivalent of a relative A compounded with a compound of B 
and C in terms of a compound of A and B compounded with C. 
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I. DISTEIBUTION FOEMULiE. 



1. Affirmative. 
i. Simple Formuke. 



(a + h)c = ac + bc 
(aXby =(f X 6^ 

(a X b)oc = (aoc) + (6oc) 



a(6 + c) = a& + a(? 

«(6Xe) =«6 X«c 
ao(6 X c)= (ao6) + (aoc) 



ii. Devehpmetits. 
(aX6)c = n^{a(cX;>) + 6(cX^)} a(6 X c) = n^ { (a X j9)6 + (a X^)c} 



a 



6 X c — V 



2, {(«+;>/ X (a +j^)'} 



(a + 6)oc = n^{ao(c+^) + 6o(c+^)} ao(6 + c) = n^J(a+^)o6 + (a+^)oci 



2. Negative. 
i. Simple Formulce. 



{a + h)c = ac' X 6c 



{aXhy = a" + 6' 



»+», 



= "c + *c 



(a X 6)oc = aoc X 6oc 



a (6 + c) = a6 + ac 



a*+c = fj6 + flc 



'(6 X c) = «6 + "c 



ao{h X c) = ao6 X aoc 



it Developments. 



(aX 6)c = 2, ja(cX^)X h{cXp)\ a{hx c) = Ep i (aXjt))6X (aX^)cj 



{a + by =np} a''<'' + 6''<'Pj 



a'x" =np|(a+i>)* + (a+^)<'j 



'«x*»c =n, j<'(c+/)) + *(c+^)j ''(6 + c) = n^{'"<-P6 + -x>»cj 



(a + 6)oc= Zj,{ao(e + p) X 6o(c+j))) ao(6 + c) = 5)p{(a+jo)o6 X (a+jj)oc} 
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II. ASSOCIATION FORMULAE. 



1. Affirmative. 
i. Simple Formulce. 



= (cihy 



ao(boc) = a' 



f/(boC) 2= 



''{bc) = a(bc) ={ab)c 



(a*)oc 



= («6) c 



= ia% 



^ = ao{'c) = 

a^) = ao(b') = (ao6)c = (a76)< 



(a6)oc 



ii. Developments. 

(A and E are individual aggregants^ and a and € simple components of a 
and 6. The summations and products are relative to all such aggregants and 
components. The formulae are of four classes; and for any relative c either 
all formulae of Class 1 or all of Class 2, and also either all of Class 3 or all of 
Class 4 hold good. 



CLASS 1. 



CLASS 2. 



a(bc) = \bc) = U{{''b)c\ = U{(^y\ . (^)e = {cody = U{co{dE)\=U{(^^^ 
'^> = ao{bc)=Z\{aoby\=i:{(^Jb)c\ ^^ = {cod)oe = 2{c<''^^} = 1\^) } 
ao{W) = d"^^ = U{{a')c} = n{(^} (^)7e = ^^^e= U{co{doe)\ = n{^>} 



CLASS 3. 



CLASS 4. 



a(67^)=a(6oc)=nj(A6)oc| = ni(^} (^ = (crf)^ = n{c(dF)} = n}^^^)} 
^) = a{'c) = 2{<^>c| = 2{(^)oc} (%' = {'d)e=Z{%dE)\ = l\7(M)} 



The negative formulae are derived from the affirmative by simply drawing 
or erasing lines over the whole of eacli member of every equation. 

In order to see the general rules which these formulae follow, we must im- 
agine the operations symbolized by three marks, as in the commencement of this 
chapter. We may term the operation uniting the two letters within the paren- 
thesis the interior operation, and that which unites the whole parenthesis to the 
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third letter the exterior operation, ^y junction-marks will be meant, in case the 
parenthesis ^ ^ ^^ f ^^e third letter, the \ ^ a\ Diark of the symbol of the 

interior operation and the "S f; f f mark of the symbol of the exterior opera- 
tion. Using these terms, we may say that the exterior junction-mark and the 
third mark of the interior operation may always be changed together. When 
they are the same there is a simple association formula. This formula consists 
in the possibility of simultaneously interchanging the junction-marks, the third 
marks, and the exteriority or interiority of the two operations. When the ex- 
terior junction-mark and the third mark of the interior operation are unlike, 
there is a developmental association formula. The general term of this formula 
is obtained by making the same interchanges as in the simple formute, and then 
changing a to A when after these interchanges ah or "6 occurs in parenthesis, 
changing a to u when a* or a© 6 occurs in parenthesis, changing e to E when 
de or d^ occurs in parenthesis, and changing e to c when ^e or doe occurs in 
parenthesis. When the third mark in the symbol of the exterior operation is 
affirmative the development is a siunmation ; when this mark is negative there 
is a continued product. 

In the first column of formulaB, the second mark in the sign of the interior 
operation is a line in Class 1 and a hyphen in Class 3. In the second column, 
the first mark in the sign of the interior operation is a hyphen in Class 2 and a 
line in Class 4. 



{To he Continued.) 



NOTE TO PAGE 47. 

The relative ought to be considered as at once a concurrent and an alio-rektive, and the relative oo as at 
once the negative of a concurrent and the negative of an alio-relative. The statements in the text require to 
be modified to this extent 

8 




On Certain Ternary Cubic-Form Equations, 



By J. J. Sylvester. 



CHAPTER I. 



Excursus B. — On the Chain Rule of Cubic Rational Derivation. 

I THINK it desirable, while the colors, so to say, are still wet on the palette, and 
my mind is still dwelling upon the subject which has been casually introduced 
in the note to the proem contained in the hist number of the Journal (and there 
made use of to determine the number of iii-and-exscribed k-laterals to a cubic), 
without waiting to put forth the titles which in natural order of sequence, 
perhaps, should immediately follow Title 1 of Section 2, to proceed at once to 
develop the theory of derivation which, irrespective of the casual use of it 
alluded to, will be found to be of essential importance when I reach that part 
of my proposed task which deals with soluble cubic-form equations, nor less 
so when, in Chapter 11., I have to treat of insoluble cases of certain classes 
of cubic-form equations with four or more terms. 

TUle 1. — On the Natural or Disconiinuonslf/ Ntmilercd Scale of Ratimial Derivatives 

to a Point on a Citbic Curve. 

Let us take any point on a cubic curve along with its successive tangentials 
ad infinitum. We may, by drawing straight lines through any two of these points, 
either contiguous or apart, to meet the curve, obtain an additional set of points, 
and thus form an enlarged system which may again be subjected to a like 
process of coUineation or tangentialization, and such method of augmentation 

and amplification may be continued indefinitely. Every point thus obtained 

• 

will obviously be a rational derivative of the original point (i. e. its co-ordinates 
will be rational integral functions of those of that point), and, at first sight, it 
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would seem as if we might in this way obtain a network, or spread,* of rational 
derivatives ; but I shtill proceed to show that such is not the case, but that 
only a line or chain of points w^ill be thus obtained, usually infinite in extent,* 
although for certain positions of the initial point coming to a stop, and in other 
cases winding round and round upon itself so as still to include only a finite 
number of distinct points. It will be shown subsequently that, in order to 
complete the theory of the chain for the purposes of this memoir, it will be 
necessary to take into account the rational derivatives not merely from a single 
arbitrary point, but from such points, combined with a poinl of inflexion, and that 
this additional element will not alter the surprising fact of the absence of 
reticulation or spread, but merely bring about the insertion into the ch.ain of 
points corresponding to missing numbers in it as first described, and to the dupli- 
cation of the chain so completed, owing to every point in it having an opposite 
point also situated on the curve and collinear with it in respect to the given in- 
flexion. This duplication will be of little importance in gener.il to the arith- 
metical theory w^ith which we shall be occupied, inasmuch as opposite points 
will correspond to the same arithmetical values, with merely a change of name 
between two out of the three variables which denote the co-ordinates of any 
point. First, let us consider the chain law of derivation when a point on the 
cubic curve alone is given. I shall call the originaj point 1, and its first and 
second tangentials 2 and 4 respectively, and in general use (/w ,n)*to denote the 
point on a given cubic collinear with two points m , n also situated upon it.t 
Obviously, then, we shall have 1,1 = 2 2.2 = 4, using 1,1 2 , 2 to denote, in 
either case, two consecutive points upon the cubic. It is also obvious that if 
m , n = j9 then m jp=^n and n ,p = m, so that 1,2 = 1 2,4 = 2, 

Let uscall 1,4 = 5 2,5 = 7 1,7 = 8 2,8=10 1,10=11 2,11 = 13 
and so on. It will be seen that no number which is a multiple of 3 is brought 
into existence by this process. Supposing a , 6 to be any two integers, neither 
of them divisible by 3, let us agree to signify by a | 6 that of the two values 
a + h ytt — b which is not divisible by 3. The theorem to be established is that 
the point m , n collinear to m and n will have for its value m t w ; a&, for instance, 
4 , 4, or the third tangential to 1, will have for its value 8, i. e. will be identical 
with 1 , 7, that is to say, wdth 1 , [2 , (1 , 4)], where 2 and 4 are the first and second 

* Spread, as a nmin (scarcely to be found in the dictionaries), I emploj' in the sense in which it occurs 
in the phrase sprettd of foliage, . On this continent the wonl spread m also used to denote a thkk eoverkt or 
paddeil woollen quilt, liid over the Ijetlclothes in winter to keep out the cold; also on lx)th continents as a 
familiar name for a college banciuet. 

t Sometimes, however, it will be found more convenient to use Pi^, P-i • • • • /\ ; P'l, I^'^y - - - - ^» '" ^**^* 
of 1 , 2, ..... n ; 1', 2', . . - . n' ^ 
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tangentials to 1, which amounts to a rule for obtaining the third tangential, when 
a point on a cubic and its first and second tangentials are given, bv collineation 
alone. The thecry (f retiduaiifmj in its simplest form (see Salmon's Higher Plane 
Curves, 3d ed, p. 134)* teaches us that the rule -of the older chemistry known 
by the name of double decomposition, viz. that (a.fe).(c.d) = (/i.r),(6.rf) is 
applicable to the same symbols regarded as points on a cubic curve. This rule 
of double decomposition is all that is required to prove the theorem in question. 

Thus, e. g.. in order to prove that 1 , 7 = 4 , 4, I write 1 , 7 = (1 ,2) ,(2,5) 
= (2,2),(l,5j = 4,4. Q. E. D. 

So, to prove in general that r .s=^rt s I proceed as follows : 

V Suppose r = 3 < + 1 ; « = 3^* + 1 , where j — i is positive. Then 
r,4r = (3i-l,2),(3y + 2,l) = (3i-l,l).(3J+2,2) = 3i-2,37 + 4 
= r — 3 , « + 3. Hence r,« = r — 3i,s + 3i = l,s + r — l=«-|-r. 

T Supposer = 3i- l;^ = 3j-l. Tlien r , « = (3 i - 2 , 1),(37 + 1,2) 
= (3i-2,2),(3y+ l,l) = 3i-4, 3j + 2 = r-3,s + 3,asbefore. Hence 
r,4r = r — 3(i-l),s + 3(/— l) = 2,« + r — 2 = s + r. 

3" Suppose r = 3 i - 1 ; ^ = 3j 4- 1. Then r ,* = (3 i - 2 A),{Zj-l , 2) 
= (3 i - 2 , 2) ,(3J— 1 , 1) = 3 1 — 4 , 3j — 2 = r — 3 ,« — 3. Hence r , « = 
r-3i + 3,s-3i + 3 = 2,s-r + 2 = s-r. 

4- Suppose r = 3 i + 1; s = 3j - 1. Then r,^ = (3 i - 1 ,2),(3j -2,1) 
= (3i- 1 , l),(3>-2,2) = 3i-2,37'-4 = r-3,s-3. Hence r,« = 
r — 3i,s — 3i=l,s — r+ l = s — r. 

Collecting the four cases, it will be seen that I have proved, for all values of 
the points r , s in the chain, that r jS =^ rt s. Q. R D. 

The points 2^ correspond to tangentials of the i^ order to the point 1. 
It is obvioas from the above theorem that no process of continued collineation 
or tangentialization performed upon these points can lead to any points extrane- 
ous to the series of points 1,2,4,5,7,8.... which form a simple chain extend- 
ing in general to infinity. Moreover, as it follows from the theory of residuation 
that any single point reached through the intervention of curves drawn through 
any number of points on a cubic can be reached by simple linear constructions^ 
it follows that by no conceivable geometrical process can any rational point be 
reached not included in the numbered chain, and the inference becomes in the 

* The theory of reAidoation was originaUy brought by me before the Mathematical Society of London, 
and fQljHerjoentlT, in the form of questions, in the ^ Educational Times." Dr. Salmon makes no allusion to the 
iwX of my applying the theory to curves of all onlers : in the case of the qiiartic, the residual becomes a system 
of three pointi? ; of a qnintic, a ?y??tera of six point*, and so on. I understood Professor H. S. Smith to say that 
he matfle a<% of my theory* for the quartic in his memoir which gained half the prize for the subject set by 
the Academy of Sciences f»f Berlin, but which I have never seen. 
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highest degree probable, and, as a matter of fact, is undoubtedly true (although 
the reasoning upon which it is here made to rest is not absolutely conclusive), 
that no rational deducts from a general point on a general cubic exist SAve those 
that belong to the numbered chain, the points upon which constitute what may 
properly be termed a self-contained group, infinite or finite (as the case may be) 
in regard to the number of terms which it contains. I shall presently determine 
the order of each successive derivative, meaning thereby the order in the co- 
ordinates of the initial point of any one of the three functions which express the 
co-ordinates of the derived one.* 

The Ciise in which the chain forms a closed polygon, which can only happen 
when for some number i the i^^ tangential coincides with the initial point, has 
already been discussed in the note to the proem. 

If the chain is an open but finite one, it is necessary that a tangential of 
some order shall fall upon a point of inflexion, in which case the succeeding 
tangentials remain fixed at that point, but otherwise continual new tangentials 
could be drawn. These are obviously necessary conditions of the chain being 
finite, whether it be an open chain or winding round upon itself; it remains to 
show that they are sufficient as well as necessary, but that will best appear after 
the theory of derivation from a general point combined with a point of inflexion 
has been discussed. 

I shall begin with finding the co-ordinates X , J^, Z of a point on the cubic 
curve collinear with any two given points x,y ^z; ^, -7 , ^. Let X = Xx + /utf, 

+ c£)F{x,y,z)-^H''F{^,V,0 + >^H''(^^i+yT,-^»T^Fi^>V,0' Hence 
X, Y,Z will be the coUineal to (a; , y , z) , (^, •»; , ^) if 

\ :]l : : (x }^ + y -^- + z £j F i$,7] ,0 : (^^ Tx + V Tj, + C^) ^ (^ ,y ,z). 

If now we write F{x ,y ,2;) under its canonical form x^ + y^ 4- 2^ + Kxyz^ii 
will be found, on substituting for X and ]L the quantities to which they are pro- 
portional, that 

* There is a further question, but which, as not material to the object of this memoir, I shall not discuss 
here, viz. the degree in the coefficients of each such derivative. For the tangential, the degdrder (being that 
of the minor determinants of the matrix made np of the differential derivatives of the function and its Hessian) 
we know to be 4 , 4. If a; , y , 3, Ikj the original co-ordinates, and X, F, Z, those of the tangential, we know that 
F(XfY,Z) being zero when F (x , y , 2) (the given cubic) is zero, must be divisible by F (x , y , z). The quotient 
will be ol' the degorder 13 ,12 — 1 , 3, i. e. 12 , 9, and is in fact the skew covanant of F, 
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X = {fr,i - yrfx + z^^f " ^^x) + K (yz^ - vC^') 

T = {^i-n - zCy 4- ^$7, - xey) + K{zxrf- i^') 

Z = (a^fC - 3:^*2 + fy^i - y^h) + K {x^,^ - ^r^). 

But these expressions admit of a surprising simplification, viz. : we may neglect 
the terms not containing K, for it will be found that the quantities affected 
with the coefficient K are to each other in the same ratios as the other three 
corresponding groups in the values of X,y, Z. Thus, ex. gr. 

(yze - vCx') {^Cv - ^Vy + x'^i - x^y) 

— {zxyf — C^^) {y^rii — yrfx + z^C^ — zl^'x) 

= {^y - xri) \^i{7? + f + ^)- xyz{e -^ V' + ^)\ 
hence X: Y : Z : : y^P — -qlT? : zxrf — - t,^ : xyt,^ — ^^72?. 

We might, instead of these simple expressions, take for X ^YjZ the other 
three groups and (using Xiy^z^^ ^^y^ instead of x^y^z; i,riyC and (pq) to 
denote the determinant piq2 ~ Pi^i) say that X, VyZeive the minor determi- 
nants of 

^1 • ^2 yi • y2 ^1 • 2^2 
(yz) (zx) {x-y\ 

and these are actually the expressions found by Cauchy, and given by him in his 
Exercices de Mathematiques, Paris, 1826, p. 256, 1. 18-21, pp. 257-60. I take this 
reference from a loose page of an article by M. Lucas, but have not access 
either to that article or to Cauchy 's. 

It is remarkable that Cauchy should have given quadrinomial expressions 
for the coUineal to two given points on a cubic curve, or their connective, as I 
shall hereafter term it, when, as shown above, binomial ones fulfil the same 
purpose. The correctness of these remarkable formulaB admits of easy verifica- 
tion, as follows : 

For greater simplicity denote ;r^ , y' , 2^ , xyz by UjV ,w ^ [jl; and f ^ , 17' , C^ , ^C 
by u , v' ,w' y fi respectively. Then S {yz^^ — rjC^f = t {owu"^ — v'w'u^) 
-Sfif/ {{ii + V + to') iJL-{u + v + w)f/}=t {viDu'^ - rVV). 

Also K{yz^' - r,Cx') {zxrf - i^f) {xyC' - ^r,^) 

= - Kxyz (f 7V + ri'C^ + rf /) + K^C i^fC' + yVf + z'T^rf) 
= (w -+- 1? + lo) {uvW + vw'u' + IDU'V') — (u' + v' + w') {u'vio + v'wu + tj[ftiv) 
= 2 [u^o'w' — uhw). 

Hence, giving X, Y ^ Z the values indicated by the formula, we find 

X^ -^ Y'+ Z''+ KXYZ = 0, 
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which equation depends, as seen, and as we know a priori must be the case, on 
the pure algebraical fact that X^ + Y^ + Z^ + KXTZ is a syzygetic function 
of 7? + y^ +7? + Kxyz and ^^ + 77^ + ^^ + K^t,, taking no account of the 
function ^>;C(3^ + y^ + 2?) — Tyz (f^ + 17^ + 1% as that is itself a syzygetic 
function of the two others. If we call the syzygetic multipliers of those two <E) 
and F respectively, it will at once be seen from what precedes that 

4) = 3 ^yfi^xyz - f r/V - yfi^x^ - ^f y" 
F=Z 7?y^:^^i - ar^/r - y'^P - ^^^yf> 

I now proceed to apply the foregoing results to the problem of determining 
the order in the co-ordinates of any derivative numbered y (where ^' = 3 i ± 1), 
which may be called its index, and shall prove that the order of any derivative is 
the square of Us index.f It will also be shown that each of the derivatives above 
referred to will be of the form xU^yV^zWy where UjVjW are quantics in 
a:^ , ^ , 2j^ as variables, since these quantities satisfy the equation 

(xUf + {y Vf + {z Wf + KxyzUVW = 0, 
where Kxyz = — 7? — y^ — 7?. 

From this it follows that, calling x^^'if^T?) a^h^c respectively, the scheme 
of derivatives contains the various solutions of the algebraico-diophantine equa- 
tion alP + hV'' + cW — {a + })+€) UVW = 0, and that, supposing the law 
of the squares to be demonstrated, (7, F, W will be of the order \ { (3 i ± 1)^ — 1 [ , 
i. e. 3 ** ± 2 i in a , 6 , c, where i is any integer. We thus see that the above 
equation admits of solutions in which C7,F, IT are of the orders 1, 5, 8, 16, 21, 
33, 40 ... . respectively. It will hereafter be shown, in like manner, that 
the missing derivatives, whose indices are multiples of 3 (belonging to the 
arbitrary point and point of inflexion combined), will satisfy the equation 

IP+ V^ + abcW^-{a + h + c) UVW= 0, 
where U^VjW will be necessarily of the orders 3 v^± 2 i, 3 i^±2 i, (i± 1) (3 i ± 1) 



♦ Thus, F=(yz( + zxri + xyC) {yz( + ^^a:,, -f- ph:yC) {yz( + phxti + pxyf ) 

and it is worthy of notice that we have incidentaUy solved with quantic values for F, *, U, V, IV the simul- 
taneous algebraico-diophantine equations 

J78 _[_ J78 _|_ jr8 = (a« -I- 68 4- C8) * — (a» + 08 _|_ y8) 2^ 

UVIV = abc^ — apy F. 

t The proof here supplied is sufficiently exact to dispel any reasonable doubt as to the tnith of the law ; 
but an exact proof which does not assume but demonstrates the non-existence of latent common measures to 
the reduced values of the co-ordinates of the connective to any two derivatives wiU be furnished under Title 3. 
— one of the most surprising feats of demonstration which it has ever fallen to the author's lot to accomplish. 
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respectively, i, as before, representing any integer. Thus we see that, if a + 6 
+ c = 0, the equations 

af;^3 + 6F^ + cTr«=0and U^ + F3 + a6cTP = 

will admit of an infinite number of solutions in integers, when a ,b yC are 
integer. This fact, as regards the latter equation, has been already pointed out 
by M. Lucas in this Journal, and previously by the Abbe Pepin in his memoir 
in liouville's^ Joum§,l, 2d series, Tome XV. 

Let us begin with applying the formulae to obtaining the co-ordinates of the 
tangential. 

Let x^ + y^ + 7? + 3 kxyz = 

be the equation to the cubic. If we take x ^y ^z; x + hx,y + hy,z + ^z two 
consecutive points, their connective will be the tangential. 

Applying the formulae just obtained, we shall obtain for its co-ordinates ex- 
pressions each of the form PBx + Q8y + Ii8z with only one relation between 
8x ySy f 8z, Hence, if we write 8z = \8x + fi8y the resulting ratios must be 
independent of X and /x. Consequently we may make 8z = 0. The two connec- 
tives then become 

x^y^z 

X + 8a; , y + 8y , 2, 
and the co-ordinates of the tangential will therefore be proportional to 
yz {x + Soj)^ — 2; (y + 8y ) t? : zx{y'\r SyY — z{x-\' Sx) y^ : 2? {xy — (x + Ssc) (y + 8y)) 
i. e. to X (2 y8x — xhy) : y (2 xSy — ySx) : z {xSy + ySx) 

where Sx : 8y : : y^ + kxz : 7? + kyz. 

Hence the co-ordinates required are as 

x\2y^ + 7? + 3kxyz\ : y{— 2x'^ — y^ — 3 kxyz] : z{x^ — y^), 
i. e. as x{y^ — ^\ : y{^ — x^} : zjx^ — y^}, 

a result which appears to have been first found by Cauchy for the general form, 
but previously by Euler, and before him by Fermat, for the case A; = 0. 

If we write a , 6 , c, instead of x , y , 2;, and call the co-ordinates of the tangential 
X , y , z, we might find their values by virtue of the condition that the connective 
of a , 6 , c and x , y , 2; is a , 6 , c over again. This fiunishes the equations 

6cx^ — a^yz = am 
cay^ — hhx = hm 
ahz^ — (?xy = cm^ 
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which may be satisfied by writing 

x = a{¥ — €^)p ; y = h{c^ — c^)p ; z = c{c^ — ¥)p; 
(a' + ¥ + (f - a'b^ -Vc" - a'c') p^ = m; 

but whether or not the above is necessarily the only possible solution is not 
quite clear a priorij and a posteriori it looks as if the solutions might be manifold. 

The co-ordinates of the point whose index is 4, i. e. of the second tangential, 
will be those of the first tangential to the point 

x{y^ — ^) : y{7? — 7?) : z(x^ — y^)j viz. 
x{f-:^)[f{7?-z'f + z'{x'-ff\ : y {^^ - x^)\^ if - x'f + 7?(f - 2?Y] 

and are of the order 16. 

To find the co-ordinates of the point whose index is 5,' we may take the 
connective of the one last found, and of x, y, z, i. e. of 4 and 1. Let us call 
them xU^ yV, zW, and, for greater simplicity, denote ar^, y^, z^, for w, t? , t(?. 
Then, omitting the common factor xyz, 

U={v — wf\ V {u — wf + w{u — vY}^ 

— {w — u) {u — v){w {v — ufrh u {v — wf\ \u{w — vY + ^ {w — uf]j 

with similar quantities {mut. mut.) set against Fand W, 

These quantities will have the common measure li^ + v^ + w^ — uo — uw — vw. 
To prove this let either one of its factors as ?/ + pv + f^w = 0. 

Then v—'U=^f?[w—'v) and u — w = p[iD—v)^ 

and the representative of U above written becomes 

\{v — wf-'{w — u) {u — v)\{w — vf'={v^'\-w^'\'U^ — vw—uw—uv) {w — vf=^Q. 

Hence the representative of U vanishes with, and therefore contains 

t? + xf^ + w^ — uv — uw — vw 

as a factor, and the same must evidently be true for the representatives of 
Fand TT; hence, ?7, F, W, will be of the order 10 — 2 or 8, in u^v^w, and 
the co-ordinates x?7, y F, 2; TF, of the order 3 . 8 + 1, i. e. of the order 25 in xyz. 
The preceding demonstration depends essentially on the fact that my 
simplified formulae for the co-ordinates of the connective of two points on a 
cubic fail, that is to say, become illusory, for a particular relation between the 
two points, as is easily seen ; for let « ,y , 2: ; x^py yf?z be two points on a cubic, 
then the formulae for X ^Y^Z, the connective's co-ordinates, become 

{py . ph — yz)7?; (ph . a; — xz/>«) f ; (a; . py — xyp*} 2*. 
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i. e. all vanish, whereas it may be remarked that the general expresHionn given 
at page 62, 

r= (z«Ci, - zCy + ^^- x^y) + K{zxrf' - C^) 
Z^ix^a-xih + fvC-yrihJ + KixyC-^), 

become the minors of i* py* pV 

i. e. (p» - p) X (y» - z»), (p - 1) y (z» - A ( 1 - p«) 2 (a:» - /), 
which are the same as 

^{f-^)> p^y{^-^\ p^{^-f\ 

and remain perfectly valid. 

Tliis law of the failing case enables me to prove very easily the Law of Squares j 
as follows : 

Suppose it proved that for all indices mferior to 6 i the order of the derivative 
is equal to the square of its index ; then, to prove that the same law is true up to 
6 (i + 1), it is only necessary to consider the cases of 6 i + 1 , 6 1 + 5, for, as regards 
the index 6 1 + 2 and 6 i + 4, the derivatives may be regarded as the tangentials 
of the derivatives to indices 3 i + 1 and 3 1 + 2, and will consequently be of the 
orders 4 (3 i + 1)^ and 4 (3 i + 2)\ i. e. (6 i + 2f and (6 i + 4]^ respectively. 

Let us further suppose that for derivatives whose indices are inferior to 6 £ 
the co-ordinates are of the form xU^yVyzW\ UjV^W being quantics in 7?y%^^^% 
then, obviously, from the mode of forming the tangential, this will be true for 
derivatives whose indices are 6 i + 2 , 6 1 + 4 : for the tangential to a: i7, y F, 2 IF 

Let us consider the point (1) whose co-ordinates x^y ^z satisfy the equaticm 

«» + py« + pV = 0. 
For such a point 'i^ — 7? :7? — 7? : t? — y^ :: \: p : f?, 

and the point (2) becomes x ^ py , ph. Consequently the point (4) becomes 
X {j^ — ^)yf^ {:? — Q^) y ph {t? — jf) the same as x , p^y , pz ; hence the point 
(5), the connective of (1,4), becomes x{'i^ — 7?)jpy {t? — 7?)jf?z {of — y"), the 
same as x , f?y , pz, so that, denoting the derivatives by their indices, • 

5 = 4 7 = 1,8 = 1,1 = 2 10 = 2,8 = 2,1 = 1 

11 = 4,7 = 4,2 = 2 13 = 2,11 = 2,2 = 4, etc. 
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We have, thus, for all values of the point i 

9i± 1,2, ±4=1,2,4, 
when 1 is the point for which a^ + pj^ + pV = 0. 

Hence, \i p^p' be any two points for which p — p' '=% then p^p' will be 
respectively identical with some two out of the three points 1,2,4. And it 
will at once be seen that the simplified formulsB for the connective of any two of 
these three points become illusory. 

Now the point 6 i + 1 is the connective of 3 1 — 1 and 3 1 + 2, and the point 
6 i + 5 is the connective of 3 i + 1 and 3 1 + 4. 

Hence, in each of these cases, the simplified formulse become illusory, L e. the 
expressions for each of the co-ordinates vanish when sc* + y* + z* — ofj/^ — t^:? 
— '1^7? vanishes, and must therefore contain it as a conunon measure. Moreover, 
the simplified formulaB for the connective co-ordinates for the points xU,yVjZ W; 
X U\ y F', z W^ will contain 7?yz , y^x , :?xy, and will therefore have the common 
measure Tcyz. Hence the values of the co-ordinates when freed from these com- 
mon measures will be of the order in x ,y , z , 2 (3 1 — 1/ + 2 (3 i + 2)* — 9 for 
the point 6i + 1, and 2 (3i + 1)* + 2 (3t + 4)^-9 for the point 6i + 5, i.e. 
(6i + 1)* and (6i + 5/ respectively, and will obviously continue to be quantics 
in ^^j^j'^ multiplied hy x,y ,z respectively. Hence the theorem being true for 
index inferior to 6 is true universally. 

It will be observed that any co-ordinate X of the point k must contain the 
X co-ordinate of the point ^ where k' is any factor of A: ; for if 1; = 8k' the point 
k may be obtained by forming the point 8 to the point ifc', and it has been shown 
that the S derivative to any point has co-ordinates which contain respectively 
those of the initial point. Consequently the X co-ordinate to any point k may 
be resolved into factors containing a primitive part of the order rk (the totient 
of k) in the variables, and a non-primitive part containing the primitive part of 
each power of a prime contained in k, and with the exception of the single factor 
X all the others will be quantics in a:^,y^,2?; and, of course, the same remark applies 
to the other two co-ordinates Y and Z. We might obtain the point mtnaa the 
connective of m , n. In that case the simplified formulae would give expressions 
of the order 2 (m^ + Jt^) in x^y ,z; and as the actual order of the co-ordinates in 
those variables is {m t nfj it follows that when m — n = 0, Mod. 3, there will be 
a common measure (a symmetrical function of a:,y ,2) of the order (m — n)', and 
when w + n = 0, Mod. 3, of the order {m + n)^ running through those expressions, 
and it might be desirable to ascertain its form; but without waiting to solve 
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this problem,* which is irrelevant to the matter in hand, I shall proceed at once 
to consider the derivatives corresponding to indices which are multiples of the 
number 3, to obtain which it is only necessary, as will be seen immediately, to 
combine one given point of inflexion with one arbitrary point of the curve. But, 
before doing so, it may be well to notice, that while the preceding investigation 
serves to show that the abridged formulaB for the connective co-ordinates possess 
the common measmre xyz (x® + y® + z® — o^jf — 7?7? — y^2?), it does not demon- 
strate categorically that there is no other; or that some power of the second factor 
above written other than the first might not be a common measure. Consequently, 
what we have strictly proved, as will be evident on reviewing the argument, is 
that the order to a derivative of the index 3 i ± 1 cannot exceed the square of 
that index ; but before I come to an end of the discussion I trust to be able to 
establish with Dirichietian rigor that the order is actually equal to the square of 
the index.! 

Title 2. — On the Completed or Continuous^ Numbered Scale of Rational Derivatives 
to an Arlitrary Point on a Oubic^ of which one Point of Inflexion is ffiven. 

Let / be the given point of inflexion, and let any point (or system of points) 
and another point (or system of points respectively) coUinear with the former in 
respect to /be called opposites. It is obvious that /, /=/, or that the inflexion 
is its own opposite. It will be convenient to denote the opposite to any point 
by the same index, but accented. 

We have, then, obviously, 

p,p = I;(pJ=pmd{p',qy=I(p',g) = (I,I),{p',q) = (I,p'),{I,q)=p,g'. 

Let /' , 2 = 3 ; /' , 5 = 6 ; and in general /', 3 i — 1 = 3 1. This is matter of 
definition. Let, now, the infinite system 1,2,3,4,5,6,7 . . . . and its oppo- 
site be regarded as a single group. I say, 1°, that this will be a closed group, 
in the sense that a straight line drawn through any two points (contiguous 
or apart) of this double chain will cut the cubic in a third point included in 
the group. 

2"* That the new points will be rational in respect to the co-ordinates of the 
initial point and the given point of inflexion, and, 3°, that the order in the vari- 
ables for every point, without regard to its relation to the modulus 3, will be, as 
before, the square of its index. 

* It ia completely solved in the corollary to Title 5. 

t This anticipation (for it was only such when these words were written) will be found fully realized 
under Title 5. 
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I proceed to show that the connective of any two points in the double chain 
may be expressed as a single point therein. Several cases present themselves 
according to the form of each of the two connected points in respect to the mod- 
ulus 3 except when the indices are congruent in respect to that modulus. 

When the residues (r, r'), in respect to that modulus, are dissimilar, the result 
will in general be different according as one of them (as r) belongs to the higher 
or lower index. 

In what follows it is to be understood that i < j. 

Theorem 1. To prove that 3 1 + 1 , (3^* + 1/ = 3^ — 3 i 
and 3 i + 2 , (Sj + 2)' = (3^ - 3 1)'. 

[This will imply that (3 i + 1)' , 3y + 1 = {Sj - 3 i)' and (3 i + 2)', 3^ + 2 
= 3^-3 i]. 

3i+l,(3i+l)'=(3i-l,2),[(3y-l)',2']=(2,2'),[3i-l,(3y-l)'] 
= (3i-l)',3i-l = [(3i-2)',l'],(3i-2,l) = (l,r),[(3i-2)',3i-2] 
= 3i-2,(37-2)'. 

Hence, 3i+ 1 , (3^ + 1)' = 1 , (3^-31 + 1)' = (1,2), [(3^-3 {- 1)', 2^ 

= (2,2'),[l,(3i-3i-l)'] = r,(3i-3i-l) = 3i-3» 
and 3 i- l,(3y- 1)' = /, [3i - 2 , (3^-2)'] = (3^ - 3 i)'. 

Theorem 2. To prove that 3 i + 1 , (3y — 1)' = (3 i + 3^")' 
and . 3i-l,(3y+l)' = 3i + 3y. 

[This will imply that (3 i + \)' ,Zj - 1 = Zi+ Sj 
and • (Si-iy,Sj+l = {Si + Sj)']. 

Si+l,{Sj-l)' = Si-l,2; (3y+l)',2' = (3t-l)',3>+l 
= [(3 i-2)', IT (3i + 2, 1) = 3i- 2,(3y + 2)'. 

Therefore, S i + 1 ,{Sj - 1)' = 1 ,{Sj + Si - 1)' = (3 i + Sj)' 

and Si-l,{Sj+ 1)' = /, [(3 i- 1)' ,Sj + 1] = Si + Sj. 

Collecting the results of these two theorems, we see that 

3 i ± 1 , (3y + 1)' = 3i T 3 i = (3 i T 1)', Sj- 1 
and 3 i ± 1 , (3^ - 1)' = (3^ ± Si)' = (3 i =F 1)' 

so that, using j9 — q (where neither j9 nor q contains 3), to denote that one of the 
two numbers^ + S' >i? ~ ? > which is divisible by 3 , (j9 , q') is always either p — q 
or (p — qj. Also 

3t + l,(3i)'=(3i-l,2),[l,(3i-l)'] = (l,2),[3i-l,(3y-l)'] 
= (3y-3i)',l = (l',3y-3i + l),(2,l) = [(l',l),(3y-3i + l,2)] 
= (3i-3i-l)'; 
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again 3 i , (3^ + 1)'= (3 i - 1 , T) , [(3> - iy,2'] = T, (3^ - St)' 

= (r,2'),[l,(3j-3i-l)'] = (l,r).[(3i-3i-iy,2^=3i+l-3i; 

and lastly 3.i,(3i + 1/= (3i - 1 , T), [(3 i - iy,2'] = /, 1'= 1. 

Hence, collecting the results, 3t,(3i + iy = (3i+ l)'^3t, whatever the rela- 
tion of magnitude may be between i and t. 
Similarly, 

3t-l,(3i)' = (3i+l,2),[l,(3y-l)']=(l,2),[3i+l,(3y-l)'] 

= l,(3i + 3i)' = (3i+3>-l)'; 

(3i)',3y-l = [(3i-l)',l],(3;+l,2) = l,(3»+3i)' = (3t+3i-l)'; 

and (3i)',3i- 1 = [(3t- l)',l],(3t+ 1,2) = l,(6t)' = (6t- 1)'. 

Hence, collecting the results, 3 i — 1 , (3 i)' = (3 i + 3 i — 1/, and we have 

3 I, (3i 4- 1)' = (3 1 + 1) ~ 3 t ; (3 i)', 3i + 1 = [(3 1 + 1) ~ 3 ij;) ,3. 

3 I , (3 i - 1)' = 3 i - 1 + 3 I ; (3 i)', 3 1 - 1 = (3 i - 1 + 3 i)'. J ^ '' 
Also, 

3t,3i-l = (3i-l,l'),(3t-2,l) = (3i-l,3i-2)'=[(3i-l)~3i]'l g,, 
3i,3i+l = (3i-l,l'),(3i + 2,l) = (3i-l,3i + 2)' = (3i + 3i + l)'. P ^ 

It remains only to determine the connective» of 3 1 , 3 i and of 3 i , (3^)' or 
(3 i)', Sj, which is easily done, for 

3t,3i=(3i-l,r),(3t-l,l') = (l',l'),(3i-l,3i-l) = 2',3» + 3i-2. 

Hence (by ^) 3 i , 3^ = (3 1 + 3^)' and consequently (3 t/ ,(3 1)' = 3 1 + 3 t. 

Again3i,(3i)' = (3i-l,l'),[(3i-l)',l] = (l,l'),[3i-l,(3y-l)'] = 
(by theorem A) I, {3j — Si)' = Sj — 31 Hence also Sj ,{Si)' = {Sj — Bi)'. 

These three results may be designated theorem C, and theorems AiB, 
B'fC collectively prove that the original scale 1,2,4,5,7,8. , . . , which 
formed a closed system (so to say " group "), remains still closed when we com- 
plete it by insertion of multiples of 3, provided that we join on to the com- 
pleted system 1,2,3,4,5,6,7 .... the opposite system 1', 2f, 3', 4', 5', 6', 7' ... . 

In every case U vnU be observed the connective of tivo indices {cUsregarding the accent) 
is either their sum or tlieir difference. 

The double scale may be formed by alternate addition of 1 and 1' in the man- 
ner following : 

1,1 = 2 r,2 = 3 1,3 = 4' l',4' = 5' 1,6' = 6' l',6'=7 
1,7 = 8 l',8 = 9 1,9 = 10' l',10'=ir 1,11'= 12' 
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.... which gives the numbers 1 , 2 , 3 , 4', 5' , 6', 7 , 8 , 9 , 10', 11', 12', etc. j and, in 
like manner, by interchanging 1 , 1', we may obtain 1', 2^, 3', 4 , 5 , 6 , 7' , 8', 9', 10, 
11 , 12, etc. 

The new points 3,6,9 . . . . ; 3', 6', 9' . . . . belong to the natural scales 
1,2,5....; 1', 2', 5' ... . collectively and not respectively ; and the accented 
and unaccented multiples of 3 might have had their significations interchanged 
without any impropriety. It is now necessary to extend the law of the order in 
the variables to these inserted points, and to prove that for them, as for the 
points in the natural scale, the order of any point, in the variables of the initial 
point, is the square of its index. 

If the cubic be thrown into the canonical form a? + y* + 2? + kxyz^ the 
point a;=l,y = — 1,2 = may be taken to represent /, and if x , y , z be the 
initial point 1, the co-ordinates of 1' (the connective of 1 and /) become by the 
general formula yz , zx , 2?, or, more simply, y , x , z. 

To find 3, then, we have to take the connective of y , x , z and x (y^ — z^) , 
y (z* — a^) , z (x^ — y*) ; its co-ordinates, accordingly, by the general formula, are 

yz (z^ — aj^) (sB^ — y^) y* — aj^z (y* — ^f 

xy {r^ — 7?){7? — 7?)^ — yxs? (t? — i^f ; 
or, neglecting the common factor z, the co-ordinates of 3 are 

and xyz (z® — a^) (2® — y") + xyz {7? — y*)^ 

or y'x® + 7?}/^ + x^z* — 3 t?}^^ 

and xyz (2^ + y® + «® — a^y* — 2?oi^ — 7^2?). 

In the particular case where x^ + y* + z* = 0, these expressions (writing for 
greater brevity L , Jf , N for x^, y*, z*) become 

ML^ -{L + M)M^ + L{L + Mf + S LM{L + M) 
LM''-{L + M)L^ + M{L + Mf + ZLM{L + M) 
xyz [(X + Mf + L^ + M^-LM+{L + Mf\ 
or D + ^L^M+ZLM^'-M^ 

M^ + ^ 3PL + SML^ - L^ 
Sxyzir' + LM+M^); 
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which remain equally good, as co-ordinates of the point 3 to the initial point 
Xyj/ fZy when the cubic is x^ + y^ + Cfe*, as is easily seen by writing Ch = {. 

The point 3, it follows from what precedes, is of the order 9 in the variables 
X , y , z, and the same will be true for 3', which is obtained from 3 by tl^e inter- 
change of X and y ; but in order that these points may be arithmetically as well 
as algebraically rational, it is of course necessary that the given cubic may admit 
of being expressed under the form Ax^ + A\^ +(72^ + Kxyz^ where A , C and 
K are integers. 

Again, since 6 = 3', 3', 6 is the 2 of 3', and similarly 6' is the 2 of 3 ; since 
9 = 3', 6' and 6' is the 2 of 3, 9 is the 3 of 3. So again, since 12 = 3', 9' and 
9' is the 3 of 3', 12 is the (1 , 3) of 3', i. e. the 4' of 3' or 4 of 3 ; and similarly 12' 
is the 4 of 3'. So again, 

15 = (3', 12') = (1 , 4) of 3'= 5 of 3', and 15' = 5 of 3 

18 = (3', 15') = (1 , 5') of 3'= 6' of 3'= 6 of 3, and 18'= 6 of 3' 

21 = (3', 18') = (1 , 6) of 3'= 7' of 3'= 7 of 3, and 21'= 7 of 3' 

24 = (3', 21') = (1 , 7) of 3'= 8 of 3', and 24'= 8 of 3 ; 

27 = (3',24') = (l,8')of 3'=9'of3'=9of3 

Hence, in general, 

9; + 3 = (3i-|-l)of3; 9/ + 6 = (3i + 2)' of 3; and9i=3iof3. 

Consequently 

3^ (3i + 1) = (3i + 1) of 3 of 3 of 3 {q times repeated), 

and 3^ (3 i + 2) = (3 i + 2)' of 3 of 3 of 3 {q times repeated). 

From this it follows, obviously, that 3^ (3 i ± 1) and [3^3 i ± 1)]' are each of 
the order [3^ (3 1 ± 1)]^ in the variables, and thus the law of the squares extends 
to all points alike in the completed scale. 

Title 3. — On Compound Derivaiion. 

The object of what follows is to show that any derivative of a derivative has 
for its index (due regard being paid to the accents) the product of the numerical 
values of the indices of the operator and operand derivatives, that is to say, the 
C of/ = if; the mark of interrogation denoting either a blank or an accent^ as 
the case may be. Thus, while connection involves addition or subtraction, com- 
position involves a process of multiplication. 

I'' Let us consider the i o(j when neither i nor / contains 3. Then 

Sk-rlofj = (2 ofi) , (3 A; - 1 of^) and 3 A: + 2 of^ = (1 of ^^ ,{Sk+l ofj). 
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Suppose the theorem proved up to 3 A; — 1. Then 

Sk + lo{j=2j,Skj-j={Sk + l)j 

Sk + 2o{j=j,Skj+j={Sk + 2)j. 

Hence it is true up to 3 (i + 1) — 1, and, being true when A: = 1 (since 1 of 
j =^j and 2 of^ =^j\j=^ 2j)j it is true universally. 

In like manner, since 1 of/ = / and 2 of/ = /,/= I ^{j jj) = (2^/, it may be 
shown that i of / = {ij)\ Moreover 

V o(j =/, and therefore 2' ofi = {V ofi) ,(!' of^) =/,/= 2/ 

and (Sk+ ly ofi = (2' ofi) , [(3 A; - 1/ ofi] 

{Sk + 2/ ofi = (r ofi) , [(3 A: + 1)' ofi] ; 

so that, if the equation { o£j = (y )' holds good up to i = 3 A; — 1, 

{Sk+ 1/ ofi = [(3 A; + 1) i]', and {Sk + 2)' ofi = [(3 A; + 2) i]'; 

so that the equation i' of i = {ij)' will hold good upto3(A;+l) — 1, and, being 
true for A; = 1, is true universally. 

In like manner, since 1' of / = j, it will follow that i' of / = ij. 

It remains to obtain the corresponding equations when i , j are one or both 
of them multiples of 3. 

Since 3 of 3» = (3«,3'),(3«)'= (2.3')',(3«)'= 3'+S 

9 of 3«= 3 of 3 of 3«=^ 3 of 3« + » = 3' + » 

27 of 3' = 3 of 9 of 3' = 3 of 3'+« = 3«+«, and so oh. 

Hence 3^ of 3' = 3"+'. 

Again, 3 of 3i + 1 = (3 i + 1 , 3i + 1) , (3i + 1)' 

= 6i+2,(3i+l)'=9i + 3byA. 

Hence 3^ of 3i + 1 = 3 of 9i + 3 = (18i + 6)', (9.; + 3)'= 27i + 9 by C, 

3» of 3i + 1 = 3 of 27i + 9 = (54i + 18)',(27i + 9)' = 81i + 27 by C, 

and so on. Hence 3' of 3i + 1 = 3^ (3i + 1). 

Again, 3 of 3i + 2 = (3i+ 2,3i -|- 2),(3i+ 2)' 

= 6i + 4,(3i + 2)'= (9i + 6)' by A. 

Hence 3^ of 3 i + 2 = 3 of (9 i + 6)'= ISy + 12 , 9 i + 6 = (27/ + 18)' by C, 

and 80 on. Hence 3" of 3/ + 2 = [3" (3/ + 2)]'. 

Again, 3y + 1 of 3" = (2 of 3') , (3/ - 1 of 3") = (3^ 3") , (3/ - 1 of 3") 

= (2.3'')',(3y-lof3'') 

and 3/ - 1 of 3" = (1 of 3") , (3y - 2 of 3''). 

10 
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Suppose it true that 3/ — 2 of 3^ = (3/ — 2) 3^^ for a certain value of y. 
Then 3/ - 1 of S'' = 3^ (3/ -2)3^= [(3/ - 1) 3^^]' 

and 3y + 1 of 3'' = (2 . 3^^/, [(3/ - 1) 3^]'= (3/ + 1) ^^. 

But 1 of 3'' = 1 . S'' ; hence, for all values of/, 

3i + 1 of S'' = (3y + 1) 3^^ = 3^^ of 3/ + 1 
3y - 1 of 3'' = [(3i - 1) 3^]'= 3^ of 3y - 1. 

Hence, by the well-known method of successive transformation, we obtain 
the following results : 

When neither m nor n contains 3, when both contain 3, and when one of them 
contains 3. and the other is of the form 3^ + 1, we have 

m of n = n of m = w' of n = n' of m' = mn 
m ofn = n oi m = m' of n=^ n o( m' ^= {mn)\ 

In the remaining case (viz. when of m and n, one contains 3 and the other is 
of the form 3^ — 1), we have 

m of n = 71 of m = m' of n' = n of m = (?/m)' 
m of n' = n of m = m' of n = n of m' = mw. 

This completes the algorithm of rational derivation. 

Title IV. — On PertadUe or Periodic Points on a Cubic Curve. 

A pertactile point, or point of pluperfect tactility, on a general cubic is a 
point at which the cubic admits of a higher order of contact with another curve 
than is in general possible. Thus the points of inflexion are pertactile points, 
because a tangent at one of them will meet the curve in three consecutive 
points. The same is the case with Plucker's twenty-seven points, because nt 
each of them a conic of closest contact will pass through six consecutive points, 
the sixth point in which any conic passed through five consecutive points 
cuts the curve coinciding, in this case, with the point of contact So, in 
general, a curve of the i'** order can only be made to pass through 3 i — 1 con- 
secutive points situated at P; but if the i^^ derivative of P is a point of inflexion, 
then the 3 V^ point common to all curves of the i^^ order passing through 3 i — 1 
consecutive points at P will coincide with P, so that such cui'ves will pass through 
3 a consecutive points, and P may accordingly be termed a point of pluperfect 
tactility, or more briefly, a pertactile point. 

To prove that this is the case, it is necessary, in the first place, to prove that, 
at a general point P in the cubic, the 3 i^^ point in which all curves of the ?** 
order passing through Si — 1 consecutive points at P intersect the cubic, is the 
(3i — ly** derivative of P, which may be done inductively as follows: 
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Suppose Psi-i is the residual of 82 — 1 consecutive points at P. To find the 
residual of 3 i + 2 consecutive points there, we may combine 3 1 — 1 giving the 
residual Psi-i ? two more of them giving the residual P2 , and one giving Q , jf?, 
any two points collinear with P. We then combine (Psi-i ? P2) ? (^ jP) and 
obtain Psi + i^Pi which gives P8i + 2 as the required residual. Hence the 
theorem, being true for P2 (the residual of two consecutive points at P) and 
true for P8(i_|_i)_i if true for Psi^i , is true universally. 

If, now, the residual of 3 i — 1 points at P is to fall at P we must have 

Pi ^^ Psi — i • 

1° Suppose i = 3A; — 1, then Pi,Pi_i = P|_i,P8i-i, i. e. P| = P24. 

Hence P^ is a point of inflexion /, or, as we may express it, P is an i*** sub- 
derivative of such point, or P = P. . 

2"" Suppose i = 3 A; + 1, then Pi,P2 = P2,P8i«i, i. e. Pi = P8i^i. 

Hence Pi ,Pi^.i = Pi + i , P84+1, i. e. Pi^^P^i, and, as before, P = Il. 

S"^ Suppose i = 3 k. 

Then 1, {i — 1)' = (i — 1)\ 3 e — 1, i. e. i' = 2 i = t", {. Consequently {, and 
therefore also z, is a point of inflexion. 

Hence, as in the other two cases, P is an i*^ sub-derivative of a point of 
inflexion,* which may either be the point used to form the scale, or any of the 
eight other inflexions.! 

It may be well to notice here that whilst Pj, when i does not contain 3, is, as 
already shown, of the form xU^yV^zW, it follows from the law of compound 
derivation, since P8 is of the form R jS,xyz% (where B , S yS, like U^V^Wy 
are quantics in a:^, y^, 2^) that P^, when i is a multiple of 3 or any power of ?, 
will be of the form My N^ xyzil (where JkT, iV, ft are still quantics in x^, y^, 2?), 

Calling Xy YjZ any i^^ derivative U) 2? + ^ + 2? + kxyz = 0, we must have 
^8 _j. ya _|_ 2^3 _|_ f^XYZ = ; and, in order for such derivative to be a point 
of inflexion, it is necessary and sufficient that X=0orJ'=0orZ=0; com- 
bining these equations respectively with the given cubic, we shall obtain, in all, 
3 times 3 i^ or 9 i^ points, sub-derivatives of the ^*^ grade to one or other of the 
inflexions ; but out of these, whether i be or be not divisible by 3, nine will corre- 
spond U) X = 0, y = Oy or z = combined with the curve, i. e. will be the points 
of inflexion themselves. Moreover, unless i he a prime number, it follows from 
the law of compound derivation, combined with the fact that x,y ,2; enter dis- 

tributively or collectively into the derived co-ordinates X yY, Z^ that, if T be any 

■ 

♦ A sub-derivative of an inflexion may conveniently be termed a sub-inflexion. 

t The above formulae show that tjt" = 3i = 3i'; hence 3t and 3i' coincide with the original point of 
inflexion, whereas t , t', 2i , 2t' neetl not coincide with the original jwint of inflexion. 
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factor of i, and X\ V, Z' the co-ordinates of the f^ derivative, Z will contain 

Z' and X, Y or K, JST, will contain X\ V respectively. There wfll thus be a prhni' 

five part to XjY^Z which results from driving out all the factors corresponding 

to any factor of t (unity included), and, if we suppose i = (t. 1/. c*. . . ., the order 

of this primitive part in the variables x ,y ,Zy it is easy to see, will be 
^(..„ ,^c^_„ ^(^-1, j^^ _ 1^ (jj _ 1^ ^^ _ 1^ I ^hich may be called 

the quadri-totient to i, and is the product of two factors, one the totient of i and 
the other what that totient becomes when + 1 is substituted throughout for — 1 
in its expression, and which, if a name were needed for it, might be called the 
contra-totient. 

The number of proper, or primitive, i^ sub-derivatives of any point of inflexion 
wOl thus be the quadri-totient of i (just as the number of primitive i^ roots of 
miity is the totient), and the total number of pertactile points of the i^ grade, 
9 times the quadri-totient of i. 

It is easy to see that the points corresponding to the non-primitive factors of 
X jY,Z satisfy, but in an improper manner, the conditions of the question. For, 

if I is any sub-multiple off (say t^= ^ ) and P" is an T^ subderivative of a point 

of inflexion, through P^ may be drawn 8 curves each of the order i (constituting 
an improper curve of the order i), each passing through 3 % consecutive points, 
and consequently their ensemble passes through 8 . 3 T or 3 1' consecutive points. 
We have now obtained the generalization of the theorem of which the enumera- 
tion of the points of inflexion and Plucker's points constitute the two first steps* 
and it is very easy to calculate the number of pertactile points N of any given 
grade I. Thus for i = 1,2,3, 4 , 5 , 6 , 7 , 8 , 9 , 10, 11 , 12 

1 = 1,3,8,12,24,24,48,48,72,72,120,96.... 

The calculation is facilitated by the remark that if iyj are prime to each 
other, the number of (ij)^ subderivatives to any one point of inflexion is the 
product of the number of i^ by the number of/** subderivatives; the quadri- 
totient obeying the same law as the totient in this particular. 

If t is the grade of the pertactile point P, so that Pi = Pji-i, then P^ is 
an inflexion, and P3i is /, the original inflexion. Moreover 

Pi ^^ P\ j-i 2^^ Pa i — 1 > P2 ^^ Pzi + 1 
P2 = P,,P{= Pi ,P8i_i = P8i-2 and also = P^,P, = P^,.^,P, = P,.^, 

P4 = PtjPt = P2jPzi-2 = Pzi~-A and also = P2,P8i + 2 = Pzi^-Aj and soon. 
And again, Pi = P3 / = A ? ^s* = ^, -h 3 » and therefore P3 = Pa, + a ; 
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and P3i_3 = PSi + a ,P,= P'3,P,= P'z whence P^ = /^3,_. ; 

Ps =i^3,P; = P;, ^8 , i^B. + s = Ai-f« and also = P^i-s , Psi-s=P'^i-,. 
Thus in general, Pj.^i = p3i±i3r + i) ; Ar-i = i*8r±{8r-i) 

and Psr = -Pai + Sr = -f^t-ar- 

Thua the natural scale PiP^PtPs. . . . 

P.P^P^P^P^P,.... 



and the completed scale } jy jy jy jy j^, jy 

are each of them periodic, the period of the indices being 3 i. We may, accord- 
ingly, describe pertactile by the simpler name of periodic ]H)int3. Every complete 
set of periodic points forms a closed system. By a complete set is to be under- 
stood the 9 i' subderivatives of the 9 points of inflexion, and by a closed system 
is to be understood one such that every connective and tangential of the points 
which it contains is itself a point of the system. According to what law such 
closed system may be resolved into partial closed systems must form the subject 
of further inquii^. When i = 2, the complete closed system of 36 points we 
know is resoluble into nine closed systems, each containing one point of inflexion 
and its three collinear anti-tangentials, and also, in four different ways, into three 
closed systems, each containing a collinear set of inflexions and their three sets 
of anti-tangentials. 

We are now in a position to solve the problem of in-and-exscribed i-laterals. 

Suppose 4 = 3, then 2^ -|- 1 ^ 3 i where i=^ 3, and the point P, will coincide 
with the point 7*8^ provided Pa is a point of inflexion. So that the apices of 
the in-and-exscribed triangles are the 81 points which satisfy the equation 
Pg = PI, of which 9 will correspond to the points of inflexion and 72 remaining 
over will give 24 finite triangles. If we denote hy p,p',p" three consecutive 
points in a straight hne at any point of inflexion, pp',p'p",p"p form an infini- 
tesimal triangle degenerating into a straight line, and this furnishes an improper 
solution of the question. 

Calling M ,N , xyzfl the co-ordinates of Pg when P, = z , y , 2, the 72 points 
are given by combining the equation MNTl = with the equation to the curve. 

If 4 = 4, we make 2* — 1 = 3 1 where ( = 5, and if P, = Pgi _ , , we have alf^o 
P, = Psi + i ; and the apices of the quadrilateral are found by making Pj, i. e. P,. 
a point of inflexion. 

The general form of P5 being xU, yV, zW, the proper subderivatives P5 
result from UVW = combined with the equation to the cubic, and there result 
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Each point of inflexion may Htill be regarded as yielding an improper solution 
of the qiieHtion, vaucc pp\ p p' j p''j}\ p'p may be viewed as a degenerate infinitM- 
imal quadrilateral. 

So when k = 5, making 2' + 1 = 3 1 , i = 11 ; and there will result 

^ = 216 in-and-exscribed pentagons. 

2^ -f 1 43* — 1 

Likewise, since — g — = 43, there result 9 — j — , i. e. 9.264 or 2376 in- 

and-exscribed heptagons. 

Let us now consider a case of A a composite number, and to fix the idea«, 

2^ -f 1 2" -4- 1 

suppose A: = 15. Make — 3 — = t, then i = 10923. — g — , by tirtue of its form^ 

2» + 1 2» -f 1 . 

contains the factors — g — and — 3 — , L e. 3 and 11, and is in faict equal to 

3.11.331. Pi will therefore be of the form z U^ i7„U , y F, F„ V , 2 TT, TF,, W 
{xUz^yV^jZ IFa corresponding to P^ , and xUn^y F„ , z TT,, to P„). 

Accordingly U , V , W will each be of the degree (3.11. 331)* — 3* — IP 
+ 1, and the equation U V W = 0, combined with the equation to the curve, 
will give the apices of the in-and-exscribed quindecagons, not including the 
improper solutions due to the points of inflexion, nor those due to the apices 
of the in-and-exscribed triangles or pentagons, which, in a certain but im- 
proper sense, each belong to the case of quindecagons. The number of apices 
of the proper quindecagons will therefore be 9 [(3 . 11 . 331/ — 3^ — IP + 1], 
comprising sub-inflexions of several grades, as follows : 9 (331^ — 1) of the 331*"* 
grade, 9 (3^ - 1) (IP - 1) of the 33^ grade, 9 (3- - 1) (33P - 1 ) of the 993* 
grade, 9(1P-1) (33P - 1) of the 364r** grade, and 9(3^-1) (IP— 1) 
(33P — 1) of the 10923** grade.*. The above number of apices may be written 
9 [IP32 (33P — 1) + (32 — 1) (IP - 1)], so that the number of quindecagons 
is 9 [IP. 32. 22. 33 +82]. 

It may be noticed that the primitive algebraical factor of 2^ + 1, viz. 331, 
is a prime number. But the primitive part of 2^ — 1 (A: being even) or 2* + 1 
{k being odd) , i. e. 2*— 1 or 2^ + 1 stripped of its obligatory factors dependent 
algebraically on the prime factors of A:, may be a composite number. 

Thus, let us suppose A: = 9, the problem being that of finding the nature 

2« + l 
and number of the in-and-exscribed nonagons. Here i = ^ = 171 , 2* + 1 

having, besides the obligatory factor 2^+1 due to its algebraical form, the 
two factors 3 and 19. 



♦ It is obvious that any derivative of an inflexion is itself an inflexion. For instance, if J is an iuflexioti, 
Jg is the siime ns J, and J, (viz. J', J,) is either J . J, i. o. /, or (/ , J ) , J, i. e. (/, /) , J i. e. / (/ being some 
other point of inflexion). Hence if Pi is an inflexion, F^ i.s also an inflexion. 
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Taking each divisor of 171, viz. 3,9,19,57,171, we see that the 3^9"", 
19*^ 57% and 171^ subderivatives of the nine points of inflexion will each of 
them be an apex of an in-and-exscribed nonagon. Of these, the 3** subde- 
rivatives, and they only, give improper solutions of the problem, they being 
the apices of the in-and-exscribed triangles. Hence the aggregate of proper 
apices and the correisponding nonagons separate into four distinct groups, cor- 
responding to the primitive subderivatives of the 9***, 19"", 57'**, and 171'** grades 
respectively, of the inflexions. The number of the nonagons belonging to the 
several groups will be the quadritotients of 9 , 19 , 57 , 171 , i. e. 9* — 9 , 19^ — 1 , 
(19^ - 1) (32 - 1) , (92 - 9) (I92 - 1) respectively, i.e. 17P - 9, exactly the 
same as if 57 had been a prime number iV, in which case the (3 N)^ subderiva- 
tives of an inflexion of the grade 3 iV^ would be subject to the deduction of 9 — 1 
for in-and-exscribed triangles, and 1 for the point itself. 

To make more clear the distinct solutions of which the problem of in-and- 
exscription of a A:-lateral in general admits, consider the case of A = 8. Here 

28 — 1 2* — 1 

t = -3- = -3-(2*+l) = 85. 

The first factor (the one algebraically contained in i) is 5 and the primitive 
algebraical factor is 17. The total number of octagonal apices will be 9 (85^—5^), 
the number 5^ corresponding to the points of inflexion and the in-and-exscribed 
quadrilaterals. These 255^ — 15^ apices will consist of points of the form /^ 
and 7^, the number of the former being 9 (17^ — 1) and of the latter 9 (17^ — 1) 

It is easily seen that, in general, the number of apices of in-and-exscribed 

i-laterals is nine times the functional totient of \ — 3 — j , or, what is the same 

thing the number of apices is the functional totient of (2* — 1^*)^, as previously 

stated in Note to Proem in the last number of the Journal ; the number of 

A:-laterals is, of course, the number of apices divided by k. For instance, we 

thus have for the number of apices of quindecagons, nonagons, and octagons, 

respectively, 

(216 + 1)2 _ (2« + 1)2 - (2* + 17 + (2^ + 1/, 

(2« +1)2- (28 +1)3, (23 _ 1)2 - (24 - 1)2, 

as found above. 

Since % is odd, every divisor of i will necessarily be so too. Conversely, it is 
easy to prove that every odd subderivative of a point of inflexion is an apex 
of an in-and-exscribed polygon, and to determine the number of its sides. For 
let ij any odd number, be given, and let k be the least number which will satisfy 
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the condition that 2* — P shall be a multiple of 3 1, then the sub-inflexions 
of the i^^ grade will be the apices of an in-and-exscribed A-lateral. I give, in the 
annexed table, the values of k corresponding to a given value of i, which, of 
course, are unique ; whereas to a given value of A:, in general, several values 
of i will correspond. 

3 5 7 9 11 13 15 17 19 21 23 25 27 






3 4 6 9 5 12 12 8 9 6 22 20 27 



A; 


3 


k — 


4 


k 


5 


k — 


6 


k 


7 


k — 


8 


k = 


9 


k — 


10 


k 


11 


k- 


12 



to which may be subjoined the reciprocal table 

i= 3 

i= 5 

i=ll 

i= 7,21 

i = 43 

i = 17, 85 

1= 9,19,57,171 

i = 31,341 

1 = 683 

1=13,15,35,39,65,91,195,273,455,1365. 

To illustrate the way in which this table is formed, take the case of ife = 12 ; 

2" 1 

then — 3 — = 3 . 5 . 7 X 13 where 3 belongs to A; = 3, 5 to /: = 4, 7 to A; = 6 ; 

the values of i are found by taking the divisors of 1365, except those which are 
found set against ft = 3 , A; = 4 , A; = 6, i. e. 3 , 5 , 7, 21. 

The successive tangentials of any even-graded inflexional subderivative as 
2^ 1, where i is odd, will evidently consist of a chain of q points attached to the 
ring formed by the apices of an in-and-exscribed polygon of k sides, where k is 

the least number which makes 2*" d: 1 divisible by 3 i. 

2* + 1 
In all cases (since A; is to have the minimum value which makes — 3 — con- 
tain i) 2 k must be r (3 i) or a submultiple of it, so that, if i = 3^/, k is either 
3^ t; or a submultiple of it ; when i = 3'', since the cyclotomic functions of the 
first species Xg 2 , X^i 2, . . . . X^ 2 can only contain the first power of the intrinsic 
divisor 3, it follows that ft = 3^ = i, as is seen in the table to be the case for 
i = 3 , 9 , 27 ; or, in other words, a 3^th subderivative of a point of inflexion is 
an apex of an in-and-exscribed polygon of 3'' sides. 

It may be as well to mention again here, by way of a remind, that the 
number of in-and-exscribed ft-laterals whose apices are i^ subderivatives of the 
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inflexions, is always the Ifi" part of nine times the quadritotient of i ; when 
i = 3* this number will be 3^, {3^ — 3^ ^^j^ j ^ 3^+2 _ 3^^ Yyemg thus 24 , 72 , 
216, etc., for triangles, nonagons, eikosiheptagons, etc. 

Title 5. — An Exact Proof of the Scalar Law of Squares. 

I will now give an exact proof of the law that the order in the variables of 
P^ is r^ in regard to the co-ordinates of P, and furthermore that the co-ordinates 
when i = 3m± 1 are of the form xU^yV ^zW^ and when i = 3m are of the form 
MjNj xyzil; x^y^z being the co-ordinates of the primitive Pi and U^V^Wy 
M^N^H quantics m 7? ^j^ ^7?. Of course the order of a point means the 
order of its system of co-ordinates expressed in its lowest termSy that is to say when 
the values of the three co-ordinates have no common measure, and consequently 
the co-ordinates of any two of them are relatively prime in an algebraical sense, 
as follows from the equation X"" + Y^ + Z"" + kXYZ= 0. 

The law to be established comprises, it will be seen, two elements, — one nu- 
merical, the rule of squares ; the other formal, containing two rules, one regarding 
the cUsiribution of a: , y , 2 between the co-ordinates, the other the quanticity of the 
parts not multiplied by x , y , z or xyz in respect to 7?^ y*, s?. 

Let us suppose that the law is true up to 71 inclusive. I shall show that it is 
true up to 2 n inclusive. 

1° For the case of 2 i where i < n. 

Let X yYjZ be the system of co-ordinates to Pi in its lowest terms; then, by 
the law of^compound derivation, Pj^ is X(r«- -^»),r(-^«- JC») , -^(X»- ¥% 

If these regarded as functions of JT, Y, Z had any common measure X y Y 
or X yZ^ — X^ would have a common measure. Hence -X',F, Z would all have 
a common measure. Nor can they have any common factor F, a function of 
jc , y , z. For in that case, when P = 0, we should have 

ya _ ^8 = Q ^ ^8 _ j^3 = or X« = r^ = Z^y 

and the arbitrary parameter k would be — 3 . 1*, so that the cubic would become a 
triplet of straight lines, a supposition which falls outside the pale of the question. 

Hence P2i will be of four times the order of P,, and therefore, by hypothesis, of 
the order 4 i^ i. e. (2 if. Also, obviously, the form xUyyVyzW or My N y xyzil 
(as the case may be) which exists for i is maintained for 2i, which is or is not 
divisible by 3 according as t is or is not so divisible. 

2° Let the index be any odd number less than 2 n. 

1 shall first establish a Tjemma concerning the co-ordinates given by my 
11 
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formulae for the connectives ofP,Q and /^, Q^ where P^ Is the opposite to P 
in respect to a given point of inflexion (say x=^l,y = — 1), and je:* + y* + 2' 
+ l'X7/z = is the equation to the cubic. 

The connectives of (w , c , tr) and of {v jU,w) 
are represented respectively by 

vmrp' — wui? r and ^ tjctxp' — ic'mV 
umiP' — uvuy^j ytuw'^ — utu?^ 

the %^ co-ordinate being the same in both systems, which, of course, remain to be 
reduced to their simplest terms, being at present each of the order 2 ? + ^f. 

I say that the same quantity F cannot divide each of the two sets of quanti- 
ties when u ^v ^w\ u\v\ w are derivatives, one of an even, the other of an odd 
grade of the same point on the cubic. 

For, if so, let /^ = ; then each quantity in the two systems becomes zero. 

Call w' w' ^' H^' r,8', r,s respectively. 

Then (1) ^ — « V = r/» — « V = (3) 

(2) . . ..rs'^-Zii' =0 r'r» -««'» = .... (4) 

(5) . . . . r« = /«'. 

Writing r^ = R^f^ = 8,r'^ = R,8'^ = S'', 5 , (3 , 4) , (1 , 2) respectively give 
RS = RS\ RR = SS\ RS = RS'. The second and third of these combined 
give R = S'^, R^ = S'^ and the first and second combined give R^ = S^. 
Hence, R = R^= S^ = S'^, and consequently the original equations (1) , (2) , (3) 
give S = S\ R = R,R=S'or 7^ = ^ = r'^ = s"^. 

Let r = as ,/ = fis% 8 = y«'. Then a^ = ^ = y = 1, and all the equations 
(1),(2),(3),(4) , (5) will easily be found to be satisfied when (and only when) 
a = fiy. 

The equations r^ = «^, r'^ = s'^y i. e. i^ = v^, u^ = v^^ imply that the points P, Q 
are two either distinct or identical anti-tangentials to the same point of inflexion 
x=l,y = — 1. I say that this is impossible when P , Q are derivatives of the 
degrees i,j of the same point U on the curve, if i-\-j is an odd number. It 
must be noticed that P and Q (two Pliickerian points belonging to the same 
point of inflexion /) are identical with R and Q respectively. 

Any even-degreed derivative of P or Q is /, and any odd-degreed derivative 
is the same point P or Q over again. 
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Let now i/x —jv = 1. Then Cr= ?7^-_> will be (without regard to the modu- 
lus 3) the connective of U^^ and ZTJ^, because we may substitute at will Ul for U^ 
and UJ for Uj. But 17^^ and t^ , if /i , i/ be both odd, will be U^ and t/J over again, 
or if /x , 1/ be one odd and the other even, will be / and one of the two Pliickerian 
points. 

Hence U is the connective of / and a Pliickerian point, or else of two Pliick- 
erians which are identical, or of two Pliickerians (both appurtenant to /) which 
are distinct. 

In the !•* and 3** cases, then, i7is a Pliickerian, in the 2* case a point of inflex- 
ion. But every derivative of a point of inflexion is a point of inflexion, and 
every even-degreed derivative of a Pluckerian is also a point of inflexion ; but 
by hypothesis (since one of the two numbers i ,7 is even) an even-degreed de- 
rivative of ?7 is a Pliickerian, which is self-contradictory. Hence, it follows that 
the expressions given by mf formulae for the connectives of P^ , Pj and P/ , Pj 
when i+j is odd, say P, Q9R; P', Q^y Ry cannot have a common factor; so 
that if -flf is a common measure of P , Q , R and M' of P', ^, i?', M is rela- 
tively prime to M\ 

Let i^ jy\t jO} be always understood to mean ^ {2?, y^, 2*) , t/r (x^, y^, s?) , 
6) (a:^, y^, ^) ; let (/x) , (v) be understood to mean the prime systems of co-ordi- 
nates UjVyW; u,v\ w' which represent fi,p {fi and v being numbers, accented 
or unaccented, representing derivatives to the index fi and v) let [/x , v] repre- 
sent the unreduced system of the co-ordinates of the connective of /x , i/, viz. 
r'toV — vwu^ , w^uv^ — wuv^ , iiv^w^ — uvw'^ ; (ft , j') the above system reduced 
by elimination of the greatest common measure of its terms. 

If (/x) , (i^) are each of the form Xif> ^y\\fj zcd, [/x , i/] is of the form x^yz<f>i , xyH\\fi , 
xyz^cui, but \jj!yv\j i. e. the unreduced connective of y\jjyX<f>,zo}; x^\ yy\i\ zu)\ is 
of the form z^ , zy\fi , xy^ta^ . 

Again, if (/x) is of the form x<f> ,y\jj , z<o and (u) of the form <^i , t/^ , xyzuy^ 
[fx', v\ the unreduced connective of the systems yt/r,x^,^co and ^ ,^i yxyzwi^ is 
easily seen to be of the form zx^ , zt/^ , z^n. 

Furthermore, the order in the variables of (p^) is obviously the same as that 
of{p). 

Now it has been shown under Title 2 that 

6 i - 1 = sT^Ti', Si 6 i - 5 = Si^^', 3i^^' 6 i - 3 = 3i^~2\ 3 t - 1. 
If, then, {Si) and (3i — 3)* are of the form <^ , t/r , xyzcu, and (3i — 2),(3i— 1) 

♦ zi — s' will obviously be of the same £orm as 3 1 — 3. 
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each of the form a:<^ , yV' > ^jcu. it follows that [6 i — 1] and [6 i — 5] will be of 
the form zx<^ , zyi/i , 7?(»} and [6 i — 3] of the form 2<^ , zi/^ , xy^ta. 

The above inference suffices to show that, if, for all values of 3 /x ± 1 and 3 /x 
up ton inclusive, it be true that (3 /i ± 1) is of the form X(f>,y%p j zcd and of the 
order (3/ut ± 1)^, and (3 fi) is of the form <^ , t/r , xyzu) and of the order (3 /if ; then 
the same will be true up to 2 n inclusive. 

That this is true for even values not exceeding 2 n appears from what has 
been already shown. Confining, then, our attention to odd numbers less than 2 n ; 
these must be representable by 6i— 5,6i— 3 or 6i — 1, and by hypothesis 
the form of each of the systems (3 i) , (3 i — 1) , (3 i — 2) , (3 i — 3) fulfils the 
conditions of the last paragraph but one ; consequently the form of [6 i — 5] , 
[6 i — 3] , [6 i — 1] will be zx({> , zyxj^ , 2?a> ; 2:^ , zi/f , xyz^cD ; zx(f) , zyxjj , z^cj, i. e. 
in every case the factor z will be contained in each term of the system [4 — 1', t^], 
which represents an unreduced system of co-ordinates of the point 2 t — 1 , tlie 
mark of interrogation signifying a blank or an accent as the case may be. 

But either the point 1 or the point 1' will, in every case, correspond to the 
connective obtained by changing « — 1' into t — 1 ; * moreover, the unreduced sys- 
tem of co-ordinates to that connective will have the third term, say ir, in common 
with the unreduced system to 2 t — 1 above mentioned. 

IT 

This contrary system we know must have the common factor - because 1 and 

1' are denoted by x,y,z; y,x,2; respectively. Hence the unreduced system 
for 2t — 1 can have no other common factor except z, which they have been 
shown to have ; since, were it otherwise, the two contrary systems would have 

some quantity contained in - for a joint common measure, which has been proved 

to be impossible. 

Hence, the form of (2 t — 1) is x<^ , yt/r , 2ku or <^ , t/r , xyzcD according as 2 t — 1 
is not or is divisible by 3, and its order is in all cases 2« — 1^ + 2 t^ — 1, i. e. 
(2i-l)^ 

Hence the form-law of distribution of the simple powers of the variables 
x,y yZ and of the quanticity in Qi?yy^,^ of the multipliers of x ^y ,z or of 1 , 1 , 
xyz, as well as the numerical law that the order of any derivative is the square 
of its index, will be true up to 2 n inclusive if true up to n inclusive ; and being 
true for n= 1, is true universally. 

As a corollary we may now do away with the restriction of i+j being odd, 
and affirm that in all cases (the futile one of t=y alone excepted), if the reduced 

♦ For, on consulting Title 2, it will be found that in every case, if the arithmetical value of the index of 
J\ , P> is 1 1 j, that of 7Y, Pj is (i ? jj^ 
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system of co-ordinates to the connective o{ PiyPjhe F,G yff and to that of 
Pi^Pjhe F\G\H\ then the unreduced system expressing those connectives 
given by my formulaB of connection will be H'F, H'G, H'H\ HF\ HG\ HH\ 
respectively ; for the two systems of unreduced co-ordinates (each of the order 
2 1^ + 2jl^) contain, one of them a common factor of the order (2 e^ + 2j^) — {i —jy 
i. e. {i +jf, the other a common factor of the order (2i^+ 2j^) — {i -{-jf i. e. 
{i -^ jfj and these two factors being prime to each other, their product must be 
contained in the term common to the two systems, and being of the same order 
(i + j')**+ {% — jf as that common term, must be equal to it. 

Hence, if tt be the common unreduced term, and HjH' the two reduced 

IT IT* 

terms, we must have ^ = ^ • ^ or tt = HH'y as was to be shown. 

As a matter rather of curiosity than of real importance I will state the analo- 
gous law when the connective and cross-connective between two derivatives is 
expressed by Cauchy's fonnulaB instead of my own. These formulaB, it will be 
remembered, give for the co-ordinates of the connective of w , t? , to ; u^ViyWi the 
minor determinants of the matrix 

vwi — ViW ; WiU — wux ; uv^ — Wit? 
mil ; vvi ; wwi 

If, now, the prime system of co-ordinates to the connectives of P^^Pj; P/, Pj be 
denoted as before hy F,G,H ; F\ G\H\ I find by calculation that the Cauchian 
formulaB will present these two systems under the unreduced forms 

{F' + G') F ,{r+ G')G , (F' + &) H 
{F + G)r ,{F + G) & ,{F + G)ir, 

between which there is no common term ; and consequently, had I not discovered 
* my own simpler formulas, the method of proof of the Law of Squares which I 
have employed would have been inapplicable, and it is not easy to see what 
other strict method of proof could have taken its place. 

I have thus accomplished the very difficult task of proving a negative, in this 
instance the non-existence of latent common factors to the co-oi-dinates of the 
connective of any two given derivatives. I might have founded a much easier 
proof of the Law of Squares upon Mr. Franklin's geometrical solution of the 
problem of finding the number of in-and-exscribed A-laterals to a cubic (if one 
could feel quite assured a priori of the strict logic of the process*) as follows : He 

♦ In that solution the apices are found as the intersections of the cubic with another curve. Certain of 
these intersections are seen from geometrical considerations to count twice, and others three times ; but while 
we have no reason to suppose any further cause of reduction, the non-existence of such cause is not proved. — F. F. 
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m 

has virtually found {vide last number of the Journal) that the number of apices 
of the in-and-exscribed ^-laterals of every kind [and not excluding the pomts of 
inflexion] is (2^' — 1*/. If, then, 2* — P = 3 1, it follows from what has been 
shown in the preceding pages, that the order of Pi in the co-ordinates of P is 
i (3 if, i. e. {", 

Let now % be any number whatever, and t the totient of 3 1'; then t is even, 
and, by Fermat's Theorem, 2^ — r = 3 iT. 

Hence, i( fi , fi^ are the orders of Pi^ , P^^^ respectively, the law of compound 
derivation will suffice to lead to the conclusion that fifi' will be the order of 

PiY, , and accordingly fifi' = i'^i^'; but ^ , ^, it has been proved under a preced- 

ing Title, are neither of them greater than unity : hence each of them is equal 
to unity, and T^ is the order of P^^, as was to be shown« 



Addendum on the Degorder of the Derivatives to a Point on a Cubic' 

IN THE Natural Scale. 

Let n be any number not divisible by 3. The n^ derivative, it has been 
proved, is of the order n^ in the variables. It remains to determine its degree in 
the coefficients. 

When n = 2 we know that the degorder is [4 ; 4], each new co-ordinate being 
one of the minors of the rectangular matrix 

dU dU dU 

dx dy dz 

dH dH dH 

dx dy dz 
I 

where U is the cubic and H its Hessian. 

Suppose 1/ to be the degree in the coefficients of the n^ derivative. Then the 
degree of the (2 n)^ derivative regarded as the second of the n^ will be 4 1/ + 4, 
and regarded as the n^^ of the second will be n^ . 4 + i/, and these two must be 
equal. Hence 3 1/ = (n* — 1) 4 or i/ = ^ (w* — 1). 

— 3 — 5 **' • 

If we substitute the co-ordinates of this derivative in the given cubic ZT", the 
result must be of the form U . R and will be of the degorder [1 + 4 n* — 4; 3 »*]. 
Hence R is of the degorder [4 ;i^ — - 4 ; 3 n^ — 3]. If the well-known covariant of 

the degorder [12 ; 9] be called J, R is of the same degorder as <7 a , and possibly 
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may be found to be identical with it. To corroborate the validity of the deter- 
mination of the degorder of the n*^ derivative, we may proceed as follows : 

Imagine, at first, the cubic to be reduced to the canonical form 7? + 'j^ + ^ 
— 3 kxyz. The connective of Pj , P^ in its reduced form is x , y , 2 ; but in its 
unreduced form and prior to all simplification, will, by virtue of the theory 
(Titles 1 and 5), be of the form Mx , My , Mz where 

+ kxyz (x® + / + 2^ — /2? — 7?7? — y?y^) ; * 

consequently M expressed (as I shall hereafter suppose) in terms of the original 
coefficients and variables, will be of the degorder [9 ; 9] : for Mx , My , Mz are of 
the degorder [1 + 2 . 4 ; 2 (1 + 4)], i. e. [9 ; 10].t Also the degorder of P^ will 
be [4 + 4.4; 16], i. e. [20; 16]. 

Suppose now we wish to find the degorder of Pg . 

The unreduced connective of P^P^ will be of the form MXyMT^MZy 
where XyYyZ are the reduced co-ordinates and M is exactly the same thing 
as before. The degorder of the unreduced co-ordinates will be [1 + 2.20.; 
2(1 + 16)], i. e. [41 ; 34] ; and consequently, subtracting [9; 9], the degorder of 

X,Y,Z will be [32 ; 25], i. e. [4 ^^ ; S^l. 

So, again, to find P7 we may regard it as the connective of P2 , P5 . The 
imreduced degorder of P7 will thus be seen to be [1 + 2(4 + 32) ; 2 (4 + 25)], 

i. e. [73 ; 58], and subtracting, as before, [9 ; 9], the degorder of the reduced co- 

r 72 — 1 -1 
ordinates of P7 becomes [64 ; 49] i. e. 4 — 3— ; 7^ , agreeable to what has been 

previously found ; and so, in general, supposing the degrees of P^ and P^ ^. 3 in 

the coefficients to be 4 3 and 4 3 , the unreduced degree of P2M + 3 

will be 1 + 8 < ^^-3 h -^ — 3 >, from which subtracting 9, the reduced degree 

. , f2/t«H -6Ai+4 ) , . . • .u .u- A f (2/xH- 3)^-1 ) 

becomes 8 < 3 > , which is the same thmg as 4 < 3 >, as 

ought to be the case. There is, therefore, no loophole for doubt left open as 
regards the degorder of any natural derivative to the index k (a number neces- 
sarily of the form 3 i ± 1) being [| (A? — 1) ; A?], a notable result! 

• It is worthy of remark that, if we make 17 = 0, ho that 3 kxyz becomes equal to a;' -f~ y* + '**> ^^^ 
expression in the text for M gives 3 M equal to the norm ofa-f-liy + l^z, namely, («' 4* y* + 2*)* — 27 jc^yh\ 

t In fact, M, as may easily be shown, is the covariant [2(^- -j- ^ -j~ ' a~) j;] ^> ^^ other wonls 

the symmetrical determinant of the 5th order formed by double-bordering the Hessian matrix with tlie differ- 
ential derivatives of the Hessian and of the original cubic 
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We are now in possession of a method for finding any natural derivative to 

the index n. If n is even, it may be derived immediately from the derivative to 

ft 
the index 2 • If ^ is odd, it must be of the form 2 /x + 3 where /x is not divisible by 3. 

Taking P as the initial point, P^ and P^^a may be considered as known. 
Calling their co-ordinates JC,Jr, Z; X^Y^jZi respectively, and substituting 
\X + iiXi , X F + fi Fi , \Z + iiZy in the equation to the cubic, we shall obtain 
an equation of the form X^/i-B + X/x^(7= 0. The unreduced co-ordinates of 
Am + 3 will then be CX-BX, , OF- BY, , CZ- BZ,, which will contain a 

,^ i. .1 1 1 r^ r.-. , CX-BX, CY-BY, CZ^BZ, 
common measure M of the degorder [9 j 9], and — ^ > — jj^ — ' — jj^ 

will be the expression for the point P2,^-^z in its simplest terms. 

More generally, if n = 2 ^ + 3 i, we may obtain, in like manner as above, 
the unreduced co-ordinates of the connective to P^ , P^^ziy and, by an easy cal- 
culation, it will be found that the new common measure will be of the degorder 
[12 i^ — 3 ; 9 i^, and will be constant, i. e. independent of fi for any given value 
of i, and identical with the common measure to the unreduced co-ordinates of 
-^3 4 + 2 regarded as the connective to P and Psi + i • 

It is well worthy of remark that if X , Y , Z be the co-ordinates of any 
derivative, and ^ , 77 , { contragredient to x ,y ,z y X^ + Y-q + Z^ will be an 
invariantive concomitant to the given cubic. This gives rise to a new series 
of reflexions, the development of which must be deferred to a more convenient 



occasion.* 



* It is obviously a step towards the attainment of the desideratum of finding the general expression for 
any derivative in an explicit form, or, at all events, by explicit processes and without the necessity for division 
of the unreduced co-ordinates by a common measure. This latter, it should be observed however, by virtue 
of what is stated above, is always kuown d pi'iori. 
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In the last number of this Journal I gave what may be considered as the intro- 
duction to this paper, and the two should be read continuously. 

II. General Equaliam in an Extensive Conducting Medium. 

In thinking over the subject there discussed, and seeing how intimately 
rotation is connected with magnetic phenomena, and how, according to Max- 
well's theory of electric displacement, there can be no such thing as an electric 
current which is not closed, I have been led to a number of curious theorems. 
And I have been further guided by the idea of Faraday on the conduction of 
magnetic lines of force, and by the well-known equations of vortex motion 
which apply to electric and magnetic phenomena. To free my mind from all 
complications of conductors and non-conductors, and to place magnetic action 
and electric conduction on the same footing. I conceive of an infinite conducting 
medium filling all space in the same manner as all space is filled with a 
conductor of magnetic lines of force, and consider the electro-magnetic action. 
Such a medium is often used in the theory of electric conduction, but I am not 

12 
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aware that others have occupied themselves much with the magnetic action of 
currents in such a case. At least I believe the following theory to be new. 

It is usual in the ordinary theory of magnetic action to conceive of the poles 
of the magnet as separated from each other, and to define the magnetic field 
at any point as the force acting on a unit pole at that point. As analogous to 
that, let us conceive of points in the medium at which electricity is either gen- 
erated or destroyed, so that electric currents shall radiate either from or to the 
points. Let us call these points electric points, and let the same quantity of 
electricity stream from them whatever their position, and let the strength of the 
point be denoted by e, where 47re is the quantity of electricity streaming from 
it. Let the strength of the magnetic poles be denoted by m, which will be + for 
North polarity and — for South. This system is perfectly symmetrical with the 
other, as 47rm lines of force stream from magnetic poles of strength m. 

Axiom. Two magnetic poles, two electric points, or a magnetic pole and 
an electric point, cannot exert force on each other except in the direction of 
the line joining them, for they are symmetrical around that line. 

Thus to find the action between an electric point and a magnetic pole, con- 
sider any two current rays situated symmetrically with respect to the pole : the 
true magnetic action of these two will be zero, and hence the force to and from 
the point will be zero. But the ends of these rays may still have an unknown 
action. One end of these rays is at the electrical point, and the other on the 
surface of the sphere at an infinite distance : the action of the sphere is zero 
and hence there may be a force between an electrical point and a magnetic pole 
with which we are yet unacquainted, and whose existence we are almost unable 
to prove experimentally, seeing that we can hardly experiment on unclosed 
circuits. But there is no true magnetic action such as we are acquainted with. 
This conducts us to the following remarkable proposition, which is extremely 
useful. 

Prop. The true * magnetic action of any system of currents which can be 
generated in an unlimited medium by electric points is zero. Or, in other words, 
the magnetic action of any system of electric currents which are acyclic is zero. 

In an unlimited medium, then, unclosed electric currents have no magnetic 
action. According to Maxwell's theory, unclosed circuits cannot exist ; but on 
the ordinary theory, the discharge of conductors produces such currents. 

* By true niagnetic action I mean such magnetic action as we detect in closed circuits, and do not include the 
direct attraction or repulsion between an electric point and a magnetic pole, which we have seen above may 
exist in the case of unclosed circuits. When speaking of magnetic action, I shall generally mean true magnetic 
action. 
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Let lis now conceive of a plus and a minus electric point placed very near 
each other. Any series of such points can have no magnetic action. But now 
let us join the points by a line, and suppose such an electro-motive force to exist 
along the line as to produce a current equal to the strength of one of the points. 
The current in this line can then have magnetic action ; and as the whole circuit 
is closed, we can calculate it by the well-known formula for the element of a 
closed circuit. For the unknown direct action between the pole and the electric 
points will then vanish, because the currents are closed, and there are no ends 
to the lines of flow. So that the whole magnetic action in the medium will be 
that due to the current along this line alone. A current can only be produced 
along such a line by the action of an electro-motive force along it. 

Hence we have the remarkable proposition, that in such a medium the action 
reduces itself to an action between magnets and ekctro-motive farces^ instead of 
between magnets and ordinary electric currents. And all the equations for the 
magnetic action of such currents are much simplified. 

To represent the conduction of currents along wires of any shape in such a 
medium, Ave have only to suppose the electro-motive force to be in the direction 
of the wires, and by a proper distribution of electro-motive force, all cases of 
conduction in limited media can be represented. 

Let us again conceive of a plus and a minus magnetic pole near each other 
in a stream of electricity coming from electric points. They will evidently not 
have any tendency to a motion of translation in any direction. But now let 
the poles be joined so that the lines of force flow from one to the other, and the 
magnet would probably tend to move across the currents. Hence, reasoning 
as before, this kind of magnetic action cannot be explained, unless the lines of 
magnetic induction form closed circuits. We cannot speak definitely about this 
case, as we cannot experiment on anything but closed circuits. But the action 
seems probable. 

From the analogy with the case of electric conduction, let us suppose such 
a force to exist between the two magnetic points as to cause the same number 
of lines of induction to pass between the points as flow out of either of them, 
and call this force a magneto-motive force. Such a force is proportional to what 
has hitherto been called the magnetization, and replaces with a definite mathe- 
matical idea the old indefinite idea of coercive force. 

As thus all lines of magnetic induction and all electric Currents are closed, 
we have to deal in either case with cycles and cyclic regions. Hence the equa- 
tions of vortex motion should apply to these cases. 

Again, when a potential is cyclic, we know very well that we can divide the 
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region into acyclic regions by diaphragms, and that the potential in each of these 
regions can be represented by integrals taken over the diaphragms enclosing it 

With the ideas thus introduced, all equations giving the relations of electric 
currents to electro-motive force are exactly similar to the equations giving, the relar 
tions of magnetic induction to magneto-motive force. All Thomson's ideas with respect 
to lamellar and solenoidal distribution of magnetism thus apply to electro- 
motive force. If we conceived electro-motive force distributed within a cer- 
tain region similar to a magnet and proportional to the magnetization, the 
electric currents at every point of space would be proportional to the magnetic 
induction in the case of the magnet, without any limitation as to the point being 
within or without the magnet. 

Should the components of the electro-motive force satisfy the lamellar or 
solenoidal condition within the region, which condition is the same as the equar 
tion of continuity, then a single diaphragm enclosing the region will divide space 
into two acyclic regions, and the electric currents within and without the region 
can be represented by integrals over this surface. The distribution of electric 
points for the outside integration must be similar to that of the so-called surface 
distribution of magnetism on the magnet. 

The magnetic action of an electric Current is well known to be equivalent 
to that of a magnetic shell with its edge in the current Such a magnetic shell 
merely consists of a sheet of some substance magnetized in a direction normal 
to the surface. In terms of the words used in this paper, it is a sheet of matter 
possessing a magneto-motive force in a direction normal to the surface. 

As there must be a similar and analogous theorem in the other direction, let 
us introduce the idea of an electro-motive shell, that is, a shell of matter which 
possesses an electro-motive force in a direction normal to its surface. The poten- 
tial of the electric currents from such a shell is evidently equal to the solid angle 
subtended by the shell, as in the analogous case in magnetism. 

Let us now develop thie reciprocal relations of electro-motive force and mag- 
neto-motive force in a conducting medium. Let us call certain small regions 
possessing electro-motive or magneto-motive forces, electro-motive or magneto- 
motive points : these are similar to elements of currents or magnets, ordinarily 
so called. We then have the following reciprocal theorems. 

An electro-motive point tends to pass across the lines of magnetic force in a 
direction at right angles to both, and therefore a magnetic pole tends to revolve 
around the electro-motive point. 

Reciprocally, a magneto-motive point tends to pass across the electric current 
in a direction at right angles to both, and therefore an electric point tends to 
revolve around the magneto-motive point. 
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Could we prove that an electric point tends to move with the electric current 
in the same manner as a magnetic pole tends to move in the direction of the 
lines of magnetic force, the reciprocity would be more exact. 

The forces which act or may act between two electric points may be divided 
into two classes, the electrostatic and electromagnetic forces. The electrostatic 
forces are evidently the same in the given system as if we should gradually 
reduce the conductivity to zero, the potential remaining the same. Hence the 
force between two electric points of strengths m and m' will be 

Kmm' 

where ^is the specific inductive capacity and fi is the conductivity. 

The calculation of the electromagnetic forces depends upon the existence of 
a force of tension along the current which will be produced when the elements 
have some action on each other in the direction of their length. As we are 
unable to prove the existence of such a force, we are unable to say whether two 
electric points attract each other electromagnetically or not 

That the reciprocity is not perfect, we also prove as follows. Each magneto- 
motive element is equivalent to an element having an electric current around 
it, or rather an electro-motive force around it; in other words, the magneto- 
motive force is proportional to what Maxwell calls the curl o( the electro-motive 
force. But the lines of magnetic force around an element of. electro-motive 
force fill all space according to a well-known law, and are not merely packed 
closely around the element. 

The electric potential due to an electro-motive force, A\ in an element, 
dxdydzy is, for all points outside the element, as we shall see further on, 

V= A' —ja- dxdydZy 
and the magnetic force 

- ., sin ^ , , , 

Jp = — -4 -^ dxdydz ; 

where is the angle between the radius vector and the axis of the electro- 
motive force. It is evident that these can be both calculated from the same 
function, for let us define a quantity, Uy by the equation, 

U= A - dxdydz ; 



then F = — 



dU^ ^ ^ dU 

dx 



a^^ ^=rf^' 



where g = /f~+^. 
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Proceeding in this way we can deduce the whole theory of vector potentials 
as applied to this case, but with this difference from the ordinary theory that 
the vector potential is given with reference to the ekctrcnnoiive force rather than 
to electric currents. 

But I prefer to treat the subject in a manner similar to vortex motion, and 
symmetrically. I shall first give the theory for electric conduction and for 
magnetism separately, and then introduce the electro-magnetic relations of the 
two. Having thus developed the old theory, I shall then consider the modifica- 
tion required by the newly discovered action. 



Let a, b, c be the components of the magnetic 
induction. 

Select three quantities, F, G, and J?", to satisfy 
the equations 

_ dH_dG 
dy dz 
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dF 
dz 
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^ ~ dz 
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dx 



dF 
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whence 



da 'db ^^ dc 
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0. 



These equations are satisfied by taking any 
three quantities L, My and iV, such that 
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whence 



dx + ~du "^ dz ~ ^• 



Hence, putting 



"^ ~ ~dx '^ dy '^ -"- 



dz' 



Let a'y b'y d be the components of the electric 
current. 

Select three quantities, Fy GH^ and W, to 
satisfy the equations 

dir d& 



whence 



« dy 


dz 


dF 
f^ - dz 


dW 
dx 


dG> 
^ dz 
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These equations are satisfied by taking any 
three quantities, L'y My and Ny such that 



whence 



dy dz 



, _ rfL' _ dN^ 
^ ~ dz dx 



, _ dM' ^ dL' . 
^^ "^ dx dy ' 



dF dO' . dif _ 
dx ^ dy ^ dz ~ ^' 



Hence, putting 



'' ~ dx '^ dy + 



dz ' 
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we have 



a = 



-^'L+% 



6=- 



c = — 






Whence, if we choose some other quantityi x> 
so that 

we may write 

Letjo = - • 



Substituting these quantities in the previous 
equations, we have, as \ disappears, 



we have 



a 



= - A^r + 



b' = - A'M'+ 



= -A'N + 



dj^ 

dx 

dJ' 
dy 

dJ' 
dz 



Whence, if we choose some other quantity, ;(', 
so that 

m 

we may write 

^' = ir fff V d^^y^^ - 1^' ^I 



G 



1 rrnd(pc) 

~^'rJJJ I dy 


d(pb) 

dz 


1 ccr{d{pd) 

~*'JJJX dz 


d{p(i) 
dx 


1 rrnd(pb) 


d(pa) 



\ dxdyd2 






^'=ifSfv<^^y^-i^ 



dy 



,d^, 
dz 



Letp = - 



Substituting these quantities in the previous 
equations, we have, as x disappears, 



C) _ d(pb ') 
dz 



V dxdyd'A 



^— 4tJjJ| dy 



F' = 



& = 



H'= 
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These equations, as we have thus obtained them, do not contain any of the 
phenomena of electro-magnetism, but each series of equations is entirely separate 
from the other series. The only assumption we have made is that a, 6, and c, 
as well as a', 6', and c', are vector quantities which satisfy the equation of conti- 
nuity at every point of space. And this we know to be true in magnetism, where 
we cannot separate the North from the South pole of a magnet, and in the case 
of electric currents, provided we also include the displacement currents. If we 
could separate the poles of a magnet, or if we consider the electric currents from 
the discharge of electrified bodies without the currents of displacement, there 
will always be certain points where the lines of force or the currents end, and 
where, therefore, the equation of continuity does not apply. Both the lines of 
force, then, and the electric currents, must, as we have shown, be cyclic; and 
they can have no real potential in general, though by the proper placing of 
diaphragms we may cause the space to be acyclic, and so may express the 
potential by a proper integration taken over the diaphragms. The value of 
the potential so obtained will th^n apply to all space which can be reached 
without passing through a diaphragm. 

Hence the integrals which we have given can be expressed either as sur- 
face integrals over some surface or surfaces, or as volume integrals through- 
out some volume occupied by the sources of the lines of induction or the 
electric currents. And this last proposition is evidently true from a physical 
point of view. 

Commencing with the electric currents, let us suppose that an electro-motive 
force, A\ acts throughout the element dxdydz, in the direction of z. The elec- 
tric currents will then stream through the cube in the direction of Xy and pass 
out through one end to return through space to the other end, thus complet- 
ing a cycle. 

By enclosing the element within a siuface, we divide cyclic space into two 
acyclic regions. Within the cube the current will evidently be, provided we 
take a proper unit for measuring the electro-motive force, 

The amount passing out each end of the cube is therefore 

ini/A'dydz ; 

and the current potential at every point situated outside the cube and at a very 
great distance, r, from it will therefore be 
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"■ ^ \~r dydz\ dx = fiA' ^ dxdydz. 



At every point of the medium the current is then made up of two parts, Att^'A 
and another which we may call jxa. So that we may write for the component 
of the current 

a = fjL (a + ^ttA). 

We can deduce a similar equation for magnetism, indeed, one that is already 
known, except that we shall have what I call the magneto-motive force (similar 
to coercive force as used by some) in the place of the magnetization. We may 
then write out the equations as follows : 



a 



ft (a + AiirA) 



c = ^ (y + ^rrC). 

The quantities a, ^, and y are evidently the 
components of the magnetic force in the direc- 
tion of the axes, and a, b, c of the magnetic 
induction. 



a' = /*' (a' + 4irA') 

V = / (yS' + ^ttB) 

c' = / (y' + AttC). 

The quantities a', fi', and •/ are evidently the 
components of tlie electric force in the direc- 
tion of the axes, and a', h', c' of the current. 



The quantities a ^h , c ^ a\h\ c', and a , ^, y , a', ^, y differ essentially from 
each other, inasmuch as. the first indicate cycles, but the second are necessarily 
acyclic. The quantities indicated by the Greek letters can always be obtained 
from acyclic potentials. 

In this case we have, taking one equation as an illustration, 

dV 



dx 



lia 



= - A^Z, + 



dj 

dx 



or A^A=i:('/-/xF). 



Hence, by changing the values o( ^ and ^ from their former values to 



X = l:fSfi'^-I^V)]:d^dl/d^, 



X^lJJfiJ'-H-'V) I dxdydz, 
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we can write 



iV = /I j J J J - dxdydz — 






>' 








'd!/\ 


dx) 
dz\ 


A — dxdydz 


C "^f ] dxdydz 
dx ) 


A 4- i dxdydz. 
dy) 



dx 

dy ) 

dz 



F' = 



G' 



If 



L' = / j fffv dxdydz — 
M' = /x' j ///y dxdydz - 






^'gj^.,c.. 



These equations have thus been put into a form depending only on the 
electro-motive and magneto-motive forces, an extremely important modification. 
All the equations which Ave have so far obtained are entirely independent of 
any relation between electricity and magnetism ; and they are perfectly true, 
Avhether that relation is the one hitherto known or also includes the relation 
just discovered. The equations on the left hand are all more or less known, 
but the similar equations on the right are for the most part new. I shall first 
give the relations between the two systems of equations on the old theory, so 
as to contrast them with the new. We remark, in the first place, that it is 
supposed in these equations that the electric currents are' due entirely to electro- 
motive forces, and the magnetism to magneto-motive forces. But where closed 
electric currents exist, magnetism must always exist ; and thus to calculate the 
magnetic effect by these equations, we must replace each electric current by its 
equivalent magneto-motive shell. It is readily seen that this will be accomplished 
by the addition of terms depending on the current, and hence we may write 

dB 



dc 

dy' 


db 
dz 


4^^/* j« + d,j 


da 
Tz 


dc 
dx 


4^,x j & + rf^ 


dh 
dx 


da 

dy 


4^^/* N + di 



IZ 



dC_ 
dx 

dA ) 
d!/\' 



Equations similar to this were first given by Sir William Thomson, except 



Magnetic Rotation of Polarized Light. 99 

that his applied to magnetic force rather than magnetic induction, and so did 
not contain the terms in A^ By and C. They would thus be 



dy 

dy 


d3 _ , 
dz 4'^« 


da 

dz 


-t- 4-^' 


dB 
dx 


dt. , 



As equations of this form exactly define a, /8, and y, in terms of A^ S^ and 

C y we must have 

47ri^ = a, \itG = ^, \itH' = y 

and 

Where there is no magneto-motive force (no permanent magnets), and we 
choose i', M'j and iV^', so as to satisfy the equation of continuity, w^e have 

From the almost perfect reciprocity between electric currents and magnetic 
induction which I have developed in this paper, we might be led to expect 
that similar expressions might be found for the other case. But this is not so 
according to our usually conceived ideas, for lines of magnetic force must always 
exist around a wire carrying a current, but currents need not necessarily exist 
around magnets. 

As we know that all the electric currents and all the magnetic force must 
depend only upon the terms containing A\ S ^ and C\ and A^ J?, and (7, 
therefore we may select a series of terms as follows to represent the final result: 



•X = /x j ffjApdxdijch - § j 
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dz 
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dL 

dz 


dN 
dx 
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dM 
dx 


dL 
dy 


dll 


dG 




dy 


dz 




dF 


dH 





a = -J- — 



&-^~ 



c = 



dG 

dz 



dx 
dF 

dy 



iiTfia 


do 
dy 


dh 
dz 


-4'^/^jrfy 


dB 

dz 


in fib' 


da 
~ dz 


dc 
dx 


^'TA* j dz 


dC 
dx 


ilTflC 


dh 
dx 


da 
dy 


^^Adx 


dA 

dy 



We know that every magnetic action can be represented by electric currents, 
therefore let us suppose the permanent magnets to be replaced by their equiva- 
lent electric currents. We then have simply 



F = 47r/./ j jJjA'pdxdydz - % 
G = 4 w' I JJJffpdxdydz - % 



^ 4w'|/// 


C'pdxdydz ^^ > 


• 


dH dG 
dy dz 


/ dc 
4^M« dy ' 


dh 
dz 


, dF dH 

dz dx 


4^/^* dz ' 


dc 
dx 


dG dF 
dx dy 




da 

dy 



These equations at first sight seem to be similar to those already in use, and 
which are given in Maxwell's "Treatise," Art. 616. But if we examine them 
further, we shall see that the values of F, G. and // are given in terms of 
A\ jB', and C\ rather than in terms of a', 6', and c, and the introduction of these 
electro-motive forces together with the idea of magneto-motive forces, are the 
principal new points in the above theory, and are very necessary to the further 
extension of the theory to include the new electro-magnetic action. 



i k 
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III. Physical Theory of Magnetic Atfradion and Repulsion. 

The form in which the formulae are tlms thrown by expressing them in 
terms of the electro-motive forces has suggested to me the following physical 
theory of magnetism, which I give here before proceeding further. 

They evidently point to the existence of a fluid filling all space,. the compo- 
nents of whose velocity are — F, — G, and — JI, the vortex filaments of which 
are the lines of magnetic induction and the vortices of the vortices, or the relar 
live motions, of wbich constitute the electric currents. The motion of this fluid, 
we see, depends upon quantities of two kinds. The first kind includes the terms 
containing A'. S, and C, or the electro-motive forces ; and these forces must 
be conceived existing at various points, and tending to propel and rotate the fluid 
in certain directions. The second series of terms containing -^ are those por- 
tions of the components of the fluid motion which it is possible to produce by 
the existence in the fluid of points at which the fluid is being constantly gen- 
erated or destroyed, or by moving bodies within the fluid. In other words, they 
indicate the motion of translation of the fluid. The calculation of x' is thus 
necessary to make F, G, and H satisfy the equation of continuity, and thus to 
represent the components of fluid motion ; hut as they disappear from the suc- 
ceeding equations, they are not necessary for the calculation of either the mag- 
netic action or the electric cun-ents. 

The disappearance of x from the succeeding equations gives the theorem 
in vortex motion that no vortices can be produced in a fluid by external forces, 
and in electricity the theorem, which I have before demonstrated, thai ekclrie 
currents in a continitous medium can never produce viagnetie action unless they are 
closed. 

We have thus to conceive of a medium, the ordinary motions of which do not 
produce magnetic action or constitute electric currenLs, hut the vortices of which 
are the magnetic lines of force, and the relative motions the electric currents. 

The idea of such an extended conducting medium with its electric currents 
has thus lead us to the idea of a fluid filling all space, of whose ordinary 
motions we are unconscious, and which the earth may be whirling through with 
its full velocity without our being conscious of it, seeing that no magnetic action 
would be thus produced. But does not this give a possible explanation of the 
magnetism of the earth, seeing that the earth's rotation might produce rotation 
of this fluid which would be magnetic action ? We might call this fluid ether if 
we pleased ; but I do not wish this undeveloped theory to be confounded with 
the very crude, unscientific, and altogether untenable theory of Ediund ; for 
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the fluid which I conceive of has none of the properties of Edlund's so-called 
ether. 

Whether this theory could be adapted to explain electrostatic phenomena, 
and hence the propagation of light on MaxwelPs theory, I have not yet deter- 
mined. But it is to be not<id that Maxwell's equations are in terms oi F , G , 
and jy, and indicate that the waves of light are waves in the fluid of which I 
conceive. Cotdd a property be added to this fluid to explain electrostatic phenomena^ 
the fluid ivould therefore be identical in properties with the light ether. This property is 
that on which the so-called electric displacement of Maxwell depends. Max- 
well has worked up a theory similar to this in some respects, in the Phil. Mag. 
for 1861 and 1862; which, however, required a very artificial constitution of 
the ether, as he could not conceive of any method of making vortex rings in a 
perfect fluid. But I will show further on that my idea of electro-motive force 
gets over this difficulty, and allows us to explain all magnetic attractions and 
repulsions by the motion o^Vi perfect fluid. 

To get the true motion of the fluid we must be able to compute ^^ although 
this is unnecessary as far as the magnetic action or the electric currents are con- 
cerned. To accomplish this, it is best to investigate the value of \ for an 
element of electro-motive force, and then it will always appear in other cases 
as a definite integral. The values for an element of electro-motive force, 
Adxdydz^ at tlie origin are 

i^= 47r/x/ j-;:^ dxdydz - ^ 

The equation of continuity gives therefore 

47r/i/x^ j A ^^ djtdydz + Ay j = 0, 

/ A dxdydz C C Cx - x' . ^ 

whence X = 4^ y] ] -7^ dxdydz. 

But as this integration is very difficult, I make use of the theorem 

Z\-r = - ? 

T 
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which gives by differentiation 

A2 



(X — 3-'\ X — Xf 



and hence ^ ~ 2" ~r — dxOydz. 

If we also had at the given point electro-motive forces jB' and C', then we should 
have finally 

where in general 

X = ^ j il' (x - x) + JS' (?/ - y) -\-C\z- z) j rfxrfy(7z. 

^ will evidently disappear when A\ B'^ and (/ satisfy the equation of con- 
tinuity. This happens when the electro-motive force forms circuits which are 
perfectly closed. 

The integrals of these expressions taken throughout space Avill give the 
values for any case. 

As the motion of the imaginary fluid is rotational, it is at first sight very 
difficult to conceive how this rotation can be produced. For Helmholtz has 
shown that vortex filaments can neither be created nor destroyed by any .forces 
acting on the fluid from without Our problem is to conceive how an electro- 
motive force of intensity A^ acting within an element, can fill the whole space 
with vortex rings, whose intensities are given by the equations. 

At first I was puzzled, but finally conceived the following solution. Let the 
nature of electro-motive force be such that it tends to form vortex rings imme- 
diately around itself, not by action at a distance, but by direct action on the fluid 
in the immediate vicinity. The first ring will move forward, another one w^ill 
form, and so on until all space is filled with them, when there will be equilibrium. 
I have not yet attempted the whole dynamics of the subject. 

Magnetic attractions can be explained as follows. Conceive the fluid in a 
tube to be rotating around its axis with a certain velocity, and suppose the ends 
of the tube to be closed with movable pistons. Then, if the pistons are left 
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free, there will be a centrifugal force against the sides of the tube proportional 
to the square of the velocity of angular rotation. If the walls are flexible and 
the pistons immovable, then there will be a force tending to press the pistons in, 
and' proportional also to the square of the velocity. 

According to our theory the magnetic force is the velocity of rotation, and 
so we have in the medium a tension along the lines of force, and a pressure at 
right angles to them. 

To satisfy the conservation of energy and the equation of continuity of the 
fluid, the work done on the pistons or on the envelope, together with the volume 
passed over, must be the same ; and hence the pressure and the tension must be 
the same numerically. 

Now Maxwell has shown that all magnetic attractions or repulsions can be 
accounted for by a tension along the lines of magnetic force, together with an 
equal pressure at right angles to them. Heiice the motion of such a fluid as tve liave 
been considering mil accoutit for all magnetic action either of magnets or of electric currents. 

Again, Sir William Thomson has shown, in his analogy of magnetism to fluid 
motion, that two points in a liquid at which the liquid is generated, so that there 
are constant currents out from them, attract each other. In other words, his 
analogy is not perfect ; for, although the lines of force are of the same shape as 
the stream lines, yet like poles would attract, and unlike repel. But the theory 
of this paper, which considers lines of force as vortex filaments in a perfect 
fluid, gives a true analogy, which we have seen above accounts for all magnetic 
action. But Sir William Thomson's principle does not explain such action, for 
it would vanish for a closed circuit ; and would thus give that term which has 
an arbitrary value in Amp6re's theory, and which likewise vanishes for a closed 
circuit. 

All the motion of translation of the fluid represented by the terms x 
disappears when the electro-motive force fonns closed circuits; that is, when 
the components of the electro-motive force satisfy the equation of continuity 
throughout space. The energy of the fluid will then be merely that of the 
vortex filaments all through it; or, in other words, the energy will be entirely 
magnetic. It is evident without calculation, therefore, that this kind of fluid 
explains the magnetic attraction of currents without further hypothesis, and 
that the equation of Ampere, or some other giving the same results for closed 
circuits, could be readily deduced. 

The principal advantage of this theory over that of Maxwell is in the 
idea of electro-motive force here introduced, by which an ordinary perfect 
fluid becomes available instead of one having a complicated and unknown law 
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connecting its molecules. But I do not yet attempt to explain electrostatic 
action. 

The idea of electro-motive force here introduced has thus rotation as its basis. 
And by this idea we have thus done away with the necessity of any action similar 
to viscosity in the medium, but have shown that a force producing vortices at 
any one point will fill all space with vortices, which will be packed together 
according to the laws indicated by the equations. 

I do not consider this theory as final, by any means, but only as one link in 
the chain, the first three links of which have been added by Thomson, Helm- 
holtz, and Maxwell, and which may finally end in the true theory. 

IV. Extension of Equations to include the neivly discovered Electro-magnetic Action. 

Leaving this theory, however tempting further discussion might be, and con- 
sidering the equations again merely from an electrical point of view, we have 
now to inquire how the recently discovered electro-magnetic action will affect 
them. The following theory may be regarded as only preliminary. 

Evidently we must add to the electro-motive forces which produce the original 
currents others depending on the current and the magnetic force at each point. 
These new electro-motive forces have been found to be linear functions of the 
magnetic force and the current at each point. At present they appear to be 
at right angles to the plane containing these two, but for the sake of generality 
I will first suppose the function to be general. Let the new electro-motive forces 
be A'% jB", and C^\ and let CI, 6, C, and b be four new constants depending on 
the material. Then we can write evidently 

A' = Oa VFM^T^ + U' VW+7+ C {be' - Vc) + baa' 
B' = 06 V^^2-p72 4. 15 J/ Va^ + c^ + C [ca ~ ca) + \)hh' 
C" = Oc Va'2 + 6'2 _|. 15^/ Va^ -f- }? + C {aV - cih) + bcr^'. 

Of these four constants, Mr. Hall has proved the existence of C, and also that 
CI is very small or zero. As to the other two constants, it would seem almost an 
impossibility to test their value with accuracy ; Mr. Hall has attempted to do 
so by trying the resistance of a wire and also of a piece of gold leaf under 
magnetic action, but has as yet determined only that the effect is almost inappre- 
ciable on the resistance. 

But if we suppose the action to be rotatory, as I pointed out in the last num- 
ber of this journal, we can get a probable relation between C and b. For let 
14 
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V =^c='a = a =0, and we have the case of a current, c', and a magnetic force, 
6, and the equations reduce to 

A'' = Cbc' 

B^ = 06c' = 

If the action is a rotation of the current element around the line of force, we 
should have this rotation proportional to 6 and 6 would be to C in the ratio of the 
tangent of the angle of rotation to unity. But as the angle must be very minute, 
b must be also very small compared with unity. 

I have attempted to apply the conservation of energy to the case, but have 
not yet obtained any very good results, especially as conduction in a moving 
medium does not seem to be perfectly understood. 

Let us then suppose all the constants except C to be zero, and we then have 

A" = i{hc' — h'c) 
B' = C {cd - da) 
C" = C {ah' - a'h). 

The general equations for the electro-magnetic action alone will then be 
F = 4,r/x/x' j /// [^' + C (6.C' - 6'c.)] I dxdifdz - % 

m 

' G = iniJLi/ \ fff [jr + C {c,a' - c%)] I dxchjdz - 



IJ= 4.TriiA fff [C + C {aj}' - ab,)! J dxdydz - 



d^l 

dz y 



where a^, 6i, and c^ indicate the total components of the magnetism due to mag- 
nets as well as electric currents, and a, 6, and c are the components due to the 
currents alone. 

Fy G, and //do not include the vector potentials of the magnets. 
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If we wish jP, G^ and H to satisfy the equation of continuity, then the value 
of ;(' will be, as we have found before, 

Otherwise we can give it any value w^e please, as it vanishes from the other 
equations. In case we make it zero, we shall have * 

47r/x6' = - A-G^ 
47r/xc' == — A-^. 

The exact calculation will in general be very complicated. But as C is very 
small in all substances so far experimented on, we can easily calculate the 
effect as a correction to the quantities calculated on the ordinary theory. But 
where the effect is to be calculated in a limited body, it then, in general, 
becomes very complicated. However, the solution is possible by ordinary inte- 
gration for a thin cu'cular disc or for a sphere, as we can then apply the method 
of images. 

In some cases no currents will be produced in the body, but simply a differ- 
ence of potential which can be measured by a galvanometer, as in Mr. Hall's 
experiment. 

• ^ 

V. Explanation of the Magnetic Rotation of the Plane of Polarizaiion of Light . 

To apply these results to Maxwell's theory of light, we must assume that 
the same action which takes place in conductors with reference to conducted 
currents, also takes place in dielectrics with reference to displacement ciurrents. 
It is almost impossible to detect this action experimentally, but we shall here 
follow out the consequence of its existence. I shall follow the method of Art. 
783 of Maxwell's " Treatise," with the addition of this new action. 

Assume at once (7=0, i/i = 0, and e7= as they are afterwards taken or 
proved to be. 

Let P, Q^ and R be the components of the electro-motive forces acting at 
any point. The electro-motive force will be composed of two parts : first, the 
rate of variation of the vector potential as on the old theory ; and, second, a term 

♦ I use the expression A^ to signify the operation j^ + j~; + j^» while Maxwell uses it in his Theory 
of Light with the opposite sign. 




h'}<t 



Iir,WLxJfZ>: ^M Prf:tr^^rr*Oijt''y.f'*ft A^.rlox, atkd 



A^V^*A\:ij OTi rhfr n-=rw action. xrA ifhfjf^ c'>rn':on^nis we haxe dea^nated bv 
J' . /?'. i^n-J C \ Adfilncs thfr^ trrz-^rther. we Live 

•«' «. - - 



'. 'r 






// 



R = — —— i nj; — abi . 
Tlte dyipUcenient currents a', fe'. an'l c' will be 
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C = rz 



4x dt' 

and they are also expressed by the equation* * 

4:r/x^' = — A-/' 



4t/i&' = 






Hence we have bv elimination 



^ {d^F d ^ , 



-6V,)^ -A-F = 



) 



^M , de^ --dt ^<^i« -^'«i>j 



- XG = 



^/^ , dt^ 



'^ c(aj/-a\)^ -A'ff=0. 



dt 



Before the solution of these equations, of course the values of aj, 61, Ci and 
a\ h\ ('! rnu«t Ik; .substituted in terms of /\ 6^, and H. 

Jjf'A us now take the case of a plane polarized ray passing in the direction of 
the axis of z, with a magnetic force, c^ along the same axis. The magnetic 
forces a, //, ^, tfie variations of which constitute the waves of light, are very 
HUiall ; for Maxwell lias calculated that in stronor sunlight the maximum is about 
one-tenth of the horizontal intensity of the earth's matrnetism. Hence we can 
write 
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and, replacing 6' and a' by their values, we have 

From the form of the equations we can well suppose that one solution is 

F ^=^ r cos {nt — qz) cos mt 

G =^ r cos [nt — cp:) sin mt^ 
and making the substitution we find 

I Kjx (n^ + m^) — (f (l + c "4^ ) [ cos (nt — qz) cos mt 
— K71 < 2mix — c -5;;: > sin (n< — qz) sin m< = 

< Kfi {n^ + m^) — g^ f 1 + c ~4^ ) ^ cos (w< — qz) sin m< 



+ 



-fiji < 2m/i ~" c -j^ > sin (;i< — qz) cos 7n< = 0. 



These are satisfied if we make the coefficients zero. 

If Fis the velocity in general of light in the medium, and Vq the velocity 
in vacuo without magnetic action ; if i is the index of refraction of the medium, 
and X the complete wave length in the medium, and Xq in vacuo ; we thus find 
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These equations indicate that when a ray of plane polarized light passes in 
the direction of the lines of magnetic force, the plane of polarization will be 
rotated in a direction depending on the sign of the quantity C, which is the 
well-known action of Faraday. But the second expression which gives the 
velocity, and consequently the index of refraction, also depends on C, and thus 
indicates an acceleration of the velocity which is unknown. But this action is 
so very minute that it can probably never be measured. 

If 2) is the length of the substance, the total angle of rotation of the beam 
will evidently be 

This solution is rigorously exact for all cases where the index of refraction 
is not a function of the wave length. To get the value where the index varies, 
we can use the principle of the superposition of small quantities. Every plane 
polarized ray can be supposed to be made up of two circularly polarized rays ; aijd 
U) say that the plane of polarization is rotated simply means that one of the cir- 
cularly polarized rays travels faster than the other ; when one ray gains X on the 
other the plane of polarization is rotated through the angle 2 tt. Hence, if V 
is the velocity of one and V of the other, we have 



F=r(i + ^), 



where 2/ is the distance in which the plane of ix)larization is rotated through the 
angle 2 tt. 

But this effect will be augmented by the dispersion of the body, seeing that 
the velocity affects the wave length, and hence the index of refraction will be 
different for the two components. This further action can be taken into account 



:/ 



V t 

by multiplying y, by ^, and we then have 
So that ly has been changed to 



This can be put into the form 

!>' 1 



" \u^r- 
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But y 27~' 

whence X — X = ^y ^^^ "~T~ ~ — t — rfx "• ^^^* 

Hence, omitting all quantities of the second order of smallness, we can write 



/ 



ly Z.): ^ ' 



and the angle of rotation, Oj will become 



d-2iT jy,- cDc, 27^0 k'V~^ i)' 



which is of the same form as Maxwell's expression. Now Maxwell's equation is 
obtained from considerations entirely different from any which I have used in 
this paper. In obtaining them, Maxwell made no assumption as to the kind 
of motion which constitutes light, but merely assumed that the magnetic lines 
of force were vortices, and that the motion of the vortices caused a rotation of 
the motion constituting light. In my theory I have used no hypothesis as to 
the nature of magnetic force, but have simply calculated, from the known laws 
of magnetism and electricity, the action in this case according to Maxwell's theory 
of light. And the conclusion which we draw is that the effect discovered by Mr, Hall 
is the same, or due to the same cause, as the rotation oft/ie plane of polarisation of light. 

It is interesting to repeat here the comparison made by Verdet between the 
various formulae and observation. 

The formulae of Maxwell and Rowland, of Airy, and of Neumann are 



(I) ^ = i/^i-x|)z)c. 

(II) e = M^.(i-\'^)Dc, 

(III) ^ = if (i - X I) Dc.. 



The comparison of these formulae with the experiments of Verdet * are as 
follows : 

* Verdet, CEuvres, Vol. I. p. 262. 
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livivlph'Je of CarWa. 





V 


I) 


E 


F 


G 


Observed rotation, 


0'.»2 


0.70S 


1 .000 


1.234 


1.704 


Calculated, funuiilu I, 


0.0.S9 


0.700 


1.000 


1.234 


1.713 


11, 


0.000 


0.772 


1.00(1 


1.21G 


1.640 


III, 


0.943 


O.'j07 


1.000 


1.034 


1.091 



Creo-^ote. 





c 


I) 


E 


F 


G 


Obsened rotation. 


0.073 


0.758 


1.000 


1.241 


1.723 


Calculated, fonnula I, 


0.0 17 


0.780 


I.OUO 


1.210 


1.603 


IT, 


0.027 


0789 


1.000 


1.200 


1.065 


III, 


0.970 


0.993 


1.000 


1.017 


1.041 



To examine the direction of the action, we must see what the relative direc- 
tion of the currents and magnetism are in the equations, as I have not taken 
the signs with respect to any system. 

Let the positive direction of the current be the direction in which the positive 
electricity moves, and the positive direction of the magnetic lines of force be the 
direction in which the north pole tends to move. Then we easily find that our 
equations are on the right-handed screw system, the right-handed screw being 
such that if we turn it in the direction of the hands of a watch with its face 
toward us, it will move awav from us. Accordinir to this svstem, Mr. Hall has 
found that the value of C is po.-jitive for gold and some other diamagnetic sub- 
stances, and negative for iron. Hence a magnetic force in the positive direction 
will cause the ray to-be rotated in the po.^itive direction in diaq^agnetic sub- 
stances, and in the negative direction in magnetic ones, which is exactly what 
has been observed. 

To compare the numerical amount of the revolution with observation, we 
can take the constants as observed by Mr. Hall for gold, and thus find at least 
whether it is of the proper order of magnitude. 

From more recent observations than those published, Mr. Hall finds that, in 
the field of his magnet, he can cause the lateral electro-motive force to be at 
least as great as ^-^^^-^ of the force along the strip. According to the system of 
units used in this paper, the new electro-motive force will be in the case of con- 
duction, the current passing along Fand the magnetism being in the direction 
of 2, 
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but Mr. Hall finds 

■^. = — 2000 nearly. 

Hence, using the C. G. S. system, in which fi — 2000 nearly, we shall have 

cci = j^ nearly for gold. 

The length of the substance in which the ray is rotated a complete revolution, 
or 360°, will then be 

mi 



CCi'2 



{i - X t) 



where it is to be noted that Xo is the length of a complete wave. Taking the wave 
of j^^^^ cm. length, and the index of refraction 4, we find, supposing ^ = 0, 

D = 240 cm. nearly. 

We do not know the magnetic force used by Verdet, but it was evidently of 
the same order of magnitude. He found D to be about as follows: 300 for 
heavy glass, 700 for flint glass. Hence the rotation calculated for gold is of the 
same order of magnitude as the rotation observed in some common substances. 

Thus the new electro-magnetic phenomenon explains in the most perfect 
manner the magnetic rotation of the plane of polarization of light, and we are 
almost in the position to pronounce positively that the two phenomena are the 
same. Should this preliminary theory of the subject stand the test of time, it 
hardly seems to me that we can regard it in any other light than a demonstra- 
tion of the truth of Maxwell's theory of light ; for the rotation of the plane of 
polarization is thus a necessary consequence of the laws of electro-magnetism, 
and this, added to the other facts of the case, raises Maxwell's theory almost to 
the realm of fact. 
15 
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Orthomorphic Projection of an Ellipsoid upon a Sphere. 

By Thomas Craig, 

Johns Hopkins University, and U. S. Coast and Geodetic Survey. 

After the labors of such men as Gauss, Lagrange, and Lambert, upon the 
general theory of orthomorphic projection, or projection by similarity of infini- 
tesimal areas, it does not seem as though much of value or interest could be 
obtained by any further study of the subject, and indeed there is nothing more 
to be said upon the general theory, but an abundance of opportunities still exists 
for applying the results obtained by these princes of the realm of mathematics 
to the solution of particular cases of the problem. Boole, in the supplementary 
volume to his Differential Equations (a posthumous work, edited by Tod- 
hunter), gives a most elegant investigation of orthomorphic projection upon a 
plane ; the formulaB arrived at are applicable to any surface which it may be 
desired to project upon a plane. One application is made by Boole to the case 
of an oblate spheroid such as the earth. I have given in another place an appli- 
cation of his formulae to the projection of the general ellipsoid upon a plane, 
and the results obtained there led me to attempt the projection of the ellipsoid 
upon a sphere. Gauss gives, among the examples illustrative of his general 
theory, the projection of an ellipsoid of revolution upon a sphere, and considers 
the so-solved problem to be a valuable addition to geodesy. At the present day, 
when it is at least considered possible that the earth may be a general ellipsoid, 
it may be that the formulae necessary for its projection upon a sphere will not 
be devoid of interest- 
Denote by R the radius of the sphere, then its equation may be given as 

P + 7,2 +42 =722. (l>j 

if U and V are the usual spherical co-ordinates, we have for ^, rj, ^, the values 

^ = -ff cos U sin V, 

7j= jR sin Usin V, (2) 

{ = /? cos V. 
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Denote by «, i, c, the semi-axes of the elHpsoid, then this surface is given by 

• *> ^ o 

^" ri^ + - = l- (^\ 



if Xi and Xg denote the variable parameters belonging to the two hyperboloids 
confocal to the given ellipsoid, we have for these surfaces the equations 



'> •> 9 

^ 1 y X ^ 



d' -f Ai + b' -f Ai + c« H- A, "" 1' 

^' 4. y' 4, ^' -1 

a^ -f A3 ^ ^'^ -f Aj ^ c^ -f A2 ~ ^' 



(4) 



and then, as is well known, the co-ordinates x, y, z, are given by 

, _ a' (g' + A,) (g' + A,) 

_ y (6» + X,) (i' + A,) 

_ c' (c' + X,) (e' + A,) 
^ "" (c* - g^ (c'' - 6") 

and the element of length on the ellipsoid by 

o - ^02 _ (^ - ^) / V^ I VA| ) 

iZ — a*5 — ^ •[(a' + X.)(6^ + X,)(c»+A,)"T"(g» + X,)(6» + X,)(c»+X,)j"- ^Oj 

Write for brevity 



the Gaussian equation 
leads then to 



Li = -v/(g^ + A,) {¥ + A,) ((T* + A,), 
^ = V(a* + Xj) (6^ + X,) (C-' + X,) ; 

fi = 



(7) 



=F i ^^^^ = 0, (8) 



the differential equations of the problem. 

For the element of length on the sphere equations (2) give 

fl» = dS^= IT- sin^ VdU^ -f R'dV. (9) 

n^ = leads to the differential equations 

and from this follows by integration 

U± i log cot ^ F= const. (10) 

If we find one integral of (8), in the form 

P + i C = const., 




-.*■ .' 
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the problem will be solved by. equating U to the real, and i log cot ^ F to the 
imaginary part of 

f being an arbitrary functional symbol and P + iQ being the argument of the 
function, all operations having to be performed upon this complex-quantity as a 
whole and not upon its components. 

The first thing to be done is, of course, to so transform (8) that an integration 
may be performed. To this end, observe that the parameters X^ and Ag ^re 

limited by the relations 

- ^2 > X, > - b\ 

so that we can express X^ in terms of a new variable d as 



_ h^ (a^ - c^) cos^ + c"^ (a« - b^) sin" 



Xi = - 



or agam, writing 



{a" - c') eos'^ -j- {a^ - b') sin* 6 



x, = - 



6' + e» (0* 



From these we have the relations 



_ (g' - b') + (g' - c^ o.» r 

a^+K = rmi '^~ J 



l + «0^ 



'^ + X, ^ - -i:p;;;r » 



Xi=- 



&» + g* 0)' 



— (<>' - C») 2 cudu) 
"'^> ~ (1 + a.»)« 



These substitutions made in P give after simple reductions 






^h' -f c^ui* 



For the transformation back to the variable Q observe that we have 



^ + ^,^2 = 



doi — 



1 + 0)2 



b^ (ga __ ^2) _ ^2 (^2 _ gg) sip2 ^ ^ 

(a^ - (?) cos* ^ ' 

|/^3 sec^ e de, 

(a* - c*) cos* e 
(a} -<?)- {b^ - c*) sin* ^ ' 



V(a* - ^') + (a' - c*) 01* = 



' • 

C08& ' 



(11) 



(12) 
(13) 



(14) 



(15) 



(16) 
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multiplication of the last three of these gives 

2 Va' - c' cos e dO 



(a-i - c^) - {b' - c^) sin* $ 

The result of substituting in P these values is 



/ 






The quantity 



a*— c 



occurs in both numerator and denominator of the differential expression ; in the 

3 

numerator occurs also the factor ~ ; for a^ = J^, 

for c^ = b^, this is = ; so that the value of 

lies always between the limits and 1. 
Write then 

-^ = sin^ a, -^ • ^a— 2 = ^, ^2ir? = 1^ sin^ a, (18) 

and P takes the form 

sin a Aa /^ A^ dB 



COS a J 1 — Z:*^ sin* a sin* d ^ ^ 



Since 



Aa= /^!ZI! and cos a = /^l^' . 

If we call c the eccentricity of the section of the ellipsoid made by the plane 
xy, it is clear that 

a = cos-^ €. (20) 

The above value for P can also be written in the form 

P = tan a Aa J ^ - ^ sm a cos a Aa J (i _ k^ gin^ « sin* B) AS ' \^^) 
Introducing elliptic functions by means of the equations 

/dO I da. 
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(21) becomes P = tn a dn a . t - J i^,^^,^^asuU (^2) 

The quantity under the integral sign is (Cayley's Elliptic Functions, page 15) 
the elliptic integral of the third kind, or n (^ , a) ; but introducing Jacobi's 
functions Z and © by the relation 

n(^«) = ^Z« + Jlog||^, (23) 

we are enabled to write immediately 

P=[tnadna-Z«]^-ilog||^, (24) 

or, writing log gZttnadno-^a]* — iQg g2»«^ 

^ = i log If^ • ^- (25) 

For the value of w observe (Cayley's Elliptic Functions, page 157) that 

U{u + K) = Q (u) |/| en Uy 
and further that 

d . sn « dii u - 

~ IZ log cn u = — -— — = tn u dn u 

au o en u 

and d ^r \ — ®'(^) — rw r \ 

^^iogeoo = eoo = z(«). 

We have then 

d 
— ^ log H (a + JT) = tn « dn M — Z (u) . 

The functions © and H expressed in terms of the y-functions are 

e (j^A = 1 — 2 y cos 2 T + 2 y* cos 4 T — 2 ^ cos 6 T + . . . 

H (^^) = 2 ^/y {sin r - (f sin 3 r + /sin 5 T - y^^sin 7 r + . . . . 

or, writing — f = t, these may be expressed as 

(^) = e (}^A = 1 + 2 S (- 1)V cos 2jr 

H (/) = H (^-^f) = 2 1?^ S (- 1)^-^ s^^^-^> sin {2j- 1) f, 

and consequently 

© ft + g) _ 1 -f 2 S (- ly ^ cos 2^' (^ + gp 

© ft - a) ~ 1 4- 2 2 (- ly ^^* cos 2j {p - a') 
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and H (a + iT) = 2 y'^ t q^^^-'' cos (2/ - 1) a\ 

where 

Since 

we have for w the value 

■K 2(2^-1) .?'■'■'-" sin (27-1) a' 



a 


2^" 


da ' 


TT d 

'~2K da 



2K :L ^/*^ -*» COS (2^ - 1) a' 

The complete value of P is now 

^ — 2 1^{? '^0 (^ -f a) ' ^^P- K 2 ^•^>-^' cos (2y -•!) a' ) ' 

exp. u standing for e?". 

If, instead of the quantities t and a, their complements are introduced as 

K— t = ti y K — a = tti 

and also 

am {fi) = ^1 , am (cr^) = ai , 

then the integral expression for P becomes 



sin aAa r £^Bd\ 

cos tt ^ 1 -- k^ sin*'* 



a sin^ ^ 



cos a, Aa, /• r/^, 

Now 

rf^, _ ^ ri -f //^ siu ^ g^ sin^ on , 

A^i (1 -Ic' sin^ a~sin^^,) ~ A^ Lf- ^- sin^ a, siu^ ^ J ' 

and therefore, by changing the order of integration and dropping a useless 

constant, 

dO, 



cos a^^a^ C^^^\ \ T> ' A C 



(1 - ^'•'^ sin^ a^ sin-' ^,) 



_ rf log H (g,) <=>(^ + ff,) 

If we introduce an imaginary argument and the complementary modulus, this 
expression takes another form rather more convenient for computation. We 
have (Cayley's Elliptic Functions, page 151) 
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or agam 



and 

now. defining *r, as 

it i.s obvious that 



A 
H (ri) = - I 1 trVk- H (i« . *') ; 



'^1 = ,/,,; log II (ia,J:), 



'^ = "" 'VSr + '■« ^= ;/^, ^^« "(^1^- 



Now, introducing the jp-functions, 

H (iVi, , ^') = 2 ^ q j.sin Wi — ^'i sin 3 ia\ + ^rj sin b ia\ . . .] 
and therefore, introducing exponentials. 



'^1 2 A^ 



5(«l>^-i(i'./- 1)7,' >-'[^-^-»"» 4- 



►- 'S-r - I •! 



] 



N (_ ly-l y/V-J [^--f-l"l _^ 27-1", J 



where Wi = -— r'^ . The function P has already Ijeen determined as 



2 A 



P = 



I/'/, - i log (7-(^— ^;^ ^ 



and can now be written as 



P = i^A - 1 lo 



H (A"- i{f, + a,),lc) 
o H (A'' - i{t^-n^),k) 



The logarithm of this ratio of conjugate H-functions is given by 



1 log N^7^l.[^:r>-1 



<• 1 — «1 » ^— 2> — I \ti — *»| 



■]' 



where /, = 



P 



The final form of P is then 






2 y' ^ ~ *' [^' *^ ~ ^ ' "«' *">'' + 



,_.2>-Mf,' 4.n,' 



] 



By interchanging A| into Xg the integral expression for P becomes 

The quantities k.a do not depend on either X, or Xo. and in consequence are 
unaltered by this change; the snme is, of coui*se. true of the constants a, a', tr, 
which are functions of X- , a and other constants. The only quantity which can 
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vary is t, and this, on account of the prescribed limits of Xj, will become a piure 
imaginary, say 

t = i{K' + T)^ 

then 6 = am i {K' + r) ; 

now s^'^'(^' + ^) = F^i7T; 



and 



but 



1 sn (r , /cQ 

sn(er,^-)-^^^-(7^ ttn(r,^); 

(a^ + A.)' ^-^ 1 



A;-^ sn-* t ~ a^ (6^ -f A^) A:^ sn'-^ i (^ + r) ' 



therefore 



6^ («-^ + A^) 



iv?{r,k') = - sn^ (it) = ^.i(^._;^) • 
Writing i/r = am (r , ^') , 

we derive cos^ xj, = (^^5^7-^ , sm- xji = (^^^"^ 

and, for the complementary modulus k\ 

^ — i^ (a^ _ C-) ' 

(a' -\- X ) c* 

from which follow k'^ sin'"^ \b = 7-2 — -k-r 



and A{4,,k') = \'\ - F sin^ ^ = V''?^^4^ • 

Now, since P = ^i•/ + log |/^(L±^ 

and Q ^= - Pj - 

it follows at once that 

Q-tv{K ■^n)-T^ log « (i ^, + ,v _ a) ' 

therefore q = w{K' ^r)- \ log ^-J^^^J) ' 

or, dropping the constant ic K', 

_ _ _ J 2(- ly- y-^-" cos (2y-l) a' [e''>-»^ - e-'«>-'i^] 
— WT tan 2(_ ly-iy-o-ip si,, (2^-1) a' [e'-'-'"' + «-i«>-«t''] ' 
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where a — tt^, t — 



2K' ' 2K 
On transforming Q to the complementary argument a^ it becomes 

1 H(jr-a, + tV) 



or finally 



- ^1^ - 2i ^^g (r - m, , A/) ' 

_ ^ _^ S ( ~ ly- V sin 2 J T^ [e^-^"^' - g-»-^°t'] 

V — ^1^ "" *^^ 1^2 (- ly y'' cos 2i t' [e»>"»' - c-*-'-''] 



We have said that it is only necessary, in order to solve the proposed prob- 
lem in the most general manner, to place U equal to the real and i log cot ^ F to 
the imaginary part of 

f{P + iQ), 

where / is an arbitrary functional symbol ; this is the same thing as writing 

U+i log cot \ V=f{F + iQ), 

U— i log cot i V=/{P - iQ). 
Suppose that we take 

then follow 

V=cof' e"^; 

by the first of these relations all curves which depend only upon t are projected 
into curves depending only upon IT, the longitude ; that is, all the curves de- 
pending upon t are projected into meridians;" but 



t 






and ^ is a function of Ai only, so that t is a function of X^, and the curves which 
depend upon ^are the lines of curvature cut out of the ellipsoid by the hyper- 
boloid of two nappes ; these lines of curvature are then projected upon the 
sphere in the meridians, and in like manner the equation 

r=cot-^ ^<? 

shows that the second system of lines of curvature is projected in the parallels 
of latitude. 

If the sphere be projected into the plane ^rf by the relations 

(U+i log cot ^ V) = log (^ + ir,) 
(U-i log cot} F)=log(^-eT,), 
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all of the parallels will be projected in concentric circles, and all of the meridians 
in straight lines passing through the centre of the circles (the stereographic pro- 
jection). Now, if we introduce polar co-ordinates (p, <^) by the formulae 



we have 

but 

and 



therefore 



^ = p cos (f> , 7] ^= p sin (f>j 

e + rt = p'; 

log (^ + in) + log (^ - iyj) = log (f + rj') = log p» 

log (£ + ir,) - log (^ - ir,) = log co! ^ - \ Tn 4, = 2 »<^ J 

U = log p, 

r=cot-' ^; 



but 



consequently 



U=P, 

F=cot-^<?^, 



p = e^ = ^-' i/^ALt^ , 

^ = ^ _ ee^i + - log H (« ^ ,v) • 

We have in this case the lines of curvature on the ellipsoid arising from its inter- 
sections with the hyperboloid of two nappes projected on the plane in straight 
lines passing througli the origin of co-ordinates ; the remaining system of lines 
of curvature being projected in concentric circles whose common centre is at the 
origin of co-ordinates. If the ellipsoid be one of revolution around the axis of 2:, 
then result 

TT 

= t = t\ a = a = a',?(^ = tan a , 



• = ^ = /! c-^ = i«g t^" H90°+ 'A) 






and ^^, , ^_^, J = sin Jr. 

For the position of the point z, y^ z^ when projected on the sphere, we have 

?/= tan a . ^, 

F= tan a . log tan \ (90° + ^) + tan~^ [cot a sin <^], 




"s '^ J 



^ .'-.«# .*' TiH'ii r 









-=r . 4.' 



• '■»* .*.' 



T — 



T.- T.- -•' ••• 



y o 



* ' • • 



.1 = 









*• 



,- "f 



• • 



• t 



« . - ^ 



^ '-•* 



•»-—-♦ 



' ■- 



: «"* !". . f- ■• 



,/»•--■• - u*'»--Tu;it-'. . " 



•f 



". 1 — ■ • ; 1 :_ -* r. * ' 
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Craig : Orihomorphic Projection of an Elliiysoid upon a Sphere. 125 

now , V _ ^^ - ^' 2 I \ — («^ - h'^ sin^ i/r 

a" -T Kx — -^ — > a^ -T ^2 — ^ y 

„ , (a* — h!^) sin' a sin* ^ 12 i v (^* "~ ^^) ^in* a cos* i/r 

i + Aj — -^ J *^ + A2 — -j^ y 

_ , ^ (^* - c*) sin* a cos* ^ „ , ^ (a* - r*) sin* a A* (,/r , A/) 

e?' + Ai = ^^ ? e?^ + Ag = ^ > 

where i?, = 1 — P sin^ a sin^ 6, 

i?2 ~ sin^ a + cos^ a sin^ ^, 

or, introducing the notation of elliptic functions, 

= am t y iff = am (r , k') , 

i?i = 1 — sn^ a sn^ /, 

2)2 = 1 — sn- a sn^ (t , ^') , 
and 

^ + x, = "^, ,' + >, = '°'-*y-'^ , . 

(g^ ~ <;-^) 2 _L_ \ — (g* -- c*) sn* a dn* (r , A/) 

c" + Ai = — ^ — sn^ a en** t, c^ + Ag = ]^— : • 

Observing now the relations 

a*-^>* __ (gg - ftg) ftg _ gg A*a (g* - c^ (^ _ a" kf^ 

a^ _ ^-2 — A a , //i _ c* ^ "~F" ' Z»* - c* "" A*a . k^ ' 

and substituting in these dn a for A a, w^e are enabled to write x, y, i?, in the 

forms 

X = Gi . dn- a sn (r , //), 

y =• Gi . dn^ a sn^ a sn ^ en (t , A') , 

z = G^ . It sn^ a en ^ dn (r , A') , 
where 

G = -^ _^ _ . 

1 dn g V(l - >k^"sn g sn ^) (sn* a -f "en* g sn*) (t , k') ^ 

the a in the numerator of course denotes the semi-axis major of the ellipsoid. 
The angle a has been defined by 

sm a — ^ > 

from this 

b^ = a^ sin^ a , 
and we also obtain quite readily 

g* Jc^ sin* a 
^ __ • 

C — Ta > 



.^•:- < * A 



"/• ••» '^l*' 



_ ;-' '. rr^j* 



z:.! 



«A' 



• -^^ • * 
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where n — ^ 

^3 — 



The angle i/r is here the longitude and 6^ the excentric anomaly of the meridians. 
The rectangular co-ordinates ^, 17, ^, can of course be given in terms of {ty a, r) 
or (^1, fli, r) by means of the relations 

i = Ji cos U sin F, 
7)= B s'm U sin F, 
^ - i? cos F; 

in terms of P and ^ these become 

^ J? cos P 

f — 



V 



C = 



B sin r 
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On the Calculation of the Generatins pHnctions and Tahles 

of Grofihiljonnyf Jar Binary Quantics. 



By F. Fr^xklix, 



The object of thi« paper i« to give an account of the method:?, due to Profes- 
sors Cayley and Sylvester, of calculating the generatinjr functions pertaininj^ to 
hinarv' quantics and thence determining the number of fundamental invaiiants 
and covarianLs of any order and degree. As it will not wry greatly increase 
the length of the paper. I shall endeavor, besides giving the procesfi?es of calcu- 
lation, to present a connecteil view, though not a complete discussion, of the 
subject. It seems desirable to make s<jmt' remarks at the outset on the terms 
employed, though these are. for the most part, well understood. 

The d^yree of any function is its degree in the coefficients of the quantic, the 
order is its degree in the variables. Tlie term c/van'aitl will l)e regarded, when- 
ever convenient, as includinir invariants, the latter beins: eovariants of the order 
zero. A dlff'ereiUiaHt is a symmetric function of the differences of the roots; since 
the s^jurce of any covariant ( the coefficient of the highest power of jr in the co- 
variant, is a differentiant. and since the covariant is completely determined by 
ifi* s/>urce. the discoverv of covariants is retluced to that of diiferentiants. A 
fjrfpm\fjff/rrii is an irreducible or fundamental invariant or covariant, i. e. one that 
is not a rational integral function of invariants and covariants> of lower degrees 
and orders. 

The symbol ixr : i .j) is employed to denote the number of ways in which the 
number <r can be composed as the sum of j of the number? U, 1 ,2, .... i 
(repetitions being allowed ) : or, in other words, the number of ways in which tc 
can U: composed of ^' or fewer positive integers none greater than i. Putting 
y = ij — 'lir. it will often be convenient to write ( i .j : g) instead of the above 
svmbol. so that we have 

( If : i J) = { i J : ij — 2ic); {i J : g) = [j-^ : » Jj • 
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Single Qu antics. 

For simplicity, we shall first consider exclusively the case of a single quantic. 
The methods are all based upon the following fundamental theorem : 

The number of linearly hidependent differerdiants of tJie weiglU w and degree j, belong- 
ing to a qtiantic of the order i, is {w :i yj) — {w — l:i J). We shall use A{w : i ,j) 
to denote (w :i,j) — {w — 1 : i ^j), 

A difFerentiant of weight w and degree y, belonging to a quantic of order i, is 
the source of a covariant whose order is ij — 2wy say g ; so that the above theorem 
may be thus stated : 

The number of linearly independent covarianis of the order g and degree J, belonging to 
a quantic of the order i, is (i yj - g) — {ijj '-g '\- 2). We shall use A(iyj : g) to 
denote {i J : g) — (i J:g + 2). 

{w : i J) is the coefficient of c^z^ in the development of 

(I _ c) (1 - cz) (1 - cz2) (1 - C2^) (^) 

in ascending powers of c ; or, putting 2 = ar^, c = ax\ we may say that {w : i yj), 
= (i ,j : g)y is the coefficient of a^oif in the development of 

1 

(1 - ax') (1 - ox'-*) .... (1 - aa;-' + *) (1 - ax'') 

in ascending powers of a ; 

hence A(i ,j : g) is the coefficient of a^oif in the development of 

l~a;-« 

(1 - ax*) (1 - ax*-^) (1 - ax-'-^^) (1 - ax'') 

in ascending powers of a. 

From (1) is also deduced Euler's theorem that (w -iyj) is the coefficient of 2 
in the development of 

(1 - 2) (1 - z') (1 - ^^^ ' 

so thatw^(tc? : i^j) is the coefficient of a;"' in the development of 



(2) 



(3) 



(4) 



(1 - 2-) (1 - z') 



(5) 



The fraction (3) is a generating function in which the coefficient of a^7f is 
the number of linearly independent covariants of the degree ^ and order gr, to a 
quantic of the order i ; but it is far from being well adapted to calculation, and 
moreover furnishes no means of determining tJie complete system of groundforms of 
the quantic. Before describing the methods of constructing generating functions 
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which do serve this important purpose, it will be well to make some remarks 
upon the connection between the detennination of the groundfomis and that of 
the number of linearly independent covariant^j of a given degree and order. 

Imnisaffe. 

To begin with an example : Suppose we have found that the quintic has one 
irreducible invariant of each of the degrees 4 , 8 , 12, and no other irreducible 
invariant of a degree lower than IG ; and let it be proposed to find the number 
of irreducible invariants of the degrees 10 and 18. We can find by actually 
considering the partitions, or otherwise, that A(5,1G:0) = 4; hence there 
are four linearly independent invariants of degree 16. Now, precisely four in- 
variants of degree 16 can be fonned from the lower irreducible invariants (which 
latter we may denote as (4.0), (8.0) and (12.0)), namely, (4.0)*, (4.0)^(8.0) ,(4.0) 
(12.0) and (8.0)^; hence, unless we suppose the previously found irreducible 
invariants to be connected by a syzygetic relation of degree 16, we conclude 
that there is no new — i.e. no irreducible — invariant of degree 16. Also 
A(5,18:0) = l, so that there is one invariant of degree 18; and since no 
invariant of that degree can be formed from the lower invariants, we know that 
there is an irreducible invariant of degree 18. We should have made the same 
inference if A (5 , 18 : 0) had not been 1, but had exceeded by 1 the number of 
ways in which invariants of degree 18 could be formed from lower irreducible 
invariants, provided we assumed, as before, that those lower invariants were not 
connected by any syzygetic relation of the degree in question. Again, keeping 
to the example of the quintic, suppose we have found that there is one irre- 
ducible covariant of each of the foUow^ing types : 

(4.0) , (8.0) , (5.1) , (7.1) , (2.2) , (6.2) , (8.2) , (3.3) , (5.3) , (9.3) , (4.4) , (6.4) 

where (m . n) represents a covariant of degorder (m . n), and that there are no 
other irreducible covariants whose degree is less than 10 and order not greater 
than 4 ; and let it be proposed to find the number of irreducible covafiants of 
degree 10, order 4. We find A (5 , 10 : 4) = 3, so that there are three finearly 
independent covariants of degorder (10.4); and covariants of this degorder can 
be formed by compounding lower irreducibles in the following four ways: 

(4.0) (6.4) , (5.1) (5.3) , (7.1) (3.3) , (2.2) (8.2). 

In this case, then, the number of compound forms exceeds by 1 the total number 
of linearly independent forms of the type in question, (10.4) ; hence there must 
be at least one syzygy of degorder (10.4) connecting the lower groundforms: 
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but we are not compelled to assume that mare than one such syzygy exists; and 
assuming that the one necessary syzygy is the onl^ one, we conclude that the 
three linearly independent covariants of degorder (10.4) are compounded ones, 
and that there is no ground form of that order. 

Stated in general terms, th^e matter stands as follows: By means of the 
fundamental theorem,* we can ascertain the number (say a) of Unearly independent 
covariants of degree j and order g ; suppose now that we also know the number 
of irreducible covariants of every type whose degree is below j and whose order is 
not higher than g ; and suppose there are ^ ways of producing a covariant of the 
given type (degorder (^ .g^) ) by multiplying together these irreducible covariants. 
Then, if )8 is less than a, there are evidently at least a — ^ irreducible covariants 
of the given type ; if )8 is equal to or greater than a, there may not be any irre- 
ducible covariants of the given tj^pe. In fact, if the ^ possible compound forms 
of the type are linearly independent, there remain a — fi forms which are not 
compounds, i. e. which are groundforms; if )8 is greater than a, the fi forms can 
not aU be linearly independent; but a of them may be independent, and if they 
are, no uncompounded forms of the type remain. We assume (in the absence of 
demonstration, but with the support of very strong inductive evidence) that there 
never are groundforms and syzygies of one and the same degorder. Granting 
this fundamental postulate, the number of groundforitis of the type considered is 
a — )8ifa>)8; ifa<)8 the number is zero. Thus, if the numbers of linearly 
independent covariants of every degree up to j and of every order up to g be 
known, the numbers of the groundforms within the same limits are obtained by a 
process which Professor Sylvester calls tamisage^ and of which it may be desirable 
to give an example. 

Take the case of the octavic ; the numbers of linearly independent forms of 
all degrees to the 7th and of all orders to the 8th are shown in the first of the 
following tables; the numbers of groundforms within the same limits are shown 
in the second table. The second table is deduced from the first as follows : We 
proceed regularly down the successive columns, writing in the corresponding places 
of the second table the number of groundforms of each type. Thus, (2.0) and (3.0) 
are groundforms, there being no lower forms out of which they can be compounded; 
one (4.0) can be produced by multiplying (2.0) by itself, so that the number of 
groundforms of this type is 2 — 1 = 1; (2.0) (3.0) giving (5.0), we have again 
2 — 1 = 1; (2.0)^ , (2.0) (4.0), and (3.0)2 ^^^^j^ gj^.^ ^^^ (g q^^ g^ ^|jj^|. ^j^^ number 

of groundforms of this type is 4-3 = 1; (2.0)^ (3.0) , (2.0) (5.0) , (3.0) (4.0) 

* Which, it is to be remembered, has been rigorously demonstrated by Professor Sylvester. See Borchardt's 
Journal, Vol. LXXXV. (1878), p. 104, and Philos. Mag., Vol. V. (1878), p. 178. 
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each giving (7.0), we have 4 — 3 = 1 groundform of this type. We then proceed 
to the next column, deducting, aa before, from each number in the first table the 
number of compound forms of tiie corresponding type that can be produced by 
the previously found groundiorms ; so that at any stage of the process we know 
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the number of linearly independent forms of a certain type and the number of 
groundforms of all lower types. Thus, suppose we have determined all the num- 
bers in the second table except the last one, this is found aa follows : 

(2.0) , (2.0)= , (2.0)« , (2.0 J (3.0) , (2.0) (4.0) , (3.0) , (3.0)= , (4.0) , (5.0) , (6.0) 
combined respectively with 

(5.8) ,(3.8) ,(1.8) , (2.8) , (1.8) , (4.8), (1.8) ,(3.8) ,(2.8) ,(1.8) 

give 10 forms of the type (7.8), there being one groundform of each of the types 
above employed; (3.0)i(2.4)= and (2.0) (2.4) (3.4) likewise give 2; while the 
groundform (2.4) combined with each of the two groundforms (5.4), and the 
groundform (3.4) combined with each of the two groundforms (4.4) give in 
all 4 forms of the type (7.8). Thu.", the total number of compound forma is 
10 + 2 + 4 = 16, and 16 being also the number of linearly independent forme, 
we see that there are no groundforms of the type in question. 

This process of tamiaage is evidently very long and tedious, the above ex- 
ample being of the simplest, and the labor plainly becoming greater at every 
step ; moreover, however far we may carry the process we have no assurance 
that there are no groundforms beyond : the series representing the numbers of 
linearly independent forms being evidently infinite in extent. With the gen- 
erating functions we are about to consider, the labor of tamisage is very greatly 
abridged, and, what is of essential importance, the field in which it has to be 
applied is finite. 
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Silvester's First Method, 
The above '^ cnideform'' (3) of the generating function is 



<l>{x) 



(1 - ax') (1 - ax'-^) (1 - aa:-' + «) (1 - ax"') ' 

consider the decomposition of this into partial fractions, with reference to x. 
To any factor 1 — ax^ of the denominator, X being positive, will correspond X 
partial fractions of the form 



i 9 

1 — pa^'x 



where ^ is a function of a, and p a Xth root of unity ; these X fractions added 
together will give a fraction of the form 

An -f- AiX -f- AsX^ -!-•..• + Aj^_iX^^^ 



1 — ax^ 



expanding which in ascending powers of a, we get also ascending powers of x, 
beginning with the 0th power. But to any factor 1 — ax~^ will correspond X 
partial fractions of the form 



A 9 

X — fa^ 

the sum of these X fractions is of the fonn 

A^ -f- A^x + A.a^^ + . . . . -f Aj.^-iX^"'^ 



1. e. 



^ 1 — ax-^ 



9 



and this, when expanded in ascending powers of a, gives only negative powers 
of X, which are irrelevant to the question in hand. We can therefore obtain a 
generating function whose development shall coincide with that of <f}{x) as far 
as the terms containing non-negative powers of x are concerned, by calculating 
the partial fractions corresponding to those factors of the denominator of <f>{x) 
in which the exponent of x is positive, and taking the sum of these partial 
fractions. 

The fraction corresponding to 1 — ax^ is, as before stated, 

Z 1 9 

1 — pa^x 

where p is to be successively every Xth root of unity. Denoting by (f>K{x) what 

6(x) becomes when the factor 1 — ax^ is struck out of the denominator, and 

"I 

writing a for pa^j it is seen at once that the value of A is j^<f>J[ar ^) ; i. e. 
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\A = 



l-«« 




(1 «-'+^) (1 «-«-^«-^^) (1 a-^ (1 «^)... 

<-A t-A+S 

^ a « • « (1 _ a») 


. (1 «'+^) 


\ } n — «»-M n — ..•-2-'^^ n — »^\ n — n*\ 


n «<+A^ 






Any factor 1 — a"* of this denominator is a divisor of 1 — a^, where \k is the 
least common multiple of m and X, giving a quotient 1 + a"* + a^ +....; 
multiplying numerator and denominator by the like quotients for all the factors, 
the denominator becomes a product of factors of the form 1 — a^', and the 
numerator alone involves a. Thus we have 



s 



Cq -\- Cia + c^oL + . . . . 



1 - ax ~ X (1 - ace) (1 - a^) (1 - a*') 

and hence 



A 



_ 1 ^ 2 (cb + Cia + Csja* 4- ) (1 + ax + aV + • . . . + a^~*aj^- *) 



^ 1 - ax A. (1 - ax^) (1 - aO (!-«*') 

It only remains to collect those terms of the numerator in which the exponent 

of a is a multiple of X (the others disappearing in the smnmation), and we have 

^ A 

expressed in the form 



aX 

Lq + LiX -[-....+ Xv _iX^"* 



(1 - ax^) (1 - a*) (1 - a*') 

The sum of the several fractions obtained in this way is evidently of the form 

C/q -f" C/jX -j~ GjX -p . . . • 
(1 - ax') (1 - ax'-2) (1 -^'Hl -a*') ^ 

where, it may be remarked in passing, the numerator is of lower degree in x 
than the denominator. This fraction, written in its lowest terms,* is called the 
reduced f ami of the generating function. 

Representative Form of the Generating Function. 

In general the reduced form does not serve directly for obtaining the numbers 
of the groundforms. It would serve this purpose — as we shall presently 
show — if the factors of the denominator all corresponded to groundforms, i. e. 
if to each factor 1 — dJ'x'' (where s may be 0) in the denominator there corre- 

• Not always strictly in its lowest terms, but in the lowest fonn having only factors of the types 1 — a", 
1 — a^'x* in the denominator. 
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sponded a groundform of degorder (r . s) ; and in this case the factors of the 
denominator are said to be representative. If this is not the case, we multiply 
nmnerator and denominator by such factors as will make the denominator a 
product of representative factors exclusively ; such factors exist for all the 
quantics whose generating functions have been calculated, with the exception 
of the septimic, in which there is one factor in the denominator which cannot be 
converted into a representative one. Nor is it diflficult to find these factors. 
Those containing x are disposed of at once ; for 1 — ax* represents the quantic 
itself, and there being no other covariant of the first degree, the factors 

1 — ax*""^, 1 — ox*""*, etc. are not representative; but since every quantic has 
a series of covariants (obviously irreducible) of the second degree and of orders 

2 (i — 2), 2 (i — 4), etc. the factors 1 — ox*"^, 1 — ax*~*, etc. will be converted 
into representative ones by multiplication by 1 + ox*"*, 1 + a:r*~*, etc. As to 
any factor 1 — a** independent of x, it is easy to infer from the generating 
function itself whether it Ls representative or not, i. e. whether there is or is not 
an irreducible invariant of the degree r ; * and if not, we have to find whether 
there is one of a degree that is a multiple of r, say mr; in which case we 

multiply numerator and denominator by -*_ r - F^r all the iquantics that have 

been considered (with the single exception above mentioned), it is found that 
the non-representative factors become representative on merely doubting the 
exponent — When these multiplications have been performed, so that every 
factor in the denominator is representative, the generating function is said to 
be in the representative forniA 

Mode of oUairdng the Talk of Groundforms. 

We shall now show that wh6n the generating function is in a representative 
form, the groundforms consist of those represented by the factors of the denomi- 
nator, together with those obtained by tamisage (with a certain modification) 
upon the numerator. 

Let X = ^rrij gO^T^y where nijg is the number of linearly independent co- 
variants of degorder {j . g). Then if there be a covariant, say F, of degorder 
(r . s)y the number of linearly independent covariants of degorder [j . g) in which 

• If a factor is repeated, it must represent a distinct groundform each time ; e. g. if tbe denominator con- 
tains (1 — a^Y it is not representative unless there are at least two irreducible invariants of the degree 6. 

t Or, rather, a representative form. Others may be obtained by multiplying numerator and denominator 
by representative factors. 
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F enters as a factor is evidently exactly equal to the whole number of linearly 
independent covariants of degorder {j — r.g — s), i. e. equal to the coefficient 
of a^3f in a^'oc'L, Hence the excess of the whole number of linearly independent 
covariants of degorder {j . g) over the number of such covariants in which V 
enters as a factor is the coefficient of a^sfi in (1 — a^of) L, It follows hence that 
if F is a groundform, tlie other ground forms can be got by tamisage from 
(1 — aV) X, just as all the groundforms would be got from L. 
' In extending this result, so that we may be enabled to multiply L by more 
than one factor of the form 1 — a^7f^ it is necessary to appeal to the funda- 
mental postulate, that if there are syzygies of any given degorder, there are no 
groundforms of that degorder (p. 131, 1. 17). Consider the linearly independent 
covariants of degorder {j . g) ; suppose that the groundforms of the quantic are 
not connected by any syzygies of this degorder; and imagine these covariants 
distributed, with reference to any k groundforms Fj , F^ , T^ . . . . Fi, of 
degorder^ {r^ . s^) , {r^ . s^) , (^a . ^s) . . . . {r^ . s^) into classes, as follows : — 

nik covariants containing the product of all the kV's as a factor.* 

mu _ 1 " " any {k — 1) and only {k—\) F's. 



7W2 covariants containing two and only two F's. 
nil " " one " " one F. 

TWo " " no F 

Then it is easily seen that the coefficient of a^dcP 
in Z is rwo + mi + wig + mg + . . . . + nik 

* • 

V r .r .12 3 k 

m — 2^ax L is — j Wi — j mg — j mg — .... — \'^k 

V rA-r' »-^M'T • ^'^ I ^'^ I I k{k—l) 

m z.cc^''x*^*L IS . Y^m2+ 3^7723+....+ — j-g — m^ 

in - 2a'-+'-'+^V+''+'"Z is " O^ ^3 - .... - ^^^~i^V,s''^ rn, 

etc. etc. 

For the coefficient in L is the total number of linearly independent covariants 
of degorder {j . g) ; the coefficient in ^cCx*L is the number of linearly inde- 
pendent covariants which multiplied by any F give rise to a covariant of 

* Whether any V appears to the first or to a higher power is indifferent to this argument throughout. 
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degorder {j-g\ so that in this coefficient every such compounded covariant ia 
counted once for each distinct Fthat it contains; the coefficient in Za** + *" V + ''Z 
is the number of linearly independent covariants which multiplied by any two 
distinct F's give rise to a covariant of degorder {j . gr), so that in this coefficient 
every such compounded covariant is counted once for each distinct binary com- 
bination of the F's that it contains ; and so on. 

By addition of these results, we see that m© is the coefficient of a^:xf in 

X (1 - 2aV + 2a'-+'-V+'' - 2a'" + '^ + ^V + ''+'" + ) 

= Z (1 — a'-'x'*) (1 — a'*3f*) (1 — a^'^x'') (1 — a"*x**) ; 

i. e. if the groundforms of the quant ic are not connected hy any syzygies of the degorder 
{j.g\ the coefficient of a^xF in L{\ — a^^'x"') (1 — a^'^x'*) .... (1 — tf^x**) is the 
number of Unearhj independerd covariants of degorder {j . g) containing none of the ground- 
forms Fi , F2 , . . . . F^ . 

If there are syzygies of the degorder {j-g)^ we have to distinguish between 

two cases. (For brevity, we shall denote L{1 — a^'x!"') (1 — a''*x^) (1— «'**»**) 

by A.) 

1° Let us suppose that no syzygies existed among covariants of lower 
degorders which are raised to the degorder {j . g) by multiplication by ground- 
forms. Then the coefficient of a^xP in L has been diminished by what would be 
the number of covariants obtained by compounding with the F's if these com- 
pounds were linearly independent ; so that if they are not all linearly indepen- 
dent the diminution has been too great: in other words, the coefficient oi a^x? is 
either equal to or less than the number of linearly independent covariants of 
degorder {j . g) containing none of the F's. Now if we were to perform the 
operation of tamisage upon Z, the existence of syzygies of the degorder {j . g) 
would (according to the fundamental postulate) be indicated by the coefficient 
of a^7f being rendered negative by the operation. Likewise, if the coefficient 
oi a^x? were exactly equal to the number of linearly independent covariants of 
degorder {j .g) not containing the F's, it would be rendered negative by tamisage 
upon the coefficients in A ; and a fortiori the actual coefficient (which has just 
been proved to be less than if not equal to the above number) will be rendered 
negative. Hence in this first case tamisage upon A gives no groundforms of 
degorder (j-g\ which is correct; and, moreover, indicates the existence of 
syzygies of that degorder. 

2° Suppose that syzygies of the degorder {j . g) exist which are not ground- 
syzygies, but are obtained from lower syzygies through multiplication by 
groundforms or by combinations of groundforms. Then, from what has been 



138 Franklin : On the Calculation of the Generating Functions 

m 

said under 1**, the process of tamisage must have revealed these lower syzygies 
at their inception. We have, therefore, only to see whether {j . gr) is a degorder 
which cau be formed by composition of a degorder in which a syzygy has been 
found to occur, with the degorder of any groundform or combination of ground- 
forms (not excepting the V's)\ if it is, we infer, by the fundamental postulate, 
that no groundform of the degorder {j »g) exists. 



Let us now return to the representative generating function. This is of 

the form 

N_ 

(1 — a^^Tf^) (1 — a^'x*^) (1 — a^'Tf') 

(some of the «'s are 0) where the factors of the denominator correspond to ground- 
forms. The development of this fraction is identical with what we have above 
called X, so that N is identical with X (1 — a^'^af^) (1 — a^'^af*) .... (1 — a^'^af^). 
The foregoing discussion shows that the groundforms additional to those repre- 
sented in the denominator are to be found as follows : — 

Operate by tamisage upon the coefficients of N. 

a) If the coefficient of a^jf^ as reduced by tamisage, is a positive number 
or (and provided the coefficient is not rejected in virtue of 6)), this reduced 
coefficient is the number of groundforms of degorder (j.g)* and there are no 
syzygies of that degorder. 

6) If the coefficient of a^jf , as reduced by tamisage, is negative, there are 
syzygies and no groundforms of the degorder {j -g); moreover, there are syzy- 
gies and no groundforms in all higher degorders derivable from {j *g) by com- 
pounding ij-g) with the degorders of groundforms (the groundforms repre- 
sented in the denominator, as well as those found from the numerator), so that 
the coefficients corresponding to such higher degorders are to be rejected. 

The numerator being finite, the above operation of modified tamisage is 
finite, which is a matter of essential importance. The practical advantage in 
having to operate upon the numbers appearing in iV, which are of necessity 
very much smaller than those in the infinite series, is obvious. 

Constitution of the Generating Function as first obtained. 

We shall now go back and look more closely at the form of the generating 
function as primarily given by Sylvester's first method ; for an examination of 

* Additional, of course, to any of the same degorder that may be represented in the denominator. 
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this form gives rise to two other methods differing materially from the former 
and from each other. 

It will be best to mention, in the first place, a distinction between quantics 
of even and quantics of odd orders which has hitherto been passed over for the 
sake of uniformity. For even quantics the crude form, j>{x\ involves only even 
powers of ^, and may be treated as a function of a?^ v/hich of course greatly 
abridges the work. In examining the form of the generating function, we shall 
treat separately quantics of even and quantics of odd orders. 

Let us take, first, a quantic of even order, 2 w, so that 

1 — x~^ 

^ (^) ~ (1 - a«»") (1 - a^-'^) (1 - a) (1 - aa;-**+«) (1 - a«-«») 

1-u-^ 

~ (1 — aw") (1 — avT-^) (1 — a) (1 — au""^^) (1 — att"") * 

As before, we have to find the sum of the partial fractions corresponding to 
those factors of the denominator in which the exponent of u is positive. The 
fraction corresponding to 1 — a%^ is 

A 

V — : 



r"> 

1 — pa^u 



and we find, in the same manner as before, denoting pa^ by o^ that 

— A a (1 — a) 



x^ = (-)» 



(1 - o)«(l - a«)'(l -af (1 - a"-*)»(l - 0"-* + ') (1 - 0" + *) 

Here X is some number between 1 and n (both inclusive).. When X = n, the 
above denominator (after cancelling the factor 1 — a) is 

(1 - a«) (1 - cO . . . . (1 - a?— ») (1 - «=«), 

which is evidently contained iji 

(1 - c?f{\- c») (1 - a»»-») ; 

when X is less than n, Uie denominator (after cancellation of 1 — a) is 

(1 - a») (1 - a») (1 - o"+*) (1 - a) (1 - o«) (1 - a""*), 

and this is also contained in 

(l-a7(l-a») (l-a*»-»). 

For (1 - a«) (1 - a") (1 - a" + *) 

is contained in (1 — o?) (1 — a') . . » . (1 — a"+*) ; 
and (1 - o) (1 — a«) (1 - o—*), 
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being contained in (1 — a'* + ') (1 — a'* + ' + ^) (1 — a^**"^) 

and also in • (1 — a""") (1 — a'» + " + ^) (1 — a*'*"^), 

is contained in tlieir difference, and therefore in 

(1 - a^^) (1 - a» + ^^i) (1 - a^--% 

which is itself contained in (1 — a^) (1 — a""*"^"*"^) .... (1 — a^*""^). 

Thus we see that the partial fractions will have for a common denominator 
(1 - a7(l -c?){\-a^) (1 - a^"-^) (1 - ax") {\-ax^) (1 - a^"). 

It remains to notice the degree of the numerator in a and x. The degree in x is 
necessarily less by at least 2 (since only even powers appear) than the degree 
of the denominator, and therefore cannot exceed n(n+l) — 2. We shall 
show presently (see p. 141) that this is the exact degree. The degree in a must 

fall short of the degree of the denominator by 2 n + 1 exactly ; for in the 

A 
value of T-z — ^® notice that the degree in a of the numerator falls short of 

that of the denominator by ^ ' \^ , which difference remains unaltered, 

of course, in the subsequent operations ; now this difference of degree in a is 

-,.«, (n + A.) (n + X + 1) . 

equivalent to a dinerence of ^T ^^ ^? *"^ least value of which, as 

X takes the values 1, 2, .... n, is attained when X = n, and is 2 w + 1 : and 
since this minimum difference is reached oribj when X = n, the term involving 
the corresponding power of a cannot be destroyed. Hence the degree in a of 

the numerator is 2 + (2 + 3 + . . . . + (2 n — 1)) + n — (2 » + 1) = 2 n (n — 1). 

Secondly, take a quantic of odd order, 2 7i + 1,* so that 

1 — x"* 

^ (^) ~ (1 - ax^n + i) ^ _ ax2»-^) .... (1 - ax) (1 - axr"^) .... (1 - aa;-«- + ^) (1 — ox"*— ^") 

and 

tii-f l-A «n4-'3-A 

\ A — (_\ 5 ^ \\-^^ 

f^^ — \ ) (1 ~ a^Xl - a^^ ... (1 - a«» + *-^)Xl - a«* + «-^) (l-a»- + * + ^) ' 

where X is some odd number between 1 and 2 n + 1, both inclusive. When 
X = 2 n + 1, the above denominator (after cancellation of 1 — a^) is 

(1 - a*) (1 - a«) (1 - a*») (1 ~ a% 

which is contained in (1 — a^) (1 — a*) (1 — a®) .... (1 — a*"); 

* n not zero. What is here and in subsequent parts of the paper given concerning the form of the numera- 
tor docs not in general apply to the linear quantic. 
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when X is less than 2 n + 1, the denominator (after cancellation of 1 — a^) is 

(1 - a*) (1 - a«) .... (1 - a2»+^ + ^) (1 - a?) (1 - a*) .... (1 - a?-+'-') 

which (as can be seen in the same way as the corresponding case for even 
quantics) is also contained in 

(1 - a*) (1 - a*) (1 - a«) .... (1 - a*~). 

Hence the partial fractions will have for a common denominator 

(1 - a") (1 - a') (1 - a«) .... (1 - a*") {1 — ax) {1 - or") (1 - «ar»" + »). 

The degree in x of the numerator is necessarily less by at least 1 than that of the 
denominator, and the degree in a is seen (in the same manner as for even quan- 
tics) to be less by exactly 2n + 2 than that of the denominator. We shall 
immediately show that the degree in x falls short of the degree of the denomi- 
nator by exactly 2 ; hence the degree in ^ is (n + 1)^ — 2, and the degree in a 
is 4 n^ + n — 1. 

The proof that the degree in x of the numerator of the generating function 
is less by exactly 2 than that of the denominator applies to even and odd quantics 
alike, and is as follows. Denote the generating function obtained by 

(1 —ax') (1 — ax'-*) ' 

this was obtained by adding together those partial fractions which corresponded 
to the factors in the denominator of {f> (x) in which the exponent of x was posi- 
tive : hence it is easy to see that 

*P W ~ (1- ax') (!-««'"') (1-ax-') (l-asB-"-") ' 

i.e. l-a;-»=/(x)(l-aa;-')(l-ax-<'-^) . . . .-x-»/(ar»)(l-ac')(l-ax'-*).... 
Now the degree in x of 

^ V(^~') (1 - or*) (1 - or*-") 

is less by exactly 2 * than that of 

(1 - ax') (1 - aa;*-«) . . . , ; 
hence, in virtue of the above identity, the degree in x of 

fix) (1 - ax-') (1 - ax-"-«>) , 

• Siiice it is evident from the mode of formation that /(x), and consequently /(jr*), contains a .term 
independent of x. 
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i. e. of/ (x), must also be less by exactly 2 than that of 

(1 — ax') (1 — oj?-^) Q. E. D. 

The above results may be summed up as follows : That portion of the devel- 
opment of <^(x) which does not contain negative powers of x can be represented 
by a fraction, whose denominator for a quantic of order e = 2 n is 

(1 - a^ (1 - 0^) (1 -a') (1 - a2~-i) (1 - od^^ (1 - oi^) . . . . (1 - ax"^) 

and for a quantic of order i = 2 n + 1 is 

(1 - 0^) (1 - a') (1 - a«) (1 - a*~) {1 - ax) {\ - a7?) . . . . {\- a7?^ + ^). 

In both cases, the exponent of the highest power of x that appears in the numera- 
tor is less by 2 than the degree in x of the denominator, and the exponent of the 
highest power of a that appears in the numerator is less by i + 1 than the degree 
in a of the denominator. 

It is to be observed that we have not proved that the generating function 
with the denominator above named is in its lowest terms, or even in the lowest 
terms consistent with the denominator being a product of factors of the forms 
1 — a'", 1 — a*" ar* ; nor is it of any special importance whether the fraction is in 
its lowest terms or not. The difference between the degrees (in a and in x) of 
the numerator and denominator is of course unaltered by the introduction or 
suppression of common factors. As a matter of fact, it has been found that in 
the quantics of the orders 3, 5, 7, 9, 4, 8, a factor 1 — a^ in the denominator as 
above given can be suppressed, but that in the quantics of the orders 2, 6, 10, 
no factor explicitly appearing in the denominator as above given is a divisor of 
the numerator. 

Caykxfs Method. 
Instead of decomposing the crude generating function 

1 --QT^ 

^ (^) ~ (1 - ax') (1 - ax'-') (1 - ax-' + «) (l-oa;-') 

into partial fractions with respect to a, this method proceeds by decomposing 
into partial fractions with respect to a. There will, be simply i + 1 such partial 
fractions, corresponding to the t + 1 factors of the above denominator, these 
being linear in a. The fraction corresponding to 1 — ax^ (where X is any one 
of the numbers t, t — 2, . . . . , — t + 2, — i) is 
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1-a;- 



»+x— a »+x+4 



I + A - « 



X ' « (l_x') 



~ ( ^) (1-xO (l-a;*)....(l-x'-A) (l-x^^) (l-a;*)....(l-x«+^) * 1-aa^ ' 

Now this decomposition does not enable us to separate the crude fraction into 
two parts, such that the expansion of one shall involve 07ily negative powers of 
X and that of the other no negative powers of z ; for it is plain that the expan- 
sion (in ascending powers of a) of every one of the partial fractions of the above 
form contains an infinite series of positive powers of x. But we now know that 
if in these expansions we reject the negative powers of x, the sum of the re- 
maining portions is equal to a certain fraction whose denominator is known, and 
the degree in x and in a of whose numerator is also known. This required 
numerator is therefore identical with the product of the known denominator by 
the sum of those portions of the developments of the partial fractions which 
contain non-negative powers of x; hence we can obtain the numerator by 
developing each of the partial fractions in ascending powers of a and x, adding 
the results and multiplying the sum by the known denominator. And since this 
multiplier contains no negative powers of a or of Xy we need go no farther in the 
expansions of the partial fractions than the known limits of the degrees in a and 
X of the numerator. 

Thus, although the decomposition with respect to a introduces infinite series, 
we can, in virtue of our knowledge of the form of the result, arrive, by the use 
of finite portions of these series, at the same generating function as that obtained 
by Sylvester's method ; and the work is in general considerably shorter by the 
present method. We shall now examine more closely the limits within which 
the work is confined. 

Take, fii-st, a quantic of order i = 2 w. We have seen that the generating 
function will have for its denominator 

(1 - a'f (1 - a') {I- a') (1 - a^^'') (1 - ax") (1 - ax*) .... (1 - ax"^), 

and that its numerator will be of the degree q = n {n + 1) — - 2 in x and of the 

degree p =- 2 n{n — I) in a. Let /x be any one of the positive integers 1, 2, n. 

The partial fractions corresponding to 1 — ax^% 1 — a, 1 — ax""^'*, respectively, 
are 

( 1) ** (1 - x') (l-x') (1 - ar'--^^'*) (1 - X') {1-x') (1 - x^^ + ^m) * i . 



ax*** 



j,H — li n + Si /| yi\ -|^ 

(— 1)~-^ (1 - x') (l-x*) (1 -x-'") (1 - .r-)' (1 - xV (1 - x^") ' r^^' 
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r_1\n-M-l ^,-M~i)(«-^-f2)^|_3.a) 1 

» 

In the expansion of the first of the above expressions, the lowest exponent 
of a; Ls (w + /x — 1) (« + /x + 2), which is greater than q ; hence we reject all the 
partial fractions corresponding to those factors of the denominator of the crude 
fraction in which the exponent of x is positive. The expansion of the first factor 
of the second expression is 

( — 1)""* ^^rt-i)(n+2) ^ terms of higher degree in x ; 

accordingly, since {n — \) {n + 2) = gr, the portion of the expansion of the par- 
tial fraction corresponding to 1 — a which we have to take into account is 

(- l)**-^ a:^(l + a + a2 + + a^). 

With regard to the third expression (the partial fraction corresponding to 1 — aa;""^), 
we observe that the needed portion of the expansion of its second factor is 

1 + aa;-^'* + o^x""*'* -r + a^x'^^^j 

so that we must expand the first factor as far as the power a:^ + ^^'*, and multiply 
the result by the above series, rejecting in the product negative powers of x 
and also positive powers higher than q. Finally, we multiply the sum of the 
retained portions of all these expansions by the denominator 

(1 - a^f (1 - a^) (1 - a*) .... (1 - o^— ^) (1 -ax^)(\-ax') (1 - ax^") ; 

retaining in the product only powers of a not higher than j9 and powers of x not 
higher than </, we have the required numerator. 

For a quantic of odd order, i = 2 li + 1, we find in like manner that we have 
to take account only of the partial fractions corresponding to those factors of the 
denominator of the crude fraction in which the exponent of x is negative. The 
denominator of the required generating function is 

(1 - a-) (1 - a') (1 - a«) .... (1 - a*") (1 - ax) (1 - a;x?) . . . . (1- aa^^^ + ^j; 

the degrees of the numerator in a and x are p = 4 n^ + n — 1, j = (n + 1)^ — 2. 
The partial fraction corresponding to 1 — ax"^**"^ is 

we expand the first factor as far as the power a:« + (2^ + Dp^ g^j^^ multiply the result by 

1 + ax-^*'-^ + a^x-*'*-^ + + a''x-2^*-^ 
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Collecting the terms thus obtained for /x = 0, 1, 2, . . . . , n, we multiply the sum 
by the denominator above given ; the terms of the product withm the assigned 
limits of degree constitute the required numerator. 

In practice, we calculate the numerator only as far as the power jj or — 2~ 

(say p') of a ; a known symmetry enabling us to write the remaining half without 
calculation. The extent to which each of the expansions has to be carried is 
then given by putting jo' for jo in the preceding formulae ; and it is obvious that 
the abridgment of the work is very much more than half, even without taking 
account of the fact that the numerical coefficients in the expansions rapidly 
increase in magnitude. — The same symmetry would enable us to dispense with 
the calculation of half the powers of x instead of a, but it is plain that this would 
result in much less saving. 

The symmetry referred to is proved as follows : — 

Let the generating function for a quantic of order 2 n + 1 be 

__ . . Aq 4" AiX 4" • • • • 4" -^.tfc* 

F{X) = 



(1 -ax) (1- ax*) (1 - ax2- + ^) (1 - a«) (1- afi) 

and as before letp denote the highest power of a in the numerator. Then we 

have 

<l>{x) = F{x) - x-^F{- z) 
i. e. 

(1 — aj-'Xl — a*)(l — a^).... = (4, + ^ia;-f- .... + A^) (1 — ax-^) (1 — ax'^) (1 — aa;-*»-^) 

— x-^(Ao-^AiX-^ 4- . . ,.+ A^-^)(l--ax) (1 — ax«) .... (1 -aaj«" + >). 

It is to be noticed (see p. 142, 1. 9) that a + fi + . ..=2? + n+l, and that 
1 + 3 + . . . . + (2 71 + 1) = /jr + 2 ; let us denote the number of the factors 
1 — a*, 1 — a^, .... by A:. In the above identity, replace a by a"" ^ and x by 
x"^, and multiply both sides by (— l)'* + ^a'' + '*"^^a;~^; then, denoting by A\ 
what A^ becomes when in it a is changed into a"^ and the result multiplied by 
a^, the identity becomes 

(-l)^-^(l-x-^){l-a-)(l-^a^).,.,=(A'^ + A\x'^'-h,^.. + A',)(l-ax-'){^^ 

-x-'iA'^-^-^-A'iX-^^^-^-, . . .4-^',)(l-aa:)(l-ax«) .... (l-ax-"+*). 

Comparing this with the former identity, we see that 

A^ = ( 1)" Aq_^, 

or, in other words, the coefficients of a^x^ and a^~''x^~^ in the numerator of jP(x) 
are equal in absolute value, and have like or opposite signs throughout, ac- 
cording as n — A: is even or odd. 



146 Franklin: On the Calculation of the Generating Functions 

In like manner, we have for a quantic of order 2 n 

^ ^^^ ~ (1 - ox^ (1 -oxO (1 - ox*-) (1 - a*) (1 - o^) ' 

whence 

(l-x-«) (l-a«) (l-o^) . . . . = {A^-\-A^'\- .... +^^) (1-a) (l-aa;-«) (l-oaj-*) .... (l-oo;-*-) 

-x-2(^ + ^2a;-» + .... + ^"') (1-a) (1-ax^ (l-axO....(l-air*'). 

Denoting again by A\ what ^^ becomes when a is changed into a~^ and the 
result multiplied by a^, we derive as before 

(-1)- *(l-a;-«) (1-a*) (1-a^) . . . . = (^'o^c^ +^'2^^' + : . . . +A\) (1-a) (l-aaj-«) (l-oaj-^ .... (l-oaj**-) 

-x-X^'o^J-^+^'ja;-*"^'-}-. . . .+^'«)(l-a)(l-ax*)(l-ax*). . . .{l-ax^). 

By comparing these identities we find 

i. e. the coefficients of a^af and a^^^a^"*^ in the numerator of F{x) are equal in 
absolute value, and of like or opposite signs according as w — A; is even or odd. 

Professor Cayley has given a full statement of the calculation in the case of 
the seventhic in this Journal (Vol. II. pp. 71-84); he there mentions (p. 75) a 
question (which I have passed over) concerning the legitimacy of the mode 
adopted in expanding the partial fractions. 

Another point of symmetry may be deduced from the above identities. For 
even quantics, comparing only the coefficients of the highest negative power of 
X on the two sides of the identity, we find 

(- 1)VA - ^, = ; 

but we have seen that A^ = (— l)'*"*J.'o ; therefore 

A = (-l)*a-»^'o; 

i. e. the invariantive part of the numerator has a symmetry of its own, the 
coefficient of a^ being ( — 1)* times the coefficient of cf ~"~^; of course a corre- 
sponding symmetry holds for A^. For odd quantics we find in like manner that 
the coefficient of any term a^ in Aq is (— 1)*"^ times the coefficient of (jjp-»-i-a 
in the same. 

Sylvester's Second Method. 

This method, like Professor Cayley's, is based upon the fact that we know 
h priori the denominator and the degrees of the numerator of the generating 
function. It was devised by Professor Sylvester shortly after Professor Cayley 
had invented the one just explained, and before the latter had made it known. 
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The process is extremely simple. If the generating function for a quantic 
of the order i were expanded, the coeflScient of any term a^sf in the expansion 
would be A{iJ:g). The coefficients of the expansion can therefore be ob- 
tained by formula (5), p. 129. Now the expansion multiplied by the known 
denominator of the generating function gives the numerator; and since the 
latter is confined to known limits of degree in a and in x (while the denomina- 
tor contains no negative powers of a or x)y we have to use only those terms of 
the expansion which fall within these limits and multiply their sum by the 
known denominator; that portion of the product which falls within the limits 
of degree is the required numerator. 

The work, then, can be stated as follows. Let the order of the quantic be t, 
the denominator of the required generating function D, and the degrees in a and 
X of the numerator p and q. Develop the fractions of the form 

(l-g^-^^) (l-g^^») (1-g^-^O 

obtained by giving to j all values from j=0 to y =j9. The coefficient otz^ in 
the development of the above fraction is A{w: i^j) = A{Lj : ij — 2 to) and is 
therefore the coefficient of a^x^-^^^^ in the expansion of the generating function. 
If, then, ij is even, the coefficients of z^ and of the iq (or ^ {q "-1)) next pre- 
ceding terms in the development of the above fraction are the coefficients of 
a^x^j a-^a:^, . . . . , a^a^ (or a^x^"') in the expansion of the generating function; 
if iy is odd, the coefficients of z ^~ and of the i (? ~" 1) (^r ^ (g' — 2)) next pre- 
ceding terms are the coefficients of a^x^, a^x*, . . . ., a-^x' (or a^Qifl~^) in the 
expansion of the generating function. Multiplying the aggregate of the terms 
thus obtained by D, restricting the product to terms whose degrees do not sur- 
pass jo, q we have the required numerator. Of course, we do not actually use 
values of y higher than J^' (= i J^ or ^ (i? + 1))> t^^ remaining half of the 
numerator being obtained by symmetry. 

As none of the larger calculations have been performed by more than one 
of the methods described, I cannot say positively whether this or Professor 
Cayley's method is practically the more desirable, but I believe that this method 
is to be preferred. It has the advantage of greater uniformity and less liability 
to accidental errors, and there is, I think, no very great difference (on which side 
I do not know) in the amount of numerical work required. 



It may be well to mention at this place the great advantage of employing 
paper ruled into squares, in performing the calculations required by any of these 



148 Franklin : On the Calculation of the Generating Functions 

methods. For instance, in the developments required by the method last described, 
the only operations that occur are those of multiplication and division by factors 
of the form 1 — ^, The coefficients of the successive powers of z are written in 
the successive squares of a row : to multiply by 1 — z^, the same series of coeffi- 
cients shoved \ places forward is subtracted from the given series ; to divide by 
1 — z^j the first X terms of the given series are written down as the first X terms 
of the quotient, and from this point on, the series of quotient-coefficients is con- 
tinued by being shoved X places forward and added to the given series. I find 
it convenient not to write down the figures to be subtracted or added ; multipli- 
cation by 1 — z^ being performed by subtracting from each coefficient of the 
multiplicand the coefficient X spaces back of it, and division by adding to each 
coefficient of the dividend the coefficient X spaces back of it in the quotient: the 
regularity of the squares enables one to do this without danger of error. The 
advantage of this use of paper ruled into squares is even greater when powers of 
two letters (say a and x) are involved. The coefficients are then arranged in 
horizontal and vertical rows of squares according to the powers of a and x (as 
in the tables, this Journal, Vol. II. pp. 226-246); and, e.g., multiplication by 
1 — ax^ is performed by subtracting from each coefficient of the multiplicand 
the coefficient one space above and three spaces to the left of it. It is needless 
to go into further details on this point ; a very great amount of time is saved by 
this practically almost indispensable contrivance, which any one who had occasion 
for it would know how to use to the best advantage. 

It may be worth while to say a few words concerning the arrangement of 
the work (as actually performed) in Sylvester's second method. We first de- 
velop the fraction 

(l~;g>^+^) (1 -gP'•^') (l-g>^+0 

(1 - z^) (1 -z') (1 - «•) 

(where p^ is the highest value of ^ required) as far as it is needed ; this result 
divided by 1 — 2^' + * and multiplied by 1 — z''' gives the series corresponding 
ioj=p^ — 1; this divided by 1 — jjp'H-*-! and multiplied by 1 — z'^"^ gives 
the series corresponding to j = p' — 2; we continue in this way, obtaining the 
series for each value of ^ from the next higher, till we reach j = 0, for which 
the value of the fraction is 1 — z: and it is easy to see that (if each series is 
carried a few terms beyond the point actually needed) we have thus a perfect 
test of this portion of the work. In other parts of the work, obvious and easy 
partial tests can be made ; and a very good test of the correctness of the result 
obtained for the numerator of the generating function is afforded by the sym- 
metry of Ao (see p. 146). For in the calculation of A^ all or nearly all the 
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coefficients in ^o?-4i>-^2> .... -4^ -i are involved; now it is by means of A^ 
that (from the rule of symmetry) we complete Aq, and if this completion makes 
Aq symmetrical, Ag and Aq are perfectly tested, and consequently the interven- 
ing ^'s pretty thoroughly. Of course, if instead of calculating half the numerator 
we calculated the whole, its symmetry would be a perfect test, and no other test 
of the result would be needed ; but in tlie longer cases this would multiply the 
labor many times. There are many short and satisfactory ways of checking the 
work in its progress, which would suggest themselves to any calculator, and 
which it would be tedious to detail. Another test of the resttUy which with 
the one above given puts its correctness beyond the region of practical doubt, 
will be mentioned in connection with the generating functions for diflerentiants. 

Generaiing Functions for Differentianls. 

If we put x= 1 in the expansion of the generating function, the coefficient 
of a^ will be the number of linearly independent covariants of the degree j and 
of all orders; or, say, the number of linearly independent dxffereifdianis of the 
degree y (and of all weights). Hence by putting a: = l in the result given by 
any of the methods above described, we obtain what Professor Sylvester calls the 
generaiing function for dij^ereniiants. 

But this generating function can also be obtained more directly. The num- 
ber of linearly independent differentiants of the degree ^ and of all weights is 

A(T^:^^i)+A(T^-l:^^i)+A(T^-2:^^y)+....+A(2:^,i)+A(l:^^y)+A(0:^V^^ 

where W is the highest weight which a differentiant of degree j can have, viz. 

^ or ^'^I" ; and it is easily seen that A (0 : i ^j) is to be regarded as 1. Writing 
this sum more explicitly 

we see that its value is ( W: i,j). Now {W:i,j) is the coefficient of aPx^^"^ ^ in 
the development of 



(1 - ax') (1 - ox'-^ (1 - oa;-'-^ ») (1 - cur ') 

If i is even, t^' — 2 IT is for all values oij ; if i is odd, ij — 2 TF is or 1 accord- 
ing as/ is even or odd. Accordingly, if i is even, the multiplier of x^ and if i is 
odd, the sum of the multipliers of x^ and xS* in the development of the above 
fraction, is the generating function for differentiants. 

* When i is odd, even powers of x are multiplied only by even powers of a and odd powers only by odd 
powers, in the development ; so that in this addition each power of a is taken only once, as it should be. 
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This generating function is calculated by means of the decomposition of the 
above fraction into partial fractions with respect to x, as in " Sylvester's FuT3t 
Method." 

Suppose i = 2 n. The fraction corresponding to 1 — a;ji?^ (X positive) is 

A ^ A 



^rr^«=^r^=^"^y' 



where 

V ; (1 _ ^,)« (1 _ ^2y (1 - a^)^ (1 - a'^-y (1 - a—' ^ + ') (1 - a- + ^) 

In the development of this fraction, the multiplier of z^ is simply 'ZA ; so that 
the generating function for differentiants will be obtained by adding together 
XA and the analogous expressions for all the factors of the denominator in which 
the exponent of x is positive. It is plain, from what has been given at p. 139, 
that these expressions will have for a common denominator 

{1- a) {1- ay {1- cfi) {1- a') (l-a^'*"^). 

The degree of the numerator is (see p. 140) less by 2 n + 1 than that of the 
denominator. 

Suppose i = 2 n + 1. The fraction corresponding to 1 — ax^ (X positive) is 

where 
X J == (—\ 2 — ?: I ! 

In the development of this fraction, the sum of the multipliers of a:^ and x* is 
^EA (1 + a) ; and the generating function for differentiants is obtained by adding 
together 2-4(1+ a) and the similar expressions corresponding to the several 
factors of the denominator in which the exponent of x is positive. These expres- 
sions will have for a common denominator (see p. 140) 

{1- a) {1- a') {1- a^) {1- (^) (1 - a^^). 

The degree of the numerator is (see p. 141) less by 2n + 2 than that of the 
denominator. 

Thus the calculation of the generating function for differentiants is much 
shorter than that of the generating function for covariants ; and the value of the 
former, thus independently obtained, affords a perfect test of the correctness of 
the latter : putting a: = 1 in the generating function for covariants, the resulting 
fraction must be identical in value with the generating function for differentiants^ 
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with which it can be compared with very little labor by reduction to a common 
denominator. — But for practical certainty it is not necessary to make an in- 
dependent calculation of the generating function for differentiants at all ; our 
knowledge of its defiomiiiator suffices to give a very searching test The denomi- 
nator of the generating function for covariants (in all but the lowest orders of 
quantics) becomes, on putting x = 1, the product of the denominator of the gen- 
erating function for differentiants by a power of 1— a; the numerator of the 
generating function for covariants must therefofe, on putting x = 1, become 
divisible by this power of 1 — a ; the performance of this division therefore at 
once very thoroughly tests the generating function for covariants and gives us 
the genei:ating function for differentiants by a selfchecking process, which 
renders the independent calculation of the latter unnecessary. 

It seems needless to set forth two other methods which might be used for 
calculating the generating function for differentiants, having the same relation 
to the above as Oayley's method and Sylvester's second method of calculating 
the generating function for covariants have to Sylvester's first method. 

Systems of Quantics. 

The methods of obtaining the generating functions and groundforms for 
systems of quantics are extensions of the methods used for single quantics ; it 
seems unnecessary to set them out at length, a very brief account being now 
sufficient to make them intelligible. 

We must first define an extension of the notation {w : i ,j). The number of 
ways in which w can Ue composed by the addition of j numbers taken from the 
set , 1 , 2 , . . . . i, together with/ numbers from the set , 1 , 2 , . . . . i',/' from 
the set , 1 , 2 , . . . . i", etc. is denoted by the symbol 

«>■^,J ;t^j ;i ,j ; ) 

E. g., (5 : 3 , 4 ; 4 , 2) = 21, since 5 can be composed in the following 21 ways, 
using four of the numbers 0,1,2,3 and two of the numbers 0,1,2,3,4: — 

3200,00 3110,00 2210,00 2111,00 3100,10 2200,10 

2110,10 1111,10 2100,20 2100,11 1110,20 1110,11 

2000,30 2000,21 1100,30 1100,21 1000,40 1000,31 

1000,22 * 0000,41 0000,32* 



• It is obvious that («-• : t , i ; i, j ; i", /' ; ) = 222 0> : i , j) (1/ : i', /) (t>" : i", j") ; 

the summations referring to the v'a, which are to take all positive integer values (including 0) subject to the 
condition v -\- v' -\- v" -\- . . . . ^10. 
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The fundamental theorem on which the investigation of the generating 
functions and groundforms of a system of quantics rests is an extension of the 
fundamental theorem for a single quantic, and was demonstrated by Professor 
Sylvester along with the latter. It is as follows : — 

The number of linearly independent differentiauts of weight w and degrees j , /, /'. . . . 
in tlie coefficients of a system of quantics of the orders i ,i^ , i". . . . respectively is 
io:iyj;i,j;i yj ; ) — [w — lnyj-yi ,j;t ,j ; ). 

It follows, in the same manner as the corresponding theorem for single 
quantics, that the number of linearly independent covariants of order g and 
degrees j' ,/, /'. ... is the coefficient oi a^l/c^\ ... a:^ in the development of 
l-x-' ._ 

in ascending powers of a , 6 , c . . . . 

If this fraction be decomposed into partial fractions with respect to x as in 
" Sylvester's First Method," we find, as in the case of a single quantic, that the 
partial fractions corresponding to those factors of the denominator in which the 
exponent of x is positive, are the only ones whose development in ascending 
powers of a , 6 , c . . • . gives non-negative powers of x ; so that the generating 
function for the covariants of a system of quantics is obtained by adding to- 
gether these partial fractions only. The process is thus an obvious extension of 
"Sylvester's First Method," which need not be further explained. 

There is a feature of the calculation, however, that does not appear in the 

case of a single quantic. This will be sufficiently shown by an example ; let us 

take the system of a quadric and a cubic. The crude form of the generating 

function is 

l-^g-' 

(1 - 6x0 (1 -b) {1- bx-^) (1 - ca^) (1 - ex) (1 - cx-^) (1 - ex-'') ' 

The sum of the partial fractions corresponding to 1 — 6x^ has for its denominator 

(1 - 6) (1 - he") (1 - 6V) (6 - c") (6«- (?) ; 

the like sums corresponding to 1 — cx^ and 1 — ex have for their denominators 

respectively 

(1 - 6) (1 - (?) (1 - c') (1 - 6V) (6»- c^), 

and (1 - 6) (1 - c2) (1 - c*) (1 - b(?) (6 ^ (?). 

The sum of all these fractions, which is the generating function sought, would 
therefore appear to contain in its denominator the factors h — (? and 6* — c* ; 
and it is plain that the presence of these factors in the denominator would render 
the expansion of the fraction in simultaneously ascending powers of 6 and c 
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impossible. But as a matter of fact, the numerator obtained by adding the partial 
fractions also contains 6 — c^ and 6^ — c^ as factors ; and on cancellation of them, 
the generating function has essentially the same character as that of a single 
quantic. The feature above exemplified appears in all cases of systems of 
quantics. 

All the generating functions for systems of quantics that have as yet been 
obtained were calculated by the method above indicated. It is easy to see the 
course that would have to be pursued in basing upon it extensions of Cayley's 
method and of Sylvester's second method. 

When the reduced form of the generating function has been obtained, it is 
converted into the representative form in a mode analogous to that employed 
for a single quantic. 

The table of groundforms is deduced from the representative generating 
function by precisely the same process as for a single quantic. The validity of 
the process is dependent on the same postulate, and, granting that postulate, 
proved by the same reasoning as in the case of a single quantic. In fact, if we 

merely change degorder (j.g) into degorder ,/,/' g) and (f of into 

a*" 6' c" . . . . af throughout, every word of the argument under the head " Mode 
of obtaining the Table of Groundforms " applies to a system of any number of 
quantics. 

Finally, it may be mentioned that the generating function for differentiants 
may be obtained from that for covariants by putting x = 1 in the latter. It may 
also be obtained independently (and in general in lower terms) by a process 
precisely analogous to that explained under the head " Generating Functions for 
Difierentiants." 



■ ■ 



Notes on Modern Algebra. 



By Cav. FaI de Bruno, Turin. 



1. AppUcaiion du ThSoreme donnS par VAtdeiir sur le DSvehppenient des Fondions. 

Le th^oreme que j'ai dejS, donn^ en 1875, comme on pent voir dans mon ouvrage 
(Th^orie des Formes Binaires, p. 311), pr^cit^ qui m'a ^t^ revendiqu^e dans ce 
journal meme par M. Sylvester (voir ann^e 1879, p. 351) nous permet de decou- 
vrir une belle propri^te des covariants. 

D'abord, si ^ est un covariant d'une forme donn^e / = (oq , Oj . . . . a„) (x ,y)*, 
et si nous posons, 

S = «0e?a, + 2ai5^ + 3a2 ^3 + ...., (1) 

il est ais6 de voir qu'en appellant c^ le dernier coefficient de ^, suppos^ d'ordre 
m, on aura cette nouvelle propri^t^ que 

<l> = ^c^^ (2) 

On y arrive facilement en ay ant 6gard k la propri^t^ qui ont les coefficients de 
se d^duire du premier ou du dernier par des differentiations successives (voir la 
susdite " Th^orie," p. 188). 

Or par le th^oreme cit^, il s'ensuit que, puisque <f>=' e^ Cny on obtiendra <f) en 
d^veloppant c^ lorsqu'on y remploie : 

Oo par A = Oo, 

«! " Ai = Qi + a^ Xj 

(h " -42 = ^2 + 2ai x + Oo aj^? 

Og " ^8 = «3 + 3 02 X + 3 ai a:* + Oo X*. 

On a done ce th^oreme : 

Tout covariant est le developpement d^un diferentiant oti au Keu des a on met les A 
correspondants. 



' ; . < • 
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ExEMPLES. Prenons ainsi la cubique 

00X3+ 3 ttj a:^ y + 3 Oa xy* + a^ y^ ; 

le covariant quadra tique sera le d^veloppement de ai 03 — aj transform^ en 
Ay A^ — ilj. On aura ainsi (y = 1), 

(ao«2~Oi)^ + («o<28~«i«2)ic + «i«^--«l=(ai + aoiK)(«8+3a2a:+3aia^ 

— (oa + 2 ai X + Oo ^f- 

On aura aussi pour le covariant quadratique de la quintique, en n^gligeant les 
termes superflus en 7? , x*, 

(0004 — 4aia8+3al) x^ + (0005 — 3 aia4 + 20203) x + 0105 — 40204+ 3 o^ 

= (oi + Oq x) (og + 5 04 X + 10 03 x^) — 4 (02 + 2 Oi X + 0X2) (o4 + 4o8X+6o2X^ 

+ 3(o8+3o2X + 3oix2f, 

Ajoutons encore que comme (v. " Th^orie/' p. 130) nous avons d^montr^ que 

^i = 6*^i, et que par consequent -44_i = - 8 — -4i, et ainsi, de suite, on conclura 

en vertu de T^quation (2) que tout covariant est une fonction symholique de 8 
appUquee au dernier terme o„. Ainsi pour tout covariant quadratique <f) il viendra 

La fonction meme/sera 

2. Sur un Theoreme dam les D^terminanta. 

Soit un determinant 

A^ Ai4i H^Ai .... A"^ 
D= B ABi A*A A".B 

• • • • • 

tel que chaque colonne soit ^l^ment par ^l^ment d^duite de celle qui pr^cfede 
par r operation quelconque A, on aura 

AD = 

si la dernifere colonne est une suite de constantes par rapport d, A. 

En effet par un principe connu sur la diflF^rentiation des determinants, le 
r^sultat se r^duira au determinant D oil la demiere colonne sera op^r^e par A, 
et par Thypothfese admise, tous les elements seront 0. 

Co th^orfeme pent faciliter beaucoup de reeherches et de demonstrations. 
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EXEMPLES. 


Soit le de 


terminant 






D 

• 


xyz 
yzt 
ztx 
txy 


xy + yz-^- zx 
yz + zt+ ty 
zt + tx + xz 
tx + xy + yt 


x + y + z 
y+z+ t 
z + t + x 
t+x + y 


1 
1 
1 
1 



et posons 
il viendra 



^~di '^Ty'^dk^ dt> 



et par consequent par un th^orfeme connu (voir notre "Th^orie des Formes 
Binaires *'), D sera le produit des differences x — y , y — Zy etc, 

D = {^-y){y-^){^-t){t-x){x-z){y-t). 

On trouverait par le m^me proc^d^ (A = 8;^+ 8^+ 8,+ 8<) 

^ {x + y + z)\ {x + y + zf , x^- y + z ,1 



ly '= ly^ jD etant le produit ci-dessus. 
EXEMPLE 2*. Soit 



2) = 



p^'^q 



pm-l ^ 



9r 5"- V •...?' 



fm 



Posons 



A = 



A' = 



A" = 



A'" = 



, d , d 

d, . d- 

P d^+ ? d^> 



dpf 



dq' 



d d 

P d^+ P d^' 

d d 

9 d^-^ q ai/' 



dp 



On pourra obtenir le determinant Z), en operant k volont^ par A, ou par A', A'', 



* Ce determinant est le mSme qu'on retrouve dans le eatolectiauU qoand on veut d^montrer qu'il est un 
covaiiant (voir Fouvrage d-deseoa, p. 726). 
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L"\ sur la premiere colonne, ou sur la demiere colonne, sur la premiere ou sur 
la demiere ligne. De sorte qu'on aura par le th^oreme ci-dessus, 

P dp ^ ^ dq "» 

dD . dD . 
P d^ + 9 rf7 = 0' 

dD , , dD 
P -di+P d^ = ^^ 

dD .dD _ 

9 d^ + q d^-^' 

Ajoutbns que comme D est une fonction ^videmment homogene en p^q ,jp', ^, 
on a encore 



dD \ , dD , dD . , dD ^ _ 

Pi^^p d^ + 9-d^ + q i^ = 2/^A 

en appellant 2 /x le degr6 de D. 

On tire des 4 Equations ci-dessus, 

dD ,dD^,dD dD ^ 

d'ou 

dD ^ dD dD , dD 

P~d^+P dp'-^Q-d^-q 5^ = 0. 

En la combinant avec celle d'Euler, il vient 

dD . , dD _ 

P~d^+P d^ = H-Dy 

dD dD _ 

q-d^ + q d^-H-D- 

Or les systemes 

dD , ,dD ^ ( dD . , dD _ 

p-d^-^P d^ = l^ ) 9^ + ?S7 = M-^ 

dD , , dD ^ '1 dD , , dD 

.9^ + ?57 = lPl^'^Pd^ = ^ 

conduiront par integration, tons les deux indiflF^remment ^ T^quation 

d\ogD = lid log (pq —p'q\ 

d'ou' J^ = {pq -p'^y^ 

a etant une constante, quMl est aise de voir = 1. Ainsi il serait d^montr^ tr^s 
facilement que le determinant D est une puissance simplement du binome 
pq —pq. 
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ExEMPLE 3*. Soit 



D = 



log* X 


log X 


1 


log'y 


logy 


1 


log Z 


log 2 


1 



,J gj fj 

etA = a;^ + y^+z^; il s'en rendra que D satisfait ^ cette Equation 



X 



dP 

dx 



dD 



dD 



+ y -^ + 2; ^ = 0- 



dy 



3. Sur une Propriete du Jacobien. 

M. Clebsch donne dans sa ^^Th6orie des Formes Binaires," page 119, un 
th^or^me sur le carr^ d'un Jacobien, qu'il d^montre h Taide de ses notations 
symboliques. Corame je crois qu'il est utile pour le progrfes de Tanalyse que 
Ton puisse se passer autant que Ton pent de ces notations, afin d'habituer les 
^Ifeves k attaquer directement les questions par Tanalyse ordinaire, j'ai pens6 de 
donner ici une demonstration de ce th^or^me, que Ton pent 6noncer ainsi. Le 
carr6 du Jacobien de deux formes donnas est une fonction quadraiique homog^ne de ces 
mtmes formes. 

Soient <^ , t/r les deux formes donn^es de degr^ m , n, respectivement. Posons 

V4 ^y 



= 1. 



(1) 



En rappellant I'^quation d'Euler xtf/^ + y<f)y = m<^, T^quation (1) pourra 
s'^noncer ainsi : 






'X^xy + yC + "^y 



= mnh 



En d^veloppant le determinant, et en observant que 



X 



\ 



<f>x <ky 

^x ^y 



+ 



<l>x <l>i 



// 
^xy 



\ + y 



4>% 4''y 



+ 



4'x <K 



¥x ^y 



= (m + n — z) ly 



il viendra 

4^x 



7? 



4^^ 






xy 

// 

xy 



ou encore 



+ xy 






It 

'X 



^x <l> 

xy 



// 
y 

n 

y 



+f 



4^% 4y 



// 

^xy 
Vxy Vy 



= (m — l)(n- 1)/, 



xy 



xy 



7? 



y 



= (m - 1) (n - 1) /. 
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Or, Elevens an carr6, et multiplions par — 2, il viendra 



ill" xIrL 



^ 



^^ *K 



xj," 



x" 



^x — 2 ^'L 



2xy f 



>x 



= - 2 (m - lf{n - \f P. 



Posons maintenant 

K 
K' 
K" 



x'ij/: + 2xy <f>'^ + f<f/^ = m (m-1)^ 
x'xl,': + 2 xy xl,% + yVi^ =n{n-l)xl, 

4>'x 4>i ~{4>^f 



^x ^'i — ('A^f 

^x V** — 2 ^^ ^^ + ^'i rji. 



'x 



(2) 



On aura, en multipliant ligne par ligne. 



2 (m - If (n - l)«/2 = - 



d'oTi 







4> 


^ 


2K 


K" 


K" 


2K' 



(m - l)^(n - 1)^/^ = - (4>»K' - <I»FK" + ^»K). 



Mais si Ton appelle e7, -BT, -ff', -ff" le Jacobien, les Hessiens et THessien 
simultan^ d^barrass^s de leur coefficients num^riques, on aura 

et par consequent 

J^ = - {^^S-^^H" + yi^H)* (3) 

relation qu'il s'agissait de d^montrer. 

ExEMPLE. Soit <^ =aa:^ + 2 hxy + cy* , t/r = do? + 2 Vxy + c'y^le coefficient de 
x* dans le c7^ de ces deux formes sera 

{aV - dhf = - [c?{a'c' - h'^) - ad {ac' + dc-2 hV) + d^{ac - 6')} , 
comme il est ais^ de verifier. 

4. Pour f aire State a la Demonstration du Jacobien, 

La formule que nous avons donn^e suppose essentiellement que ^ et xjf soient 
exprim^s sous forme binomiale. Lorsque cela n'a pas lieu, et que les coefficients 



* M. Clebsch dans le second raembre, au lieu du facteur — 1, il trouve le facteur — ^, probablement ce 
sera d'apr^ quelques hypotheses faites sur les formes elles-memes. Mais notre formule laisse les formes et les 
Hessiens tels qu'on les entend g^n^ralement 
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sont quelconques, alors il est ais^ de voir en remontant a la d^naonstration que 
la formule deviendra celle-ci : 

{m-l)\n-\fJ^=--\m\m-l)^m'-mn{m-\){n-\)ii>^H''+^ 

ExEMPLE 1. D'une forme cubique donn^e, soient 62,2? ^8,8 l^s covariants, 
A le discriminant Alors on a 

e7=(78,8 ^'=-A A=(eirf-6c)-A(ac-62)(6d-c«),^=36(72,2 

et il viendra 

C8S8 = -(An» + AC2»,2). 

relation eonnue (voir ma "Theorie des Formes Binaires"). 

ExEMPLE 2. Partons de la forme canonique de la quartiqiie 

w = X* + 6 yo?}^ + y*. 

Soit V = yx* + (1 — 3 -/) x^y^ + yy* son covariant de 4-ordre, I2 , Iz ses inva- 
riants quadratiques et cubiques. Nous poserons <^ = w, ^^=^v, J= 6 hw. 
On trouve (voir meme ouvrage p. 241) que THessien de THessien est 

= 36 /gi^ — 12 /jt;. 

On trouve ausai que J^, I'Hessien simultan^ de w et de 1? est = 1 + Sj^ = I2U. 
D'ailleurs jET est THessien de w = r. On aura done pour le carr6 du covariant 
sextique de la quartique 

81.6Ai/7» = - [16.9.12t<^(3/3ti-/2t;) — 16.9.2A/2M*o + 16.9. 12.12. t?»], 
ou w^ = — ll^t^ — I^iN . + AlT^, 

ce qui est bien la relation cherch^e entre les invariants et covariants fonda- 
mentaux de la quartique. 

ExEMPLE 3. Soient C^ ,2 = A«* + Mxy + Ny^ , C^ , 2 = ^x* + Fxy + 6y* les 
covariants de 2* ordre de la quintique, il viendra 

2hx + My,Mx + 2Ny « 
2fx + Fy ,Fx + 2by 

= -h\Ch,{hEh-F^)-C2,,C,,,(2hb + 2N£-MF)+Cl,2{4hX-]U^)\' 

Si Ton a recours aux formes canoniques de la quintique et de ses covariants, 
dues ^ M. Sylvester, il viendra en posant 
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CXj ,2 = cic^ + («c + 6c — ah) xy + 6cy^, 
Ce,2 = a'6V(x^ + a:y + 3^), 
/^ = a262 + 52^^ + c^a^ - 2 a6c ( a + 6 + c), 
/g = a^6V (a6 + ac + 6c), 
/12 = a*6V, 
cette relation alg^brique 

a'b'c' {{ab - 5c) x« -h 2 r^^ (ac - ftc) xy + (ac - a5) 3^ = - {3 CJ, ,7i, - 2 C,,-, Csjs ^i - CJ,, Z^}. 

Si, au contraire, dans la formule g^n^rale ci-dessus, on prend pour (f) et xfi les 
covariants 6^2,2 ^s^sj 1^ Jacobien, a un coefficient numerique pr&s, foumira ^5,3. 
On trouvera pareilleinent que le Hessien de ^2,2 est I^^; que le Hessien de 63,8 
est 4 Ce,2> que le Hessien simultan^ de 6^2,2 et 63,3 est 4^5,1, ou le covariant 
lin^aire de 5* degr^. Cela pos^, on aura cette relation, que je crois nouvelle, 
entre quelques covariants de la quintique : 

^5^3^^ 12 C2,2 t/8 ,8 65,1 4 (72 ,2 (^6,2 9 C^8?8 A' 

On con§oit qu'sl I'aide de la formule, que nous avons d^montr^ d'une fa§on 
directe, on pourra trouver beaucoup d'autres relations analogues. 

5. Sur la Resolution de la Quartique. 

On sait que toute quartique pent etre r^duite par une transformation lin^aire 
^ la forme canonique 

a:* + 6 yLOi?y'^ + y*. 

Or, en appellant 8 le module de la transformation, on aura 

/2 = (l + 3/x^)8S /3 = (/i-/x^)8«, A = /2^-27/3^ = (l-9/x78^. 

II viendra par consequent, en posant y? = y, 

(1 + 3y)' _ A* _ , 
(1 - 9y)» — A — *=' 

d'oii f + {\-Zk)f-¥ ^^y + ^ = 0. 

De la on d^duit que le discriminant A' de cette cubique est 



^'=(21/*^ (!-*)• 



-r? il viendra A' = — 7^^ A:^ -^ 



et comme 1 — ^ = — 27 -j-, il viendra A' = — ^=- A:^ -^ 
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Or si Qdf + 3 h:j^y + 3 cxy^ + di^ repr^sente une cubique, la racine est ex- 
primee par 

- , ^[^ a ~ , 5/-4 , a ~ 
= — 6 + V T — 2 V^ + V 2 + 2 V^ ^ 



ax 



ou B = {ah — hcf — 4: {ac - h^) {bd — c"), A = Sahc — (j^d—2h\ 

cette valeur de A donnant dans notre cas 



18 A: (it -1) (3^•-l)-2;b 
A = 



*>7 



Ainsi on aura 



m' = -^— + 3 ^^'9 (A: - 1) (3 ifc - 1) - 1 - 8 Vr=^ 



1 s^. 



+ 3 VTV9(A: - 1) (3 ^- - 1) - 1 + 8 VI - A ; 



Z* 



d'ou Ton d^uit que y? ne depend que de Tin variant absolu -^ .* 



Note. Si I^^ = A,,L = ^i 



6. Resolution de la Quintique dans le Cas ou /jg = 0. 

Soit r^quation canonique 

ir^ + tw/ - n (x + y)^ = 0, (1) 

a laquelle correspond 1' invariant 

-^18 = 4 fmW (Z — m) (Z — n) (m — n). 

Comme nous avons remarqu^ dans notre "Th^orie des Formes Binaires," 
lorsque ly^ = 0, les deux valeurs ou parametres, auxquels pent se r^duire la 

quintique, a savoir X = - , /x = — , sont ^gales ; ainsi on pent poser 4m> c^ que 

par la valeur de /ig on pourrait pre voir. Alors la quintique (1) devient, en d^ 
signant par a une constants, 

a(a:^+l) + (x+l/ = 0, 

dont les racines sont ^videmment r^ciproques. En enlevant la racine -^ 1, il 
vient 



* Et que la resolution de la quartique peut £tre ramence & T^lle d'une quadratique double 4 un pazam^tre 
dependant de IHnvariant abeolu -^ . 



■. i 
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(l + a)x* + a:«(4-a)+x2(6 + a) + a:(4 + a) + l + a=0, 
qui, en posant x + - = 2, se transforme en 

d'oii on tirera 



_ g ~ 4 -h V^5a (g - 4 ± V- IQq (6 + g) -h 2 (g - 4) ^Qg (g - 4) . 



4 (1 4- a) 



Si a = 5, on trouve pour les 5 racines 



Xi = — 1 , 



^>8 = 



1 ± V-35 
6 



_ i± vcn5 

«4 , 6 — J- 



Et en g^n^ral pour toute valeur de a, Texpression (2) foumira les 4 racines 
de la quintique en outre de la racine — 1. 



l' ' 



On General Differentiation. 

Br J. Hammond, 

Biickhurst Hill, Essex, England. 



1. Assuming that 

we see at once (on writing w = 1) that 

f{m+l) = mf{7n). (2) 

This result is given by nearly every writer on the subject, most of whom assume 
some particular value for /(m). Of these assumptions that of Peacock is the 
simplest, viz. /(m) = r (m), but Kelland shows that (2) is satisfied by other 
functions besides Gamma-Functions (Trans. Roy. Soc. Edinb., Vol. XIV. p. 578). 
In fact, the general solution of (2) considered as a difference-equation is 

f{m)=C^r{m\ (3) 

where Cm + i = C'a,, and it may be noticed that Liouville's formula, 

^ ^ r (— m) ' 

corresponds to the particular solution 

/./ \ / \-. 1 sin TiiTT ^, . / v« 1 1 

/(m) = (-)-' ^^ r(m) = (-)■»-' jT^-f — ^ , 

and that (3) may also be written in the form 

/(m) = (-r-j^^, (4) 

where C « + 1 = C„, . 

Now, A being any finite quantity which does not contain x, we have 
from (1), 

and in the cases in which ' f(m — w+ T) ~ ^ > 
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i>".0 = S^af"-% (5) 

where the only conditions are that A is finite and independent of «, and that 

"fim -I- 1^ 

the summation extends to all values of m for which — — pr is infinite. 

When n is a positive integer, the value of this fraction is, by (2), 

m (m — 1) . . . . (?n — n + 1), 

a finite quantity; so that in this case (5) contains no terms, or there is no com- 
plementary function. 

But when n is a* negative integer = — j9, the fraction is, by (3), 

f(ra -h 1) _ fiH^ir(m-H) _ T (m -h 1) 

and is infinite for the values — 1, — 2, — • 3, . . . . — jp of m, and for no others ; so 
that in this case (5) becomes 

Hence in every system of general diflferentiation we have, when n is a positive 

integer, 

D" . = 0, and i>- V = (\xXf-\ 

The value of the complementary function may be obtained in a more definite 
form in each particular case ; for example, if/ (m) = r(m) (Peacock's value), we have 

Y{0) "^ r(- 1) "^ r(- 2) "^ ~ ^ ' 

and, operating with Z>", 

^•^~ r (- n) + r (- 1 - n) "*" r (- 2 - n) "^ ' (^) 

we obtain a form of the complementary function which satisfies the required 

conditions. This result is the same as (5), for p/^^^^ . ^v can only become 

infinite for negative integral values of m. 

Using Liouville's value of/(m), the fraction ^/^_,y^^x) becomes (— )" p / . — , 

which is only infinite for positive integral values of m — n, so that (5) contains 
in this case positive integral powers of x only. 

Here again, since /(m) = for positive integral values of m, 

A/(l) ^ + ^i/(2) x" + ^ + A/(3) a:~ + 2 +.... = 0; 
operating, as before, with 2)**, we get 

Z)V = A^f{n + 1) + A^f{n + 2) x + A^f{n + 3) x^ + . . . . , (7) 
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a form of the complementary function such that, when n is a positive integer, 

Z>" . = 0, and /)"" . = (lix)— ^^ 

As an additional example consider the case/(m) = cos 2m7rr(m). 

Here — Trr r~F~7 ttt is mfinite (1) when m is a neffative mtec^er, 

and (2) when (m — n) is a fraction with an odd numerator, and with denomi- 
nator 4; so that the complementary function is, by (5), 

The first part of this must be of the form (6), and it is eaSy to show that the 
second and third parts each contain a factor sin mr. 

2. Whatever system of general differentiation we use, we see from (1) and 
(5) that whenever a term of the differentiated expression is similar to a term of 
the complementary function, its coefficient is infinite, and a correction must be 

used which will introduce logarithmic terms ; in fact, when jr^^^zr^:^\ is infinite 
and A small, 

the latter term being part of the complementary function, 

In the first, or Peacock's case, putting m = — ft and f=ry this becomes, after 
some easy reductions, 

Or, what is the same thing, 

In the second, or liouville's case, putting m — n = /i, we have 

where in aU three formulae ft is and n is not a positive integer, and the comple- 
mentary fxmction is omitted; and in (10) /(m) has either of the equivalent 

forms (— )"-^ ;r-^^ or (—)*-' 



i(l-m)- 



(11) 
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If now, as a verification, n is put = — /x, in (8) and = — /i — 1 in (10), the 
results are 

^" «"^ = (^^i log ^. and D---^ X'' = ^ log x. 

From the particular case /x, = in (10) it is easy to deduce the values of D^ log x 

and D"" logx, which are found to be the same as those given by Gre.atheed 

(Camb. Math. Joum., Vol. L) and Kelland (Trans. Eoy. Soc, Edinb., Vol. XIV. 

p. 588), viz. 

D" logx=(— )'*-^ r(n)a;-'' 

3. But a more general value of Z>" log x may be found as follows : 

Smce I^—ir- hf{h-n + l) - hf (1 - «) 1- -^^ 0, 

we have, taking the limit when A = 0, 

n \o^,x-x [^Ay(^_^+i) A/a-«)jA=o ■ 

Whence 

^ log 3= = /a-») «"" log « + X„a;- " + J?". 0, (12) 

. k • •,, e r_/(A + l)_ /(I) "I 

X.. bemg written for [ ;^^ (;, _ ^ + i) - a/(i_„)J^ ^ ^• 

The value of X, may be found in various ways; in Liouville's case, /(I) = 0, and 
the value of X, is by (11) ( — )"~'r(n), unless n be a negative integer; in Pea- 
cock's case, we have 

^ log ^ = F(r=^ + ^=^'" + ^- 0- (13) 

and 



X« = 



dx 

= 



1 /^^ log a;</a; 

"rlF^O Jo (1-^)"^'' 



and this determination is unsuitable when n is a positive integer. 

Ine value of X„ is easily seen to be //-(i ^n)V ' ^^ ^^^ ^^y '^^ 

found from a difference-equation, as follows : 
Writing (12) in the form 

x^'D* log x = f(iJn) ^^S « + Xh + ar"i?". 0, 



168 Hammond: On General Differentiation. 

and remembering that 

{xD — n) x""!)^ = x" + ^Z)~ + S 
we have 

a:» + ii>n + i loga: = {xD - n) \ f(i^2n) l<>g ^ + K{ + x~ + ^2)» + \ 0. 
Therefore 

fjzr^ loga; + X,^i = {xD - n) j ^^^ __ ^^ log a; + X, j ; 

or, since /(I — 7i) = — nf{— n), 

/(I) 
X,» + i + ^Xn = y(l_^). (14) 

When n is any integer the functions/ reduce to Gamma-Functions, so that, if 
n be positive and integral, 



X_«^_i rik_n = ~| I 



(15) 



are the equations which respectively determine the coefficient of x"^* in the n^^ 
differential and that of x** in the n*** integral of iog x. 

4. We cannot in general assume that L^e"" = a^ef^^ but the complementary 
function can always be determined, so that 

Z>" + 'e*^ = aZ>"e~, (16) 

and with this value of the complementary function 

where C„ is any function of n subject to the conditions C^^i=C^ and Co = 1. 
For example, in Peacock's case, 

^"^ = fTr31o + fT2^rir) + r(3^r;r)+----+^-0. (17) 

the proper deterniination is 

/>'*. — r (- n) + r(-i-n) + r(-2-n) + ••••; 

and substituting this value of i>~. in (17), we get an expression for 2)"e^ which 
satisfies (16) and reduces to a^'e^ when n is either a positive or a negative integer. 
From (17), omitting the complementary function and changing the sign of n, 
we deduce 

•^""^ = r(n-f 1) + r(n + 2) + r(n + 3) + ^ (1^) 

a series that may be summed as follows : 
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Let S denote the sum of the series, then 



dx ~ r (n) "^ ^• 



Solving this equation in the usual manner, we obtain 



r (n) J ' 



the lower limit being determined from the circumstance that, n being positive, 

S vanishes with x. 

Hence, restoring the complementary function, we have, when n is positive, 

5. Expanding (x + y)"* on the supposition y <C^Xy and omitting the comple- 
mentary function, we have 

_ fim-\-l) , mf(m) _, . m (m^ 1) /(7>^- 1) _ 

— /(m-n + l)^ ^f{m^n)^ ^^ 1.2/(m-n-l) ^ r^-" 

=iJ^(-+yr- (20) 

Z)J (a; + y)- = 2?J (x" + ntTT-'i/ + "*^^~^^ ^-y + . . . .^ 

-/^i>'j/(l-«)'^/(2-n) + /(3-n) "I- • • • • ^ (^1) 

When n is a positive integer, (21) coincides, with (20), which may be con- 
sidered as the principal form of D* (^c + y)"; when n is a negative integer, (21) 
becomes 

^ + mx"-(^'y^ + m(m-l)x»-»(^ + .... 

which is a form of the n^ integral of (x + y)"* with respect to y, and again the 
two forms will be equivalent if the complementary function be properly chosen. 
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When n is fractional, (21) vanishes in Liouville's case, since/(l) = 0, but then 
(20), which contains only positive integral powers of y, forms part of Z^. 0. 

But in Peacock's case D^ . contains only negative fractional powers of y, so 

that no determination of the complementary function can make the two forms 

* coincide. Hence we see that in general, when n is fractional, we cannot assume 

that 

D;<^(x + y) = i);<^(a: + y). 

The two forms of/)'* (1 + x^ obtained from (20) and (21) are, 
a:>l 

^(l + ^r=y|^T)(l + ^r-" + ^*-0^ (22) 

x<i 1 

i>-(l + xr=/(l){^-(^+^^ + ^^„f-" + ....}+^^ (23) 

and to these may be added two other formulaB obtained from (22) by considering 
the cases of failure as in (8) and (10), viz. . . 

Iril + -xr+'=-f^^f^(l + xY\og(l + x) + D'.0, (26) 

the values of the letters being the same as in (8) and (10) respectively. 

6. In Peacock's case, using formula (23) and writing m = n = ^ , we have 
« < 1 

^»(l + «)'-f(i) + rTl) + -r(i)- + fTi) + 



• • • • 



= IT-* f x~* + «*— 3^ + -5 — y+....j 

= JT- » (x- » + tan- 'a;*) ; (26) 

and if to verify we semi-differentiate again 

u\^i^ X) — p(oj "T r(i) "r" r (2) "•" r(8) -r . . . . 

= i|l - i* + (- i) (-f)il + ••.•! = HI + a;)-», 

no complementary function is here needed. 

But using (22) in both Peacock's and Liouville's cases, the complementary 
function is required to correct our results ; in fact, using the expanded form of 
(22), viz. 
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a;>l 

2)»(H- xT =/(»» + 1) j/(,« - « + 1) +7(^^^) + 2!/(m-n-l) + 

and putting m = n = ^, this is 

i)*(l + x)*=/(f) J7(I)+7(oy + 2 !/(-!) +3!/(-2) + 5 

5=r(f)4-0in Peacock's case, and a complementary function is required, on 
semi-difFerentiating again, to supply the missing terms. In Liouville's case, on 
the other hand, none of the terms disappear, but the first term is infinite since 
/(I) = and must be replaced by a logarithm by borrowing from the comple- 
mentary function, as in Art 2, so that in this case we have, after reducing, 

2)» (1 + *)♦ =;^ jlogV' + a:-' - ^' + ^* - ^+ . . . . 

= m^og{\ + x), (27) 

which agrees with formula (25). 

For a further verification of (27) it may be noticed that when m = ^ and 
w = f in (22), omitting the complementary function we have 

2>*(l + a:)»=;^-{§(l + x}-S 

which may also be deduced by differentiating (27). 
7. From (26) it is easy to obtain 

/)* tan-^x* = r(f) (1 + x)-\ (28) 

Peacock's formula being used and the complementary function omitted; and 
this is a particular case of a more general theorem, for if • 

_T^/8^JJ , ^^^ I ^.5-3a^» ^,7.5.3^ 1 

— A Vff) I A -r 2.3!r(2) "^ 2l5!r(3) "^ 2^.7ir(4) "t" • ' • ' | 

= F(f) (-4i + "22- + 2^742 + 2274276^ +••• •]? (29) 

and in particular, if i4i = 1 , ^3 = P , A^ = V. 3% At— P. 3^. 5^ , . . . . 
(29) becomes 

i>* sin-^ x* = r (f ) (\-\r 2^x + ^, x" + 2r¥:& ^ + ) 
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_ V {%) n do __ _^ n dO 

^ J Vl — X sin* J Vl — X sin^O ' 

IT 

and a similar expression can be found for /^^ Vi — x sin* 6 dOy viz. in this case 

<f> (x) =/q{1 — 7?)^ dxy while in the former case ^ (x) = J --==, and through- 
out X < 1. 

8. A proof of Leibnitz's Theorem, which does not assume D^ef" = a**c^, will 
conclude the present paper. 

Let i^ , u be two functions of x capable of expansion in powers of x, and sup- 
pose that 

u = t A^x~, v = t BX^ ; then wt? = ^ A^B^t^^"" 

[this last summation extending to all values of m which occur in ti, and of n 
in v\. 

Hence D'uv = i>*. + ^ A„,B,,D^7r + » 

:^j-.o+2^.ft /i::-:!'i) '^"-'- w 

Now, omitting all complementary functions, it will be shown that the series 
is equal to the second term of (30) ; for the series is 

which, by (3), 

_ V J 1? ^m a?"-^""^ f r(m-H)r(-^) r(m-H)r(i-M) 

— ^^m^n (7,^_^ j(_^^ j r(m-;x + l) ^ T (m - fi + 1) 

n (n ~ 1) r(m-hl) r(2-/i) _ n(n-l)(n-2) r (m-hl) T (3-/x) 1 



dx 



1.2 r(?Ai-/x4-3) 1.2.3 r(m-fi-|-4) 

^ ^ T. ^m a;'" + '— ** fi , , - /^ . w.n-1 „ \ 

= :S ^.5„ ^:i; I^(I:;:yJ^ (1 - xr X-- 

= ^ J » ^m afn-H»-M r(m-hn-hl)r(-A^) 

■ 

awrf ^ I? only contains integral powers of x^niB integral and (7«i = (7,„^.n+i ; so that 
this expression reduces to the same form as (30). 
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Hence, if u be capable of expansion in any series of powers of x, and v in a 
series of integral powers, 

D-uv = !>.{)+ (n^u.v + yiD'-H.v'^''^^^^ Y 

The restriction of the nature of the expansion of v to positive integral powers 
of X is attended with this advantage that the coefficient of 2:^ + ""'* in the series 
for jD'*i/y always consists of a finite number of terms, viz. n + 1. 



Note on a Theorem for Expanding Functions of Fwictions. 

By Emory McClintock, F.I.A., MHwavkee^ Wisconsin. 



It has just come to my knowledge that the " theorem for expanding functions 
of functions" lately published by me (Vol. H. p. 348) was essentially antici- 
pated, twenty years earlier, by Mr. S. Roberts, F.R.S. Mr. Roberts's brief, 
yet sufficient statement (Quarterly Journal, Vol. IV. p. 195) is as follows, putting 

// // /7 

<^x = Oo + ajX + a^x? + ...., and n = ai^— + 2a2^ + 3a8^ + ....: — 

"It will be observed that, since II^c^x = Z);^x, the notation of (1) applies 
generally to a function of <f>x and the differentials of <f>Xy and we may write 

F{<f>,<l/,<f/', ....) = e^°i?^(ao,aa,2a,, . . . .)." 

Milwaukee, Aug. 3, 1880. 



Notes on Relative Motion. 



By James Loudon, University College, Toronto. 



1. Motion of a point in a plane. 

At time t let the moving axes be 0^, Oij, and P a point (^, -q) in their plane. 
At time t + Zt let these axes coincide'with 0^', Or)\ and P with P'; then tiie f 
and Tj components of the displacement PP^ are — cuiyS^, cu^j respectively, if cu 
is the rate at which the axes turn round 0£. Let a moving point be at P at 
time ty and at Q at time t + 8<, the co-ordinates of Q referred to 0^\ Or{ being 
^ + f 8/, >7 + lySf ; then the absolute velocity of the moving point is ultimately 

-^ = ( "g^' "^ )? *''^^ ^ ^"^ 7 components of which are ^ — oiij, 17 + oi^, respec- 
tively. 

Putting ^ — oit; = ?« = O^, and i) + (o^ = v = OB, the component velocities 
at time t + St become u + u8t = OJ.' along 0^', and t? + v8t = OB" along Oiy'. 

It '~tir)^ the components of 
which are 

u — rai = ^ — 2wr^ — rjcj — o?^ along 0^, 

i5 + woi = 77 + 2 0)^ + ^ci — cu^t; along O17. 

2. Motion of a rigid body round a fixed axis Of, the axes 0^, Orj being fixed 
in the body. 

At time t the whole momentum is — Mcorj = OA along 0^, and JS/oi^ = 0J3 
along 0>7, where ^, 77 are co-ordinates of the centre of inertia. At time t + 8t the 
momentum is — Mtj (cd + (oSt) = OA along 0^', and M${(o + wBt) = OB' along 

AA^ BJ^ 

Off. The changes of momentum per unit time are, therefore, ultimately -jf '"g^? 

whose components are 

— Mr)6) — M(/?^ along 0^, 

M^(o — M(3?y) along O17. 
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At time t the whole moment of momentum is (employing OA, OB in a new 
sense) 

— ^(0= OA along 0^, 

— acu = OB along Orjj 
C(o .... along O^j 

where a = 2mriC , C = I,m (f ^ + 7i% etc. 

At time t + St the moment of momentum becomes 

— )8 (oi + 0)8/) = OA along 0^', 

— a (oi + ciS/) = OB" along Oiy', etc. 

Hence the changes per unit time of moment of momentum are ultimately 

AA' BB' 

~W ' "sT^ ^^» ^^ components of which are -— )8a> + ao? along 0^, — aoi — )8ce)* 

along Or;, and C&i along 0{. 

These, it will be observed, are of the same form as when the axes are fixed 
in space. 

3. To measure the absolute velocity and acceleration of a point referred to 
axes moving in space round 0. 

Let the motion of the axes be due to rotations ^i , ^2 > ^3 measured along them- 
selves. Then, proceeding as in § 1, the displacements of a point P(^,7j, Q due 
to these rotations are (^^2 — y}0^)ht along Of, (f^s ~" £^1) S< along O77, and 
{■qdi — ^^j) ht along Ot,. These added to the relative displacements {$St,r)St, ^ht) 
of the moving point give the absolute displacements. Hence the components of 
the absolute velocity are 

u = OA = i + C^t - 7,6^ along Oi , 

y=OB = ij + $ei — COi along Orj , 

u>= OC=t + V^i — i^2 abng 0^. 

Again, let the velocities at time t -{- St he OA' = « -}- tiSt along Of', etc. ; 

AA' BB' CO 
then the absolute accelerations are ultimately -^ ' -^ ♦ -^ , whose components 

are 

ii — v6^ + W02 along Of, 

V — wdi + ud^ along Oi; , 

w — U02 + vdi along OC . 
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These become, on reduction, 

i- 2 0,i, + 2 0,t + CO2 - V0S - ( 0^ + ^2 + Oi) £ + (l^^i + v^2 + C0z) Ox 
along 0^, etc. 

Note. — These resolutions are most readily effected as follows : AA' is equivalent to AD along Otf, DH 

along Of, and HA' along Of; and similar resolutions ai-e effected for BB, GC\ The values of AD, DH, etc. 

are at once derived from the displacements in time it of the points (1, 0, 0), (0, 1, 0), (0, 0, 1). The latter are, 

respectively, 

, 6^, — ^, , 

^j > — ^1 » ^ » 

each multiplied by 8t ; from which the values of AD, DH, etc. are obtained by multiplying the first set by OA, 
the second by OB, and the third by 00. Moreover, the parts HA', etc. remain unchanged in magnitude when 
resolved along Of, Orj, Of, if infinitesimals above the first order be neglected. Thus, in the present case, 
JfA' = ude, AD = uej^y DH = — u6Jbt. 

4. If, in the previous case, the origin moves, its acceleration must of course 
be added to the expressions found in § 3. These formulas may be tested by the 
following well-known example. Let be on the earth's surface in latitude X, 
and let 0£ be drawn south, Orj east, and 0^ vertical. Then co being the earth's 
rotation and r its radius, the accelerations of are 

— wV cos X sin X along Of , 

— wVcos^X " OC. 

• • • 

Also, 01 = — (o cos X, 02 = Oy 0^ = (o sin X, and ^i = = ^2 = Sa- 

lience the accelerations of m at (|^, yjy ^ ) are 

i — wV cos X sin X — 2 0117 sin X — w^f sin^X — cd^C sin X cos X, 

7)' + 2 co^ cos X + 2 cu^ sin X — 6)^17, 

4 — ct>V cos^X — 2an) cos X — w^^ cos^X — (o^^ sin X cos X, 

along Of, Oyij O^, respectively. 

5. To measure the changes in the rotation of a rigid body with one point 
fixed, the axes moving as in § 3. Let the rotations to which the displacement 
of the body is due be at time /, wi = OA, (02 = 05, w^ = OC measured respec- 
tively along Of, Orjy O^. Then since at time < + 8< these become g>i + a>i8< 
= 0A\ etc. along Of, Orf, (?{', the absolute changes per unit time in the rota- 
tion are ultimately 

AA' BB' CO 

Resolving these, we get for the required components 

0)1 — 0)2^8 "I" ^3^2 along Of, etc. 
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6. To measure the change in the whole absolute momentum of a rigid body, 
one point of which is fixed at 0, the axes moving as in §§ 3, 5. 

Since the absolute momentum of m in the position (f, >j, O ^^ *^"^^ ' ^ 

m \t,{a}2+ 02)~'n {<^z + ^3)} along 0^, etc., 
it follows that the whole absolute momentum at that time is 

z{(*i2+62) — y {o}^ + ^s) along 0^, 
X (c£)8 + 0z)~ z (6)1 + 61) along Oij , 
y (coi + ^1) — a: (co2 + 62) along O^, 

each multiplied by Mj where (x, y, 0) is the position of the centre of inertia. 
Calling these components fi^ = OA^ /lo = OB, ii^ = OC, respectively, it follows 
that at time t + St they become /ii + /ii 8< = OA' along 0^', /X2 + A2 8< = OB^ 
along Ot)' f fjL^^- fi^Bt = OC along 0^'. The changes in the whole momentum 

. . , ^ AA' BBf CC 

per unit tune are, therefore, -^ ' —^ ' "sT^ whose components are 

jii — /X2 ^8 + /^8 ^2 along 0^ , 
^2 ~ /^s ^1 + Ml ^8 along O17 , 
/is ~ f^i ^2 + M2 ^1 along Ot, . 
Since i = 2:0)2 — ycus , etc. these expressions become, on reduction, M times 

2;((02 + 4) — y(^8 + 4) + <^i !(<^i + ^i)a: + (cu2 + ^2)y + (c«)3 + ^3)2;} 

for the first, with similar values for the other two. 

7. To measure the changes in the whole absolute moment of momentum 
under the same circumstances as in § 6. Since the absolute moment of rns 
momentum at time < is m times 

(0,1 + e^) (f + D - (^ + ^2) ^ - (c8 + ^») U along 0^, 

with corresponding components -along O77, 0£, it follows that the components of 
the whole moment of momentum at that time are 

A{o^ + e^)-y{io^+e^)~P{(Oz+ez) along 0£, 
— y (a>i + ^1) + jB(ci)2 + ^2) ~ a (0)3 + 0^) along O17, 
-)8(a)i + ^1) - a (0)2 + ^2) + C7(o)8 + ^3) along Oi, 
where A = 2m (77* + 4^) , a = Smr; J , etc. 



178 Loudon : Notes on Relative Motion. 

Let these components be called vi = OAj V2= OB, 1/3 = OCy respectively. 
Then at time i + 8t they become v^ + Vi8t = OA along 0^\ V2 + V2'^t = OB' 
along Orj\ and 1/3 + vz^t = OC along 0{'. Hence the changes of the moment 
of momentum per unit time are 

AA' BB' CC 

whose components are 

vi — ^2^3 + ^3^2 along Oi , 
^2 ~ ^3^1 + ^1^3 along Oy) , 
1^8 — 1/1^2 + ^2^1 along 0^ . 

Now, since ^ = 4a>2 — 170)3, etc., it follows that 

= 2 (ycus — ^012) 

B = 2 {acji — y<^z) 

(7=2 {^(0% — acc>i) 

= {C — B)(Oi — ya)2 + /ScJs 
)8 = ycDi + {A — (7) 0)2 — ao)3 
y = — ^o>i + ao)2 + {B — -4)o)3 . 

Hence the above values for the component changes of moment of momentum 
become 

A{d>i + 0i)-y{d)2+ O2) - )8 (0,3 + ^3) + 2 (o>i + ^1) (yo>3 - i8o>2) - (0)3 + ^2) 

[— )8o)i + aO>2 + {B — A) 0)3] — (o)8 + ^3) [y^ + (^ — (7) 0)2 — 00)3] — ^3 

[-yK + ^1) + i?(o)2 + ^2) - a (0)3 + ^3)] + ^2[-)8(o)i + ^i)-a 

(0)2+^2)+C7(0)3+^3)] 

for the first ; with similar expressions for the other two. 



On Certain Ternary Cvhic-Form Equations, 



By J. J. Sylvester. 



CHAPTER I. 



Excursus C. — On the Trisection and Quartisection op the Roots of 

Unity to a Prime-Number Index. 

What follows, so far as it relates to the trisection of the primitive roots of unity, 
may be regarded as auxiliary to Postscriptura 2, Vol. II. of this Journal, p. 387, 

inasmuch as it establishes the equation in cd which, when x = ^^— , becomes 

the equation assumed in line 4, p. 388. The rest is episodical, except so far as 
it may be regarded as correlative to the subject matter of Titles 1 and 2 of 
Excursus A.* 

It will be seen that the equations to a system of three and four periods, 
usually obtained by long and tedious processes, may, with the aid of one simple 
and well-known principle, be deduced by processes almost elementary in their 
character, and into which enter no algebraical calculations except of the very 
easiest kind. 

A sketch of the method was laid by me before the Scientific Congress held 
at Rheims in the month of August last. 

The index p of the roots is, as usual, supposed to be a prime number; ,e is 
the number of the periods,/ the number of roots whose sum forms a period, so 
that ef = p — 1 ; the periods themselves will be called 77, viz. t^i , 7/2? • • • • >?e- 

Preliminaries. 

1. I say, in the first place, that the sum of the i^^ powers of the periods will 
be congruous to — /* " ^ in respect to the modulus p. 



* In any future redistribution of the contents of the entire memoir, it would be proper to incorporate the 
matter contained in Proscriptum 2, pp. 387-389, with this Excursus, 
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m 

For, were it not that in the development of the i^ power of any one of the 
Tj's some of the combinations of the powers of the roots were unity, it is obvious 
that we should have St;* = — e/'*-^ (j9 — 1), i. e. — /*""^ and that we might 

regard every term in such development as equivalent to — — ^ , without affect- 
ing this result. The existence of terms equal to unity will render it necessary 
to substitute for any such term 1 instead of — ^Hi^ ^^ order to obtain a correct 
result, and if there be JST of them, the correction to be introduced will be 

JV(l-\- —^ ), i. e. —^ ,p ; but as it is obvious that the result must be an integer, 

it follows that iV^must be double by (j9 — 1), and consequently the value of 2 V 

to modulus p will be — /^~S i. e. — ( —^ j , as was to be shown. 

2. From the above it follows that to modulus p, 

S(6>7+iy = (-iy + e(-l)*-^ + e^(-iy-^+, etc., = (-1 + 1)^ = 0, 

or, in other words, S {erj + 1)* is divisible by ^. 

But, if Si and o-i represent, respectively, the sum of the i"^ combinations and 
i"^ powers of the roots of an equation, we know that ( — )% = coefficient of x^ in 
^_^^ap-?j«««-^^». ...^ gQ ^jjg^^ ^. multiplied bj^ numbers none exceeding t, is expressi- 
ble as the sum of integer multiples pf o-j^tr^tr^ .... where \ + fi + i/'\-.... = i. 

3. Consequently, Si multiplied by integers none greater than t, when the 
roots in question are the e values of e/; + 1 and i > 0, will be divisible by jp, and 
consequently, since e is less than j9, all the coefficients of the equation to which 
those roots appertain will be divisible by^, the first, of course (which is unity), 
excepted. 

Since S (e?; + 1) = e^rj + e = 0, the equation whose roots are coj , cu2 j • • • • <^« 
where w = ci; + 1 will be of the form o/ + Pa/^"^ + Qof"^ +, etc., where PyQ y 
etc., each contain j9; and I may remark, incidentally (although the fact is imma- 
terial to the object in view), that, as may easily be seen, Sw* will be divisible not 
only by j9 but also by c, and that consequently the coefficient of co*"**, in the 
above equation, will contain the greatest common divisor to e and i. 

4. The coefficient P has one or the other of two determinate algebraical 

values according as /, i. e. — ^, is even or odd. 

In the former case, the congruence x^ + 1 = [mod p] is soluble, and in the 
latter, insoluble. Accordingly, in the latter case, we shall have St;^ = — /, and 
in the former Xtj^ ~i^"""/> ^^^ i^ ^^^^ ^^® ^''f will be an odd number. Also, 



f . s 
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when/ is odd (which involves the necessity of e being even) ^a? = S {erj + 1)^ = 

— 26 + c = ■— ep, and when/ is even 2ct>^ will be this result augmented 
by e^j9, i.e. {^ — e)p. 

Consequently, P = i2P9 or = 2~P^ according as/ is odd or even. 

Thus, when e = 3, / being necessarily even, P = — 3 j9, and when e = 4, 
P = — 6j9, or = 2j9, according as — j— is even or odd.* 

5. With regard to what immediately follows it will also be necessary to deter- 
mine the form of Q in respect to certain moduli for the cases of e equal to 3 and 
€ equal to 4. In the former case Sw^ = 2 (eiy + 1)^ = 2 {e^rf + 3 e^y/^ + Serj + l) 
= 3 mod 9, and consequently, since Q = — ^ 2a>^ — 3^=3 mod 9 and —- Q = 
1 mod 3. 

In the latter case, i. e. when e = 4, since St^^ is always odd Sw^ [to mod 32] 
= 16—12 + 4, i. e. = 8, and, consequently, — 3 Q = 8 to that modulus. 

These preliminaries being established, I will now proceed to state the principle 
referred to in the exordium. 

Principle. 

A rational integer function of any set of periods of the roots of unity whose 
coefficients are all whole numbers, which does not change its value for a circular 
substitution executed upon the periods, it is well known, must be an integer 
number ; but to this I add that if such function, without changing its arithmetical 
value, undergoes a change of sign when such a substitution is made, it must 
necessarily be an integer number multiplied by the difference of the two periods 
into which the entire sum of the roots may be divided, that is to' say, will be a 
multiple of Vp, when p is of the form 4^+1 and of V— ■/?, when j9 is of the form 
4ir-l.t 

As an example, the product of the differences of the roots of the equation in 
7) will be an integer number when e, the number of the periods, is odd and an 

integer number multiple of yp or ^—p (according as -^ ^^ ®ven or odd), when 

the number of periods is even. As another example, if c = 2 c, the function 

• When e = 2, P = j9 or — p according as / is odd or even, so that the equation in <» takes the known 
form «' ± p = 0. 

t To put the matter more clearly, call the alternating function F and the difference spoken of A. Then aF 

is invariable in sign as well as in magnitude for the circular substitutions in question. Hence F = ^^^^^ 

but F* is an Integer ; therefore F=s An Integer ^±p. Q. K D. 
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which changes its sign but not its quantitative value, when 0, 1,2,3, (2€ — 1) 

are replaced by 1,2,3, "~ljO will be an integer multiple of Vp, or of V— j9, 

according as € is even or odd. 

We are now in a position to obtain without difficulty the well-known equiva- 
lent to the equation corresponding to e = 3, given at p. 388, and the correspond- 
ing pair of equations for the case of e = 4. 

A. Case of e = S. 

The equation in w, from what has been shown in the preliminaries, must be 
of the form ct>^ — Spx + pq = 0, and it only remains to determine q. 

The discriminant of the above equation being tfp^ — 4 jo', it follows that the 
product of the differences of its roots will be 27 (4j9^ — g^/>^). But this product 
is 3^ into {-qa — riif [r^Q — 'q^f (vi^'V^fj which latter, by the principky is of the 
form M^. We have, therefore, 

4/ - fp'' = 27 AP = 27 my. 

Hence, 4 j9 = g^ + 27 w^ 

which serves to determine the value of 5^ absolutely. 

To find the value of j , it follows from the preliminaries that gj9 = — 1 mod 3, 
and, consequently, since j9 = 1 mod 3, y = — 1 mod 3, so that q is perfectly 
determined. 

B. Case of e=^ L 

ct>^ — 2 sjpo} + -B = , 0)^ + 2 yjpo} + i?' = 0, will be the form of the equations 
containing, respectively, the pairs of roots cuq , 012 and a>i , cus ; for 



coo + (.2 = (4 170 + 1) + (4 7/a + 1) = 2 (2 7/0 + >72 + 1) = 2 (2 8^ + 1), 



and, similarly, g>i + cus = 2 (2 i^i + tjs + 1) = 2 (2 81 + 1) where S^ and Si are 
the two periods which make up together the sum of all the roots, so that 2 Sq + 1 
and 2 81 + 1 are the roots of the equation fl^ —p = 0, the sign of the last term 

being fixed from the fact of -g" being by hypothesis even. 

Furthermore, -B, R must be of the form Ap +B^py Ap — B^p; for {R—R) \jp^ 
being integer, requires that R , R shall be of the form Ax-\' B >^p ^ A^ — B \/p, and 
then BR being an integer multiple of p involves the necessity of A^ and there- 
fore of Ax containing p. 

The product (170 — 'qi){y)\ — 'q^) consequently becomes 
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which by the principle must be of the form 7717;, and consequently, 

{A-\fp-B'=C''ov{A-lfp = B'+<y. 
The coefficient of o? becomes — 4/? + 2 ^j; which, by the preliminaries, when 

— |— is even must be equal to — 6 2), so that ^ ~ — 1, and when —^ is odd must 

be equal to 2p^ so that -4 = 3. 

In each case, therefore, {A — 1)^ = 4 and 4j) = ^+ (7^; consequently, if 
p — (f+ ^^ 4 gr* = jB^, and 4 A^ = (7, and the complete equation in w containing 

the roots a'o , coj , ci>2 , 0)3 , becomes {u? —j>y — 4:p{(o + gf= when -j- is even 

p — 1 
and (co^ + Spf — 4 j) (o) + gf = when -j- is odd. In either case (f is given, 

but the sign of g requires to be determined ; alike, however, for one case as 
for the other, —Spg being the 3d coefficient after the first, we must have, as 
shown in the preliminaries, 24^9^7 = 8 [mod 32], and consequently, since p is 
of the form 4 K+ 1, 24 flr = 8 [mod 32]. Hence, 3^7 = 1 [mod 4], i. e. gr = — 1 
[mod 4], which gives the required complete determination of g. 

The quartisecting equations thus naturally arrived at are expressed in the 
form in which, according to Bachmann (Kreistheilung, p. 230), they were first 
presented by Lebesgue ; the method here given for finding the equations for the 
trisection and quatrisection of the roots of unity will be found on examination to 
be incomparably simpler, shorter, and more direct than any in common use, and 
as removing a serious stumbling-block from the path of the student, and, occur- 
ring, so far as regards trisection, in the natural course of the development of my 
subject, I have thought entitled to a place in this memoir. Why I require the 
trisecting equation is, as will be remembered, to enable me to obtain the condi- 
tions of 2 and of 3 being cubic residues to a given index. The condition for 2 
being such, strange to say, is nowhere to be found in Bachmann's Kreistheilung, 
although the cubic character of 3 is there duly and fully made out. 

The conditions of the one and of the other being cubic residues were, I am 
informed by M. Lucas, given for the first time in a letter from Gauss to Mile. 
Sophie Germain. 
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Excursus B. 

Title 5 {Us), — On tJie Law of Squares. 

There being errors and inaccuracies not a few in the matter printed under 
this title, owing to my absence abroad as it went through the press, I have 
thought it desirable to rewrite it, rectifying the errors, and supplying some steps 
which were wanting in the demonstrations.* I shall, in what follows, use through- 

* In the postscript which was thought out on board the transatlantic steamer, the Bothnia, and written 
out, as far as I can recoUect, at a single sitting a day or two before posting it at Queenstown, I have not been 
able to detect any inaccuracy in the results, although some additional st^ps and explanations might advtui- 
tageously have been supplied. 

There is, perhaps, one slight exception to be made to this statement as reganls the very important theorem, 
stated but not proved, concerning the nature of the form X^ -f- F17 -f- Zf where the coefficients of f , 17 , f are 
supposed to be the reduced co-ordinates of any derivative to x, 1/, z. If C/^ =: is the equation to the cubic in 
its general form, obviously X, Y, Z are indeterminate, as each may be augmented by an arbitrary multiple of 
U of suitable degree and order. Consequently, the theorem ought to have been stated in the following form. 
The co-ordinates X, Y, Z of any such derivative may he so expressed that X^ -{■ F17 + Zf^ shall be a mixed 
concomitant to U. The fundamental invariantive concomitants to a ternary cubic involving not more than one 
system of cogredients and a single linear system of contragredients are eleven in number and of the types under- 
^n"en : 4 0.0 4.4.1 

6.0.0 6.4.1 

1.3.0 7.4.1 

3.3.0 9.7.1 

8.6.0 11. 7. 1 

12 . 9 . 

Hence the co-ordinates of every rational derivative in the natural scale to a point on a cubic curve may be 
expressed as the coefficients of the contragredient variables in a rational integer function of the above eleven 

quantities linear in the latter five, and such that its degree and orders for the n*** grade are ** ~ ; n' , 1. 

The particular forms of ^, Y^Z which appertain to the concomitant X^ + F17 -h Zf , and which may be called 
the normal forms, it may be added, are those which actually arise from the processes oLcoUigation and reduction 
described in the excursus. By colligation I mean the determination of the general analytical connective of 
x,yyZ; 7/, y'js/ hy the same method as that applied at pages 61, 62, to the canonical quadrinomial form of the 
cubic The co-ordinates of such connective are absolutely determinate, inasmuch as the equation which each 
set of co-ordinates must satisfy is of the order 3, whereas the co-ordinates in question are of the second order 
only in each set of variables (and of course of the first degree in the coefficients of the cubic). By reduction I 
mean that when in the co-ordinates of the general connective for x , y , 2 ; aj', y', 2' are substituted the normal forms 
of the co-ordinates for derivatives of the grades /x , /i + 3 1, their common factor of the degorder (12 1^ — 3,9%^) 
is to be cast out. 

This common factor, it may be noticed, is alwayn a covariant of the cubic. When i = 1, it is seen a poste- 
riori that this is the case, for its value is expressible (see footnote, p. 87) under the form of a known covariant, 
say (which was obtained by means of using the canonical form of the cubic) ; that it must be true for all 
values of i may be deduced from the general algebraical theorem that if in a covariant to any given form, in 

place of the variables x , y , 2 be substituted -^^ ^ > 57 where. Q is any invariantive concomitant to such form, 

^^^ f > 7 » f are contragredient to x , y , 2, the resulting expression will be itself an invariantive concomitant. To 
obtain now the reducing factor for the connective to P^, P^ -j_8l (p* 88) it is only necessary to substitute in e 
3Ct , y< , 2< (the normal co-ordinates of the i*** derivative) in lieu of x , y , 2 where x,-f + yifj + 2,f is known to be 
an invariantive concomitant to the cubic. Hence, by the algebraical theorem above stated, the corresponding 
reducing factor (not containing $, rj, is necessarily a covariant to the cubic, as was to be shown. 
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out Pi to denote the i^ derivative of P, and Xiy t/iy Zi to signify the reduced co- 
ordinates of Pi , so that Pi, Xiy yi, Zi will mean the same as Py x , y , z respec- 
tively. x + y = Oy z = will be taken as the auxiliary point of inflexion, serving 
to complete the scale, and will be called /. In the natural scale it is easy to see 
that any derived co-ordinate, as 2, , must contain the original one, as z. Fon when 
z= Oy P will be a point of inflexion and P, identical with P, hence (x,, y,, z,) 
will express the same point of inflexion, and consequently 2^ = ; hence z, must 
contain z. When we leave the rational scale, so that i is a multiple of 3, z must 
contain xyz. For when 2 = 0, the i^ derivative P will be one of the three points 
/, /', /", expressed by 2 = 0, a:^ + y' = 0. If P is /, Pg is obviously /; if P is 
/', P2 is /', and Pg will be the connective of P2 and /"; consequently Pais / and 
2 = 0, and the same will be the case if P is /"; hence 4 contains z. 

Again, if y = 0, P will be some inflexion Jy and the connective to ly J being 
called K, Pa will be the connective of J, Ky i. e. /, as before ; hence z^ will con- 
tain y, and in like manner it will contain x. Also, since in each case P3 is /, 
every derivative of Pg will be /; hence, when xyz= 0,^8^ becomes 0; conse- 
quently Zi (if i is a multiple of 3) contains xyz. 

Again, if XiyyiyZi are the reduced co-ordinates of P^, I say that ^^(y? — 2;?); 
yi (2? — af) ; Zi (x? — y?) will be the reduced co-ordinates of 0^21 , yai ? ^i' 

For, if possible, let two of the above co-ordinates have a common factor F; 
then, since XiyyiyZi have no common factor, ic? — yijy? — 2| have a common 
factor, and when P = 0, xj = yf = 2? ; but x? + y f + 2? + KxiyiZi = 0. Hence, 
unless xj = y?= 2i = 0, we must have 3 + y^l JSr= 0, but K is arbitrary. Hence, 
Pmust be contained in Xiyy^Zi contrary to hypothesis. 

Although it is a consequence of a general law* that 2j cannot contain 2^, for 
present purposes it will be sufficient to establish that Zi cannot, for each of two 
consecutive values of i, contain 2^. Thus, suppose Z2i^i and 22* each contained 2*, 
then, because 22* contains 2? , 2j must do so too ; since, otherwise, af — yi must con- 
tain 2. If that is possible, let 2=0; then af-^ y?= ; but P, and therefore P4 , 
becomes an inflexion, wl\ereas a:i = yi is the necessary and sufficient condition 
that Pi is a Pliickerian point, which is self-contradictory. But since 2| con- 
tains 2?y Zi_i must also contain -e^, for 224.^1 will be contained (see p. 82) in 

-(Xiyi2f_i — Xi^iyi^iZi)y and therefore, if 2i_i does not contain 2^, 2 must be con- 

z 

tained in Xi or y^ , which is impossible. In like manner, if 2^ is contained in 

* The law ia that 2'. y^. z' xyfii, cannot for any value of i contain a square algebraical factor, just as and 
en demikre analyse for the same general kind of reason that the binomial exponential (a* -j- b*) can contain no 
such factor. 
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^19^1 <i 7 it will be contained aL<o in z^ and z^^^. Hence it would be contained 
eventoally in z. which is absurd. 

Again, it may be shown that z will be the only common meai^ure to z^^, and 
Zi . For, if possible, let them have any other common mea;$ure F^ and let F 
become zero. Then Pi_i and P^ both become points of inflexion belonging to the 
system previously designated as /•/'• /", and by a coUineation process performed 
on these points alone or combined with /• P may be obtained. Hence P be- 
longs to the same system of inflexions, i. e. z = 0. Hence F would be contained 
in a power of z. contrary to hypothesis. 

I will now show that if the two systems of unreduced co-ordinates obtained 

bv the collicration of 

^ ^? 

ari_.i,yi_i.2i_i/ ^j ^^f jyi-i ^a^i-i ?2i-i 

^i ,y. rZi ' ^^i jVi r2| 

be called F.G.H.F, G\ H-, respectively, the terms F,G ,ff; r,G",ff can have 
no other measure common to aU four than z, or, in other and more precise terms, z 
is the greatest common measure to the greatest common measures of /\ G , JT'and 
of F^, G, H. For brevity call the two sets of co-ordinates o( P^^i and P, , u , c , ir ; 
ti',r', it' respectively. Then the unreduced co-ordinates in question will be (p. 82) 

F = rvrn'^ — r W \ ( tiwu'^ — ti'ir V = F" 

G = irwr'* — ir'wV > and < um'^ — w'r V = C 
H = urw'^ — ti'r'ir* ) ( ruw'^ — r'u'ir^ = H 

into each of which z necessarily enters as a factor, because tc , tr' have been proved 
each to contain z. 

[m ,r, it will be observed, cannot have a common factor, for then ti . r . tr woidd 
have a common factor contrary to hypothesis ; and, in like manner, if', r' can have 
no common factor.] 

I say, in the first place, that no indecomposable function of x , y , z, say JT, not 
contained either in m? or in w', can be common to F, G jF^ Gr. For, if so, let F 

vanish ; then, calling ~ , - ; j^ , ;7 j r ,8; r^^s' respectively, we have 

(1) ^-«'r^ = 0, rr'^-s'^=(iy (3) 

(2) r^'»-rV = 0, r'f^- 88^^ = 0. (4) 

Now, none of the terms v^8 yrj8 can vanish : e. g. r cannot vanish, for, if so, 
from (1) it would follow that «.= 0, or / = 0, and from (3) that 4? = 0, or / = 0, 
so that either r = and « = 0, or / = and «' = 0, i. e. the general values of ti 
and V or of u and v' must have a common factor J/", which is impossible. Hence, 
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combining (1) and (2) or (3) and (4), we derive r8 = r'8' (5), as might also be 
obtained immediately by equating to zero the term common to the two systems 
above. 

From (5), from (3) and (4), and from (1) and (2) we obtain respectively 

the second and third of which are equivalent to r® = s^, r ^ = s'^y and the first 
and second combined give r® = s^. Hence r^ = r^ = s^ = 3'% and consequently 
the original equations (1), (2), (3) give r^ = s^ = r"^ = s"^. 

The equations r^ = 8% /^ = 8^ imply that jP,«i, P< are each of them distinct 
or identical antitangentials to one of the points of inflexion corresponding to 
2; = 0, i. e. are each of them a Pluckerian point on the cubic, and P or (P , I) 
will be a residual either to jPf_i , jP^ or to (P»-li , I)^Pi where / is the auxiliary 
inflexion used to complete the scale. Hence P is eithef a PHickerian or an 
inflexion point, and in either case P2 will necessarily be an inflexion. Hence one 
at least of the derivatives P,_i , jP, is an inflexion, but each is a Pluckerian, which 
is absurd. 

Thus J/'(.'in irresoluble factor common to F , G y F\ G') must be contained 
either in w or in w\ Suppose it is not z and is contained in to, then it cannot be 
contained in lOy for to, w have no common measure except 2;, and consequently 
when M = 0, vu^ = 0, «V = 0, t;V = 0, and uu^ = 0, and either u and v or 
II and V each become zero, which is impossible seeing that neither the general 
values of w , t? nor those of u\ v can have any common factor. In like manner, 
it follows that M cannot be contained in w\ Consequently, the two systems 
FyGylF; F\ G\ H can have no other common measure, except some power 
of z. 

Finally, I say that the only common measure in question is z itself. F. Sup- 
pose it were possible (which it is not) that one of the two terms w or w (say w) 
contains z^y then it has been proved that the other [w) cannot contain z^. Hence, 
if wm^ — w'uu^ contains 2r^, u or u must contain e, and in like manner, if to' and 
not w contained 2, v or v must contain z, none of which suppositions are admis- 
sible. 

2"". Suppose that neither to nor w contains ^, Then writing w = gj2, xo=^ <Jzy 

and writing for - , - ; ;;/ > ;y ? ^ ? ^ ; ^'> ^' respectively, we shall obtain over again, 

as before, r^= s^, /^ = 8'^, indicating as before that Pi_i and P, are each of them 
Pliickerian points when 2; = 0, i. e. when P is a point of inflexion, which is doubly 
absurd. Hence it follows that the common measures of P, G^ , // and of P', (?', H 
have the common measure z, and no other. 
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We are now in a position to prove the law of squares. Suppose it is true for 
Pi_i and Fi , I say it will be true for P2i-i • For consider the connectives of 

Xi_i, y._i, Zi^^) j^jjj^f jy.-M ^i-ly ^i-i 

Xi , yi , Zi ) (xi , yi , Zi 

as expressed by the formulas above employed. Let 2?fl be the third term common 
to the imreduced systems of co-ordinates. 

Allowing (as is the fact) that ft does not contain 0, the reducing factor com- 
mon to the unreduced co-ordinates of F (or it may be its opposite in respect to 
/) must be zily and consequently to the other system corresponding to jp2i-i O'r 
its opposite, can only be 2; or 2^ ; but the latter is impossible, for then 2^2 f-i would 
not contain z. 

Again, if fl could be conceived equal to z^flj , the reducing factor for F or its 
opposite would be z^'^^iliy and consequently that for P21-1 or its opposite could 
not be 2? and would be z as before. Hence the order of P2t-i ^^ th^ variables 
is necessarily 2 (i — 1/ + 2 i^ — 1, i. e. 4 1^ — 4 i + 1 or (2 i — 1)\ 

Moreover, it has been shown that if Xi,yi,Zi are the reduced co-ordinates for 
Fi , ^.(y?— 2?),, yi {z]—7?i) , 2i{7?i — y?) are such for F^i , and consequently, if the 
law is true for i, it is true for 2 i. Hence, being true for 1, it is true for 2, and 
therefore for 3, and therefore for 4 and 5 and 6, and therefore for 3 + 4, i. e. 7, 
and for 2 . 4, i. e. 8, and for 4 + 5, i. e. 9, and for 2 . 5, i. e. 10, and so on for every 
number, as was to be proved.* Thus, this negative proposition, as I have termed it 
(p. 85), is completely established. There remains to prove the important proposi- 
tion contained (but incorrectly proved) on pages 84, 85, to wit, that the unreduced 
systems of co-ordinates arising from the colligation of 

{xj ^yjyZj)\ I {Xj , yj , Zj) 

will be of the forms LN\ MN', NN') L'N, MN, N'N, where L,M,N', L\ M\N' 
are the reduced systems of the co-ordinates of the connectives of P» , Py, and 
jPJ , Fj respectively. 

To illustrate this proposition by an example, consider the connectives of P', 
P3, i. e. P2 and of P, Pg, i. e. P4. 

^2 is z {y^ — 7?) and z^ is of the form z {y^ — oi?) H, where H is of the order 
12 in the variables. 

* In other words, if the theorem is true up to i inclusive, any number between t-^ 1 and 2i inclusive is 
either of the form 2j or 2j — 1, where j does not exceed % ; and being true for j, it is true for 2j, and being 
true for J — 1 and j, it is true for 2j — 1. Hence, if true up to » it is true up to 2 1, but it is true for « = 1 and 
therefore for all values of i. Q. K D. 
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Call X4 5 7*4 , Z4 the unreduced co-ordinates arising from the colligation of 
P, P3. Suppose 7? — y' to become zero, then P becomes a PlUckerian, and P3 
will be also such, viz. one of the nine appertaining to the inflexions given by 
2 = 0.* Hence xl — yl becomes zero. Now X^^T^ represent yzx^ — y^di^j 
xzyi — Xf^z^'^ respectively, and since yzxl . x^z^'^ — y-fiz^ - xzy\ = 2:2:3 (x^y^ — y\x^) 
= 0, Jr4 : F4 : : ya| : a^yf, and consequently X\ — l^J = ; but P4 is a point of 
inflexion and not a PlUckerian ; hence -X4 , T^ must each contain the factor 
7? — %^^ and Z4 must be of the form z^ {7? — y^)^fl, for after division hy z{x? — y^) 
it must still contain that factor. Also X4 , 1^4 , Z4 can have no other common 
measure except z{3i^ — y^), for after throwing out that factor the quotient is of 
the order 16, the order of z^ given by the law of squares. Thus we see that 
the third unreduced coefficient common to (PjP^) and {P'^P^) is equal to 2:2-2:4, 
as it ought to be according to the proposition in question. 

To he Continued. 

* The nine points of inflexion on a cubic curve form a closed group, but so also do any three of them which 
lie in a right line, and also any single one. In like manner, the nine inflexions with their antitangentials, 
any three of these lying in a right line with their antitangentials, and any one with its antitangentials, form 
closed groups containing 36, 12, and 4 points respectively. The ornamental-gardening problem of cUignement, 
anglic^ allineationj which consists in so disposing a number of points on a plane as to obtain the maximum 
number or all the various possible numbers uf right lines each containing three of the points, finds its syste- 
matic solution in the theory of groups of inflexional and sub-inflexional points of various grades. In some very 
old numbers of the ''Educational Times** will be found questions of the kind proposed by me (not reproduced 
in the Reprint), of which the solution depends on this order of considerations. In certain cases that had been 
studied, I ascertained the possible existence of a larger number of collineations than had previously been 
imagined by other writers on the subject, among whom Mr. S. B. Woolhouse deserves special mention for the 
ingenuity of his constructions. As far as I am aware, the theory of allineation has never been treated by other 
writers tlian myself, except by empirical methods, and its dependence on the theory of the general cubic curve 
was not even suspected. 



Change of the Tndejpendent Variahle. 



By J. C. Glashan, Oltaway Canada. 



By Taylor's Theorem, if te =f{y) and x = <f} (y), 

f{y + h) = u + hd,u + A' ff + A* If + etc.; (A) 

also f{y + h) =f<ir' [a; + {</. (y + A) - x}] 

= u+{<f^{y+h)-x\d,u+[4^{y+h)-x\^^^ + \<^^^ (B) 

<^(y + A) = 3c + /irf^ + A*ff + /*«ff + etc. (C) 

Substitute by (C) for {^ (y + A) — «j in (B), and equate coefficients of like pow- 
ers of A in (A) and (B) thus reduced. 
For convenience, let 

Xi — dyXy X2 — 2 ! ? /^8 ^^ 3 1 ' 



. • • 



Ui = dyU^ U2 = -2\j t^s = 3T ' * * * * 

and /SiJJ = the sum of the terms of weight m in the expansion of 

(Oo + Xi + 2:2 + a?8 + )* 

(from which it immediately follows that, if ^ > m, /SJ = and that 8^ = a^). 
«i = Xid^u , 
W2 = X2dj:U + Xi -^i ^ 

Us = x^d^u + 2 Xia:2"2T + ^ "31 ' 

W4 = ir4e4w + (2 rTiiCg + a|) -^y + 3 aJx2"iT + ^ Tf ' 

W5 = Xgd^u + 2 (xi«4 + 2:2X8) TT ^" ^ (^^ "•■ ^1^) '^'^ ^ «ia:8"4T + ^Tf ' 
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and generally 

u, = sid,u + si.^ + s'^.^ + s;i.^ + .... + 8:.^^i 
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S\ SI 


SI 
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Xj • Xi . Xi 



x'i 



which may be written 



dlu 



/ \p-lCil 02 Q8 ,C»~I» *i I ,Cn— P-fl ,Q»»-H-2 ,C»-1 I 4_ l-t-.Ql Qf2 OS 0« 

If w = y, this reduces to the last term, i. e., since in this case tii = 1, to 



0?*?* 



^ I — ( } I ^2 > ^3 J ^4 ? • • • • ^n I • ^1 . ^2 . ^8 • • • • ^n« 



Note on tlie Intersections of Two Curvts. 



By F. Fkanklin, 



Assistant in the Johns Hopkins University, 



In Salmon's "Higher Plane Curves" (p. 16), the theorem is given that if of the 
n^ points of intersection of two curves of the rf" order np lie on a curve of the 
p^^ order, a curve of the {n—pY" order may be passed through the remaining 
n{n—p) of the points. It can likewise be proved that if of the mn intersections 
of two curves of the m}^ and n^ orders, np lie on a curve of the p^^ order (where 
m> n and m > |)), a curve of the (m — pf^ order can be passed through the 
remaining n{m—p) intersections. For through any ^{m—p){m—p'\-3) of 
the remaining points we can pass a curve of the (m — p)*^ order which, with the 
curve of the p^^ order, forms a curve of the m^^ order, of whose points of inter- 
section with the curve of the n*** order 

^P "1" I' (^^ ~ P) {in— p '{- 3) 

coincide with those of the given curves of the m*** and n*^ orders. If, then, this num- 
ber is equal to or greater than the number of points required to determine all the 
intersections of a curve of the m*** with a curve of the n^ order, the composite 
curve of the m^ order will pass through all the intersections of the given curves, 
and hence the curve of the (m — pf^ order will pass through all but the given np 
of them which lie on the curve of the p^^ order. The proposition is therefore 
true if 

^jP "^ i (^ ""i^) (^ ""-P "^ ^) > ^^ — ^{m— 1) {m — 2), 

which reduces to 

{p-l){p-2) + 2{m- n) {m - p) > 0; 

and this is evidently always true. 



A Method of Developing the Perturbative Function of 

Planetary Motion. 



By Simon Newcomb. 



The development of the perturbative function in powers of the eccentricities 
and inclinations has of late been generally regarded as of little value, owing 
to the complex character of the series to which it leads. It is, in consequence, 
but little used, even in those cases of nearly circular orbits where it would be 
most convenient. Still, it is the only development in which the disturbing 
force is given as an explicit function of all the elements, and is therefore of 
more interest to the geometer than any other. Moreover, it admits of various 
simplifications in its application to the numerical problems of celestial mechanics 
which deserve more attention than they have received, and which may entitle 
it to a more favorable comparison with other methods than it has been supposed 
to offer. 

The object of the present paper is to exhibit a method of eflfecting the 
development in powers of the eccentricities, which seems to me to offer some 
features of interest, and possibly to contain the germ of some principle which I 
have not fully grasped, and which may admit of wider and more important 
applications. I refer especially to the expression of the coefficient of each 
power of the eccentricity in terms of the coefficients of lower powers, and to 
the expression of the coefficient of each term involving the perihelia of two 
planets as the symbolic product of coefficients involving the perihelion of one 
only. The first of these features was pointed out in a note to the French 
Academy, found in the Comptes Bendus, Vol. LXX. p. 385, the ground of which 
is covered by the present paper. The second was discovered on the completion 
of the theory some years later. 

One great practical advantage of the process is that it is reduced to a 
uniform operation of algebraic multiplication, which can be executed by an 
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unskilled computer, and can be carried to any extent without repeating the 
previous processes. I see no reason why it might not be possible to express 
the terms of tlie moon's longitude by some similar series of operations, and 
thus greatly simplify the practical problem of the lunar theory. Probably each 
step would be found to involve the solution of a differential equation, but this 
equation might be of a very simple character, and only a particular integral 
would be required. 

The present development offers nothing new in the method of taking 
account of the mutual inclination of the orbits. The development with respect 
to this element may be made by any method which gives the coefficients as 
known functions of the radii vectores and the mutual inclination, and the ele- 
ments under the signs sine and cosine are the multiples of the distances of 
the two planets from the common node. 

The expression to be developed is 

i? = (r^ — 2 rr' cos F — /')-* — ;^ cos F, 

in which r and r' are the radii vectores of the planets, and F the angle between 
these radii vectores. 

The second term of this expression admits, after the development is eflfected, 
of being merged in the first by a simple and well-known modification of certain 
terms of the first ; we shall therefore confine our attention to the first term. The 
following notation is used : 

F, f', the true angular distances of the planets from their common node. 
X, X', the mean values of F and v'. 

y, the mutual inclination of the orbits, 
cr, sine \t/. 
p, p\ the logarithms of the radii vectores. 
D, »', the logarithms of the mean distances 
6, e', the eccentricities. 
I gr, g\ the mean anomalies. 

a, the ratio of the mean distances. 

By substituting for cos F its known value, 

cos F = cos F cos f' + sin F sin f' cos y 

or cos F= (1 — c7^) cos (F — f') + o^ cos ( F + f'), 

and then developing in cosines of multiples of F and f', we shall obtain the 
terms with which we are to set out. In order not to weary the reader with 
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what is not essential to the present object, we shall state only those conclusions 

which form the basis of the new method. 

If we suppose the eccentricities to vanish, the value of R can be developed 

in the form 

i? = ^- ^Ai cos (iV — iX) 

+ ^B, cos ((i + 1) \'- (i - 1) X) 

+ Sa cos ((i + 2) >!-{{- 2) X) (a) 

+ etc. 

where the index i takes all integral values from positive to negative infinity, 
and u4| , jB^ , C4 , etc. are functions of the mean distances and inclinations which 
admit of explicit development in powers of a*. 

This expression for R may be thrown into the form 

R = 2,2^^,^ cos(i/X'+ /xX) (1) 

where /i and p each assume all values from — qo to + qo , but not independently, 
being subject to the single restriction that both values must be even, or both odd. 
The coefficients A are homogeneous and of the degree — 1 in a and a', 
admitting of being expressed indifferently in either of the forms 



I' *^ (J') o'" I ^ (S)' 



a a' 



It is in practice more convenient to choose the form in which the fraction ^ or ~ 

shall be less than unity, but, for the purposes of the present investigation, the 
choice is indifferent. 

The original expression for R is of the form 

R=f{v,v\r,r',<T); (2) 

and, assuming the eccentricities of both planets to vanish, we have supposed it 

developed in the form 

i?o=/(X,V,a,^,o-). (3) 

In order to express ^ as a function of the eccentricities and other elements of 
the two planets, we must now substitute 7, v\ r, and r' for X, X', a and a in (3), 
or, which is the same thing, in (1), the quantities to be substituted being ex- 
pressed in terms of the eccentricities and mean anomalies. 

To continue the process we shall consider i? as a function of the logarithms 
of the radii vectores of the planets, instead of the radii vectores themselves, 

putting 

p = log r, p'= log /, 

X) = log a, ©'= log a', (4) 
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, . , . da dr 

which gives 5i = « 5 ^ = ^• 

It is not necessary to have either A or its derivatives expressed explicitly as a 
function of » and v\ since we have, with respect to any function ^ of a and a', 

d<fi dff> . d(f> ^ d<l> 

'dD~ ^da' di'~ ^ da'^ 

a form by which all the derivatives with respect to » and x>' may be expressed as 

functions ofa and a'. 

All the coefficients of A^^^^ being homogeneous and of the degree — 1 in a 

and a', we have 

dA \dA 

We shall hereafter use a symbolic notation, putting D for the -operation ^ and 
iX for j-i . All the derivatives of A with respect to » and »' being, like A itself, 
homogeneous and of the degree — 1, we may put, in general, 

D + iy=-l, (5) 

and may combine D and 17 as if they were multipliers according to the usual 
rules for such symbols. 

To effect the development we require we must, in (2), put 

p = i> + y\i{e,g), 
V'=k'+<l>{e',g'), 
p'=r>'+^(e',g')', (6) 

the function ^ representing the equation of the centre, and \ff the portion of 
log r which depends on the eccentricity. From these equations we see that 
considering i? first as a function of F , F', p , and p', and then as a function of 
X , X', x> , X)', e , e', g and g/, we shall have for any compound derivative with respect 
to V and p 

^ + fit' + n + n'J^ ^ + m* + n + n'J^ 

dV^dV^^dp^dp"^ ~ dXrdXf^dv^drt^ > 

that is, any derivative with respect to V ^v', p,or p is found hy taking the corresponding 
derivative of the developed function tvith respect i?o X , X', x> , and r>' 

Now, supposing that, in (2), V and p are replaced by their values in (6), we 
shall have 
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dR __ dS dv , dRdp 
lie dv de dp de 

~ Ik Ifi ~^ de d^ ' ^ ' 

This equation ia the fundamental one in our method of development. By it we 
express the derivative of R with respect to e in terms of its derivatives with 
respect to X and n. Let us now differentiate this expression with respect to e 

n times in succession, representing by D^ the operation ^. We thus obtain 

rf'+'.B _ \^^^4_('t\tl "^"'^ , {n\ ^ d—m 1 

<ie"*' ~^>^\de de' "*" [ij rfe' rfe— ' "*" [2) d^ de"-* "•" j 

^ ^'\Te: de + vijd? dtf^ + V.2jdr« rf?^ + ---- i y^) 

Thus, we have expressed the derivative of any order with respect to c in terms 
of the derivatives of lower orders, and, by successive substitutions, this derivative 
will be expressed in terms of derivatives of R with respect to X and 0. 

The coefficient of e" + ' in i? is found by putting e= in (8), and dividing 
by 1 . 2 . 3 . , , . n + 1. In strictness we should suppose e = only after differen- 
tiating with respect to X, but it is evident that the two operations may be inter- 
changed without affecting the result. If we represent this coefficient by R* "*■ ", 
and replace the derivatives with respect to e by the corresponding values of this 
coefficient, namely. 



: i?» 



d^ ' 









etc. etc. 



If, also, we represent, as in these last equations, by the subscript zero the 
operation of putting e = after differentiation, we shall have 
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i?- - ^' = A I TT^ $ i2'-' + (i) [J^ S i?"-' + etc. 



M(n + 1)! e/e ^ '^\lj(n + l)l de' 



^■^-\{n+l)\ de ^ ^[ij {n + l)l de' ^ "1" etc. 



If we represent by v^ and p^ the coeflBcients of e** in V and p respectively, we 
shall have 

Substituting these values in the above equations, we find by simple reductions 

ThuS; each coefficient is expressed as a linear function of the derivatives of the 
coefficients of lower orders. We have next to substitute for v^ and p, their 
values in terms of g. We have in general 

iF, = /i* l^^sinjg; ipi = hf cos jg (10) 

from the developments of the elliptic motion, but it is to be remarked that j 
does not assume all values between the limits + i and — i, but only every alter- 
nate value. The special values of k and h to terms of the seventh order are 
shpwn in the following scheme. The values for negative values of ^ are formed 
from those for positive values by the formulaB 

In strictness it is not necessary to suppose j negative at all, since the complete 
value of 4 p4 , for example, is 

4 p4 = 1^ AJ^ + ^2^ cos 2g + h^ cos 4 g, 

but it will be found convenient in fonning the required functions to suppose j 
negative in some cases. 
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Values of h and k. 
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To commence the development, let us take any one term of (1), ; 
brevity put 

N=v\'+ (lK, 

and omit writing the indices ^ and v. The term will then be 

i?o = i?'"=^co3i\r, 

and its derivatives with respect to X and d will be 

-^ = — /.^ Sin iv; 
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The general formula (9) gives, by putting w = 0, 

= — filciA sin gr sin iV"+ JiiDA cos^ cosiV, 
whence 

2 i?i) = {^ic^A + KDA) cos (iVr + g) 

+ (- /i^i^ + KDA) cos (iVr- ^). 

By the repeated application of (9), supposing n successively equal to 1, 2, 3, etc., 

we shall obtain the successive values of ^"\ This process will be facilitated by 

finding a general formula for passing from R^^^ to jB^" + ^\ For this purpose let 

us put 

Pjj the coefficient of cos {N + jg) in JB^*^, 

-we then have, in the special cases w = and n = 1, 

P\ = {lJc\ +KD)A, 

PL 1 = (- iiK + KD)A, 
and in the general case 

i?»> = Fl cos (iV+ ng) + Fl^^ cos (iV+ (» - 2) gr) + . . . . + P!.„ cos (iV- ng), 

the index y taking each alternate value from + n to — n. Differentiating with 
respect to X and », we shall have 

Ai?"> = — ^i>| sin (iV+ «^) — /iPS_2 sin (iV+ (» — 2) gr) — etc. 

/>,i?(«, = Z>P;: co8(iV+ ng) + i>P:_2 cos(iV+ (n — 2) gr) + etc. 

Putting side by side, and writing in the most condensed form, the pairs of factors 
which enter into (9), we find them as follows : 

A-R^"' = — fi S" jy sin {N + jg) V^ = T(^smg 

J = -n 

A-R*"-" = — il'i'P^-^ sin(N + jg) 2 Fj, = A^' sin 2 ^ 

J=—n+l 

2)^ jjH»-2) = _ ^ ^i"!p»-a sin {Xf-\-jg) 3 F, = C sin 3 gr + AjJ" sin gr 

> = — n + 2 



i?^i?o) z= _ ^po gin jv" {n + 1) r, + i = ^if V"^'^ sintgr 



, = — «— 1 
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2>x>i?«> =D^T P^qob{N + jg) 

J^ — n 

Dr>R^-^) = D ^H"^ P^-^ cos (N + jg) 

4 ^ ft —2 

Bt>R^'^^ = D S P^'^ cos {JSr + jg) 



pi = h\ cos g 



2p2= fh cos2g + ^h^ 



3 ps ^= K cos 3 gr + Ai ' cos g 



DdjF?^) = i?Pg cos N 



(n+l)p„4.i = jT Al» + ^>costgr. 



,•=,_»_! 



If we form the products of these quantities according to the formula (9), and 
compare the coefficients of the several angles, we find 

+ 



2 (n + l)F:±\ = iH.K + A;Z))P»_a 

+ etc. 



+ h;i>p:z\ 

+ etc 



(11) 



+ + + 



To show the law of progression of the several classes of terms, I have purposely 
written some of the coefficients k and h with negative indices instead of using 
the corresponding positive ones, which, in the actual development, will be 
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substituted for them. The law can be seen by induction and comparison with- 
out a full statement of it. As we diminish the value of the lower exponent of 
P by successive steps, two units at a time, the number of columns of products 
increases by one at each step, but the number of products in each column 
diminishes in consequence of one of the factors vanishing whenever a lower 
exponent in h, ft, or P exceeds the upper one in absolute value. Supposing the 
successive values of PJ"^^ to be written in this form with continually diminishing 
values of j until we reach the value j* = — .(n + 1), to this value would corre- 
spond n + 2 columns, of which, however, the first would entirely vanish, as 
would every term of the remaining ones, except the first. Placing these terms 
in a column, they will be as follows : — 

PltLi = (/xA:Li + h'_^D) P!L„ = (- ,ik[+ }i,D) Pi. 

+ {iiTci^ + hl,D)Plrn\i + (- K + Ai'/>)P!L;;Vi 

+ iiik'ls + hZ,D) Pl-%, + (- ^Jc^' + h^'D) Pl-U 

+ + 



This is a particular case of the general law of formation of the values of P when 
j is negative, which law may be expressed as follows : — 

E(ju:h value of P idlh j negative may he formed from the corresponding value for j 
positive by changing the sign of fi^ and of the lower exponents in all the values of P which 
enter into it. 

We have next to consider the development with respect to the powers of e\ 
What we have hitherto done has been to take 

and substituting 

V=\ + 4>y{e,g)i 

/) = » + ^, (€ , gr), 

to find the coefficients R<"^ of the development with respect to e only. We have 
written X' and d' instead of V and p in giving the values of the coefficients. 
Now* when we replace X' and r/ by v' and pj expressed in terms of the elements, 
each coefficient 72^**^ will become a function of v' and p\ and hence of e\ g^, etc. 
We shall now proceed to develop each of these coefficients in powers of e' by the 
same process which was followed in developing R in powers of e. Let 

P] cos (i/X' + /iX +jg) 
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be any term of i?"^, and, having replaced X' by r' and x>' by p in this term, let 
us suppose 

and let us put 

i?*'"', the coefficient of e'"' in this development 

We shall then have, as in (9), 

{n' +\) B^^'''-^^= v[D,.Ii^^^ + 2v^D,.R'^^-^ + .. . .-^{n' +l)r 

The expressions for v' and p will be the same as those for V and p in (10), except 
that g is to be substituted for g. We may now investigate the general law of 
development in the same way as before. Putting, for brevity, 

N' = y.\ + v>:+jg = N-\-jg, 



SO that 



P] COS iV^' 



is any term of -R^**^ or, which is the same thing, of i?*»^, let us represent the cor- 
responding terms in i?**"' by 

i?n.-^===p;;.;;j;cos(JV^'+ny )+i?;^_2 cos (iV^'+ 
Then, proceeding as before, we shall find 

2 (n' + 1) P'yxy^, = {vK + KD) P5;;:; 

+ .' 

+ {vT6-^V^ + u-^X\iy)P)f,. (13) 

All the other coefficients can be formed from the corresponding ones of (11) by 

writing 

V for /x, 

ly for D, 
P) for P, 

n for n. 

We have now an important law of this development of ^ to bring out. First, in 
the equations. (11), by supposing in succession w = 1, n= 2, n= 3, etc., and by 
continually substituting in each set of terms the values of those of a lower order, 
we shall finally express all the values of Pj in terms oi P% = A and its successive 
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derivatives with respect to ». Moreover, the operation of forming these deriva- 
tives being always linear, we can combine all the operations represented by the 
symbols fik + hD as if i) represented a coefficient ; that is, having the quantity 

{fjik + hD) iiJik' + KD).... iiJikn + KD) Pg 

we can multiply these several symbols as if D were a coefficient. By this opera- 
tion, putting A for Pq, we shall finally obtain an expression of the form 

P? = U^jA, 

in which 11" represents an entire function of fi and D of the degree n. 

Secondly, by treating the equations represented by (13) in the same manner, 
we shall be able to represent each value of J^ ; y in the form 

in which Hy represents an entire function of v and iX of the degree n\ Substi- 
tuting for P'j its value just given, we shall have 

p^j:% = u^u^jA' (14) 

in which the two symbols can be combined by the rule of multiplication. li thus 
appears that when we have found the development m powers of e for e' = 0, and that in e' 
for e = 0, tve have solved the whole problem^ and the terms muUipUed It/ any product of a 
power of Q ht/ a power of e' can then be found by a symbolic muUipUcation. 

It may not be amiss to recapitulate the result which we have reached. Sup- 
pose that we develop R in powers of e on the supposition e' = 0, and that any 

term of this development is represented in the form 

• 

B = ^UJA cos (N+jg), 

A being a function of the mean distances, IIJ*, an operating symbol, and iV a 
function of X and X' which does not contain g. Suppose, next, that we develop 
i? in powers of e\ putting e= 0, and that any term of this development is 
represented by 

E = e'"'n;;ii cos {N+jy\ 

then the coefficient of cos {N+jg "^ f^) in the complete development will be 

represented by 

c»e'*'lIfn/A (15) 

To proceed to the actual development, it is necessary to form the symbolic 
factors represented by IT" and 11/. This we may do from the forms (11) by 
substituting for h and k their numerical values, and substituting the symbol 
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nj for Pj, remembering that Eq = 1. We thus have, for each successive 
value of n, 

2(n + i)n;t} = (2/it-2>)nx 



. /103 71 ^\ 

+ (24/^-24^)112 = 1 

, /1097 623 ^\ 



, /1223 899 ^\ 



-6 
6 



-2 

2 



+ etc. 
the series terminating with IIo. 

+ etc. + etc. 

+ (A<:V + AW2>) nil + (^'UiV + A';±ri>) ng 

2(n+i)n;:+J = (2/x-i))n»_4 +(-2/t-z>)ns_, 

+ (|/.-|z>)n«zJ + 2)n:zJ + (-|/*-|i?)n-} 

+ etc. + etc. + etc. 

2in + l)U^ = {2^-D) IIS_, + {-2(1 - I>)u:_, 

+ (|/t-|2?)n;z? + i?ii:zJ+(-|/t-|i>)n;zS 

+ etc. + etc. + etc. 



2 
»-4 



— 2 
2 
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2(n+l)nitLj = (-2,.-2?)ni, 



+ (-fAt-|D)ni-Vi 
+ (-^^-^i?)n»_-! 



+ etc. 

+ (-A^stiV+^':tl'-D)ng 

2(n+ 1) ni+V, = (- 2^ - D) ni„+2 + (2;t - D) HI. 

+ etc. + etc. 

+ (- ^2^M + h^l^D) U\ + (- A:(;±l>/x + MltVD) IIJ 

The actual computation of II" for negative values of j is not necessary, since its 
values may be obtained from those for positive j by changing the sign of /x. 
These numerical coefficients may be continued to any extent by means of the 
scheme of values of A and k already given, it being remarked that the successive 
columns appear in the same order as in the scheme. 

We are now ready to proceed with the actual computation of the functions 
PJ ; y y or, which is the same thing, of the symbolic functions II} ; ^ which express 
the values of Pj ; y when considered as operators on the functions Ai^B^y etc. 
We shall give only a few of these functions for the purpose of illustrating the 
method. 

We consider, firstly, the general values of II";? and of Holy which arise when, 
in the general term of R for circular orbits, 

J? = -4 cos (i/X' + /xX), 

we substitute for the mean values of the radii vectores and longitudes those which 
correspond to the elliptic motion. The functions of 11 for values of j and / to 
the fourth order, inclusive, are then found to be as follows. It is not necessary 
to write the functions for negative values of j or /, because they are found from 
the corresponding ones for positive values by simply changing the sign of /x and 
2), but a few are given for perspicuity. 



Newcomb : On the Perturbaiive Function of Planetary Motion- 207 



ns =1 



+ (i6''' + 6i/* + 384)-^+(~48/*~64)-^ + 384-^ 

+ (^ A* - ge) -^ + (~ 24 /* ~ ie)-^ + 96 -^ 

The values of 11' being formed, as already shown, by simply changing /x into v 
and D into IX, it is unnecessary to write them as functions of iX. As it will be 
convenient to have but one form of derivative, they should be transformed, the 
symbol 1/ being replaced by D by writing 

iy=-{l + D). 
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We thus find 

Tto4 1 4il9i.'*^a-j_323 ,2, /I .,6., 93 ,65\„ 
nil;J=2i>'* + S»^ + 384'^ + i92'' + 3+Vi2»^ + 8'^ + 6i»' + 6i)-^ 

T104 ^ i ^^ z 7ji 31 l./l. 1, 29 1\„ 

nS:« = -6»^-2i'^~6'^~48''~6+V~6'^~2'^~96»'~48J-^ 

The symbolic products 

n-.;:^ = n:;xiii>;5; 

are functions of both the indices fA and v. Instead of using them in their general 
form, it is more convenient to apply them to the separate terms of the develop- 
ment (a). To develop the first term, we put 

For the second^ 

/i = — i+l;v = i+l, etc. 

To show the forms to which we are thus led, the following exhibit of the first 
four orders of terms arising from the first term of (a) is presented. The symbol 
(t) indicates that in 11, /x is changed to — i and v to i. 
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Developed Value of R. 



R 






+ 2 

4-1 



{1 + e*IIJ + e«nJ;S + e*II};S + e»««nJ;J + 6^;} + etc.}"'^ cos (t\' - tX) 



+ e 
+ e' 



{n{:S + c«n 



+ • 

+ s 

f B 

3.0 



I B — oo 

[J;S + ««1I1;J + tf'nf ;? + e'e^Hj;? + e^nl:J + etc.}'" A^ cos (tX' -i\ + g) 
'5:1 + e«nS:f + «*IlJ;i + e'e^nj-.J + c^IlS;{ + etc.}"> A^ cos (iX' - tX + j^) 



+ e» {II|;S + e'llJ 
+ e^ {nj;| + e«Il3 

+ eV {nl;} + e»nj 
+ ee^ {n};H-e»nf 

+ e» {n8:S + e*iu 

+ e'ef {ni;l + ^J 
+ e»e^{n|;i + 6*a\ 

+ e'« {nSiJ + e^J 



S + e«nj;j + c«nS;J + e'e^l;? + e^in;J + etc.}"' ^.- cos (tV 
} + ef*n\'X + e*nf ;1 + eV^J;J + e'^nl;f + etc.}"" A^ cos (tX' 
1 4- e^nS;} + e*IIJ;| + e'e^;} + e^ng;; + etc.}'" A^ cos (iX' 

S + e^;? + e«nj;j + e»e«nJ:| + e^ni;{ + etc.}">^, cos (tV - 
} + 6^II|;J + fi*IlS;{ + e*e^};J + e^I^;! + etc.}'" Jj cos (tX' - 
I + f/*n\X + e^n{;| + e*6^nf ;} + e^nl;5 + etc.}"'ui' cos (tX' - 
% + e^S.1 + e*nJ:S + eVnJ;! + c'<n?;J + etc.}'"^.. cos (iV - 



■i\ + 2g) 

i>^ + g' + g) 

iK + 2g') 

iX + 3y) 
tX + ^ + 2g) 
i\ + 2g' + g) 
ik + 3g') 



t + e^JlJ + etc.}'" Ai cos (tX' 
} + e^ni;-J + etc.}'" Ai cos (tV 
I + e^lil + etc }"' ^ cos (iX' 
J + e«n};S + etc.}'" At cos (tV 
J + «r«IlS;J + etc.}'" At cos (tX' 



tX + 4i;) 

iX + 2g' + 2g) 
i\+3g' + g) 
tX+4j^) 



This development is not directly comparable with those hitherto executed, 
because we use the successive logarithmic derivatives D, instead of the deriva- 
tives with respect to o, the ratio of the mean distances. The two classes of 
derivatives are, however, connected by a simple linear relation which makes it 
easy to pass from one to the other. 



On De Morgan! s Extension of the Algebraic Processes, 



By Miss Christine Ladd, 

Johns Hcypkins Univtrsity. 



The algebra which I am about to consider is a symbolic algebra ; that is to say, 
none of the processes or symbols used will have any necessary meaning. Pro- 
cesses will be indicated by symbols whose definitions consist in their laws of 
combination, and the interpretation to be given of final results will depend on 
what particular meaning may be given to the starting symbols. The word addi- 
tion, for instance, need be nothing more than a ** sound void of sense," used to 
indicate the process denoted by +. 

The principles to which every symbolical algebra must be subjected are the 
following : * 

1. A symbol is the representative of one process and only one. 

2. Any number of processes may be looked at in their united effect as one 
process and represented by one symbol. 

3. Every process by which we can pass from one object of contemplation to 
another involves a second by which we can reinstate the first object in its position ; 
or every direct process has another which is its inverse. 

The only necessary symbols are the following : =, +, — , log. All the pro- 
cesses of algebra can be expressed in terms of these symbols. The laws of 
combination to which they are subject are these : 

1. a = 6 means that wherever a occurs 6 may be substituted for it 

2. + and — are symbols of inverse operations ; whatever one does, the other 
undoes ; as, a + 6 — 6 = a. They are both subject to the following laws of 
(1) commutation and (2) distribution : 

a + h — c=h — c'+ a = 6 + a — c (1) 

(a + 6) + c = a + (6 + c) (2) 

• De Morgan, Camb. Phil. Trans., VII. 176. 
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Both principles are expressed at once in the equation 

a+(6 — c) = (a — c) + 6. (3) 

The word distribution is here used in a sense more general than the common one. 
[a -^r h) c = ac + be is comtnonly said to express the principle of distribution, but 
it is, in fact, only a particular case of it ; namely, it gives the rule for distributing 
c over a and 6 when c is a multiplier and a and 6 are connected by the sign of 
iaddition. The index-law and the binomial theorem are rules for the distribution 
of c over a and 6 in the expressions {aby and (a + by. In its most general 
sense, the law of distribution simply determines /,/i,/2 in 

<^[i/f(a,6),c] =/[/i(a,c),/2(6,(?)] 

when <f> and xji are given. (2) expresses the fact that if <^ = i/r = addition of then 
we must have /i (a , c) = a, fib yc) =' b + Cy and f=fi +f . The c, in fact, 
disappears from either f or f , but so in the expansion of (a + by^ when c is 
negative or fractional, c is not explicitly applied to both a and b. 

The expression is a brother or sister of obeys the above laws of commutation 
and distribution, and is therefore a possible meaning of + ; but is a f oilier of is 
not a possible meaning. The interpretation of (3) might be, " The statement 
that a is a brother or sister of (6, who is not a brother or sister of c) is equivalent 
to the statement that (a, who is not a brother or sister of c) is a brother or sister 
of 6." 

3. The symbol log is defined by the equation 

log {a-\' a'\' to i terms) = log a + log 6. (4) 

It may be shown hereafter that the logarithm of a is the only function of a which 
possesses this property, and reason may be given for adopting the natural base ; 
but for the present it is not necessary to attribute any meaning to the symbol hg 
other than that contained in equation (4). This is, in fact, the way in which the 
idea of the logarithm was first introduced by Napier. 

All the processes of algebra might be expressed in terms of these symbols alone, 
but for the sake of simplicity of notation other symbols, which are abbreviations of 
combinations of these, may be employed. We shall write for log (log a), log^ a \ 
for log log log a, log^ a ; etc. It will then be necessary to express the square 
of log a by (log a)'. By the definitioYi already given of + and — , we have 
log""* (log+* a^'= a\ or log~" is a process whose effect is to annul that of log". 
The expression log" " a may be read the inverse v!^ log of 9,^ or the quantitg whose n^ 
log is BL It cannot in general be taken for granted that an inverse function is a 
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single-valued function. We have, for instance, ^ jf(^) =^/(^)> b^*' /^/(^) ^^ 

equal to f{x) only for one definite value of the constant of integration. When 
log has been identified with the ordinary logarithm, it will appear that it is a 
periodic function and that log""^ is single- valued, and hence that log""^ is really 
the direct function and log the inverse. We have then log"" ** log* a = a for all 
values, but one value at least can always be found such that log** log" "^ a = a. 

For the expression a + a + .... to 6 tenns, we shall write a + b; and for 
a + a + a + .... to log 6 terms, we shall write a + b; and in general 

a + a + a + .... to log** b terms = a + 6. (5) 

n n n ^ ii + l ^ ^ 

The (n + 1)'^ process applied to two quantities is equal to the inverse log of the n** 
process applied to the logs of the quantities. That is, 

a + 6 = log->(loga + log6). (6) 

We shall first show that this proposition is true for n = and for n = 1. 
Taking the inverse log of both members of (4), we have, by (5), 

a + 6 = log"^ (log a + log b) 
Hence 

a + a + .... to log 6 terms = log" ^ (log a + log a + .... to log 6 terms) 

= a + b = log~^ (log a + log 6). 

But if (6) is true for any value n, viz. if 

a + 6 = log-i(Ioga + log6), (7) 

then it is also true for n + 1. For, by (5), 

a+6 = a + a + ....to loff** 6 terms, 

— l^g"^ D^g ^ +; log a + .... to log~-^ (log b) terms] 
= log" ^ [log a + log 6] 

by (7) and (5). It has been shown to be true forn = and n = 1, and hence 
it is true for every value of n. 

By repeated applications of this proposition, we have 

a + 6 = log"^ (log a + log 6), 
log a + log 6 = log-^ (log^ a + log^ 6), 



log^ - ^ a ^ +^^ logP -» & = log- » (logP a + log' 6), 



b 
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whence, by successive substitutions, 

a + h = log-^ (logP a + \o^ 6), (8) 

and in particular, when p =^ n, 

a + b = log-" (log" a + log" 6) (9) 

or 

log" (a + 6) = log" a + log" 6, (10) 

or, in words, the n^ process applied to two quantities is equal to the inverse n^ log of the 
sum of the n'* logs of the quaniities. (9) and (6) are the most important properties 
of the n^ process. 

Taking the log of both members of (7), we have 

log a + log 6 = log (a + 6). 

If we substitute log"^a for a and log~^ 6 for 6, this becomes 

log log~^ a + log log"^ 6 = log (log"^ a + log"^ 6), 

or 

a + h = log (log-^a + log-^ h). (11) 

So, applying (8) to log-^'a and log""^ 6, and taking log** of both members of the 
equation, we have 

a + 6 = logP (log-^ a + log-^ 6), (12) 

and in particular, when p^= n, 

a + 6 = a+6 = log" (log-" a + log"" 6) (13) . 

or 

log"" (a + 6) = log-" a + log-" 6. 

(11) gives the method of passing from any addition-process to the next lower 
one, and shows that there is an infinite descending series of such processes. 
Making w = in (12), it becomes 

a + 6 = log^ (log-^ a + log-^ 6), (14) 



—p 



which gives the general expression for a negative addition process in terms of 
the common addition process. A negative addition process is of course a very 
different thing from a subtraction process. a + h bears the same relation to 
addition that addition bears to multiplication. 

There is no essential difference between the + process and the — process. 
They obey the same laws, and either one may be taken to be the inverse of the 
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other. Hence the above proofs apply equally well to the — process, and that also 
presents an infinite descending as well as ascending series, a — 6, for instance, 
is a command to find the log"* h equal &ctors which when united by the + 
process will give a. 

If we write n +/) for n, and therefore n for n — ^ in (8), it becomes, using 
both signs, 

a ±^ 6 = log-' (log' a ± log' 6), (15) 

and this equation contains the whole theory of the positive and negative addition 
and subtraction processes, or better, of the positive and negative direct and 
inverse addition processes, provided it be observed that both n and p may be 
either positive or negative. In fact, (6), (11), (12), (13) are what (15) becomes 
when /? = 1, 2> = — \,p=- — Pj 1> ^=^ — n^ respectively. 

In the + proceas, is the s^Tnbol that the same quantity has been both 
added and subtracted, that is, that no effect has been produced. We write 
a + h — 6 = a + = a, and we may say that is the ineflTective term in the 
+ process. Making 6 = log""* in (9), it becomes 

a + log • = log— pog" a + log* (log— 0)] 

= log— (log* a + 0) = a, 

or, in the + process j the meffedioe term is log"* 0. It follows that, as by + 6 is to be 
understood + 6, so by + 6 is to be understood log""* + 6. 

For the sake of greater variety and sometimes greater simplicity in means 
of expression, the ordinary symbols of algebra may now be introduced. In 
accordance with the definition of the + and the + process, we have 

a + 6 = a + 6, a + 6 = aX6 = a6, a + 6 = d^^ 

a — 

a — 6 = a — 6, a — 6 = a-*-6 = r a — 6 = rf*«*. 

Introduce the symbol base by means of the equation log~^a = ^. Substitute 
log~^ a for a in this equation, and it becomes 

log""^ (log"^ a) = log~^ a = 6 ° = ^ > 
and by repeating the same process 



log"* a = e^ • ' to n exponents 6, ^ ^ 

e log-^ a 
= 6^ • ' to (n — /?) exponents €, 
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and taking the inverse p^ log of both members of (16) and then writing 
— n — p = — 7W, and hence n = m — jt?, we have 

( .eP' \ 

log^* a = log"^ \« • * * to (m — jt?) e'sj. 

As particular cases of (16) we have 

. . ^ ,e 

log"'*0=e«-* to(w — l)e's, log-*l = e.-' tone's, 

.e 
log"" 6 = 6 • • ' to (n + 1) e% 

( .« ^ ••* 

log"" \6 • • * to m e'sy = e^ • * to (n + m) ^'s ; 

and hence, for various expressions for the ineffective term in the + process, we 

have 

log-" = log-<"-^) 1 = log-<"-2> 6 = log-<"-»> e^ = 

The entire body of equivalent expressions will then be 

( .•« -^ ^ 

a±h = log" (log^" a ± log-" 6) = log" \efi-' ± e« * ' to n e'a) 



a ± 6 = log* (log-" a ± log-' h) = log" Vc^*** ± e«* ) 

a ± 6 = log (log- Va ± log-* 6) = log (e« ± e&) ' 

a ± 6 = log" (log" a ± log" 6) =a±h (17) 

a ± 6 = log-* (log a ± log 6) =e® °=ai6 =a6orj. 

a± 6 = log"MVa±log^6) = 6^^''^'''*'^''^^= a^^g^oral^=6^^«^^^^8^ 



log" a ± log" 6 log"~*"a ± log""'"6 

a±h = log"" (log" a ± log" h = e^ • ' ' to n «'s = 6^ • * ' to (n — m) e's- 
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The + procesB can be expressed in one other wa j in tenns of ordinary alge- 
bra. We have 



log* a — 1 



log^ftj-l 



log_6 



log* a— 1 
log^fepi 



= log-» [log 6 



X log 6] 



n lo g*a — 

[log»2j-l 
log-* [dog* b 



- 1) log* 6 + log* i] 



log* a — 1 

Jog» 6_Pn^ log* a — 1 

= log-* (log* 6 X log* 6 = log-' [(log* b - 1) log* 6 + log* 6] 

= log-* [(log* a — 1) log* 6 + log* 6] = log-» (log» a + log» b) 
= a + b. 

By substituting log a , log 6 for a , 6 in the above expression, and taking the 
log"* of the result, the value of a + 6 is obtained, and hence the value of a + 6. 
In the same way, it may be shown that for the inverse n^ process we have, if 
we write -5- log 6 for 1 -^ log 6, 



■^ log"-* 6 — 1 



log* a 



-1 



logq 



a — 6 = a 

The + process has been defined to be a process subject to the principles of 
commutation and distribution expressed bj 



(a + 6) + c = a + (c + 6). 



(3) 
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But all the + processes are subject to the same conditions, for 

(a + 6) + c = log-** [log~ (a + 6) + log" c'] 

= log"" [log" a + log" h + log" c] 
= log"" [log" a + (log" c + log" 6)] 
= log"" [log" a + log" (c + 6)] 
= a + {c + h) " (18) 

When n = 1, this becomes 

abcde = {ah) c {de) = {abed) e = {abe) {cd)y 

and it gives the simplest possible proof of a proposition to the demonstration 
of which four pages are devoted in Lejeune-Dirichlet's Zahlentheoriey edited by 
Dedekind. It depends only upon the fact that if 

{a + b'\-c + d+e)=-{a + b) + c + {d+e) = {a+b + e) + {c + d) 

is true for all values of a , 6 .... , then it is true when for a , 6 .... we substi- 
tute log a , log 6 . . . . 

When we reach evolution, we are in the habit of supposing that the principle 
of commutation no longer applies, but that is simply the fault of the imsym- 
metrical character of our notation. It is true that a* is not equal to 6% but a* 
ought not to be regarded as explicitly a function of a and 6, but of a and log"^ 6, 
and it is a function of these quantities such that a and log"^ 6 are interchange- 
able. It is a^^8tiog »6) ^^^ ^Yi^^ is equal to (log"^ 6^*^"). In applying the principle to 
mixed direct and inverse processes, it is necessary to take account of suppressed 
signs, a — 6 , which is in full + a — 6, is, of course, not equal to + 6 — a , but to 
— 6 + a. So ai becomes, on changing the order of the terms, (e^y^"**. 

Since it is now seen that the distinguishing mark of the + process applies 
equally well to every process, it follows that the process of ordinary addition has 
not that fundamental character which we are accustomed to attribute to it. The 
whole theory of algebra is contained in (18), which defines any process by itself, 
and (5), which gives the connecting link between any process and the next 
higher or the next lower one. Three successive processes taken anywhere in 
the infinite series would serve to contain all the knowledge which has actually 
been expressed in terms of addition, multiplication and involution. 

So far I have expressed the general process in terms of addition. It might 
have been expressed equally well in terms of multiplication or involution. The 
fact that the multiplication idea has already received greater extension than 
either of the other two (since f{a) is properly regarded as the product of the 
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quantity a by the function/) might aflFord a reason for preferring that as the basis 
of the generalized idea, were it not that the existing expression for addition and 
its inverse, in both language and symbols, is superior to that for multiplication 
and its inverse, a dr 6 is easier to write and easier to read than a i 6 or a -^ 6. 
The signs + and — are themselves defective. There is great advantage in 
having every symbol of such a form that its opposite can be indicated by actually 
turning it over, as Mr. Peirce's symbol for the cop/ula, which is such that A -<^ B 
means A is wholly contained in -B, and A ]]>— B means A ivlvolly contains B. It is an 
advantage possessed, by many of the letters of the alphabet, but not yet made use 
of For instance, a substitution and its inverse might be denoted by i/r and i/i, and 
any function and its inverse by q> and (b. Direct and inverse operations have, in 
fact, the same relation to each other as the world inside and the world outside a 
mirror; which is to be taken as direct and which as inverse depends only on 
the point of view. If + had had a slightly diflFerent form, say T? then — might 
have been written J_, but at the time when the sign + was adopted, subtraction, 
far from being considered as something on a par with addition, was called the 
vUium ncgationiSy and was avoided in all possible ways. Until, then, mathematical 
words and signs have been made over again on scientific principles, instead of 
being perpetuated as they have sprung into existence by chance, ± is the best 
form of expression for the general process. 

But it is to be observed that everything can be expressed in terms of X and 
-^ at any moment, and tvithout changing the index, provided we agree to call ordi- 
nary addition the 0-addition and ordinary multiplication the 1-multiplication 
(and ordinary involution the 2-involution). The successive processes would be 
+, X, and ( y*^^ \ and we should have * 

4- = X = ( )•««( >. 

n n ^ ' » 

It is to be observed that the inverse of a + 6 regarded as a function of a is 
not the same as its inverse regarded as a function of b. In general, the inverse 

* I am not aware that any one but De Morgan has considered the extension, both forwards and back- 
wards, of the three processes which algebra takes account of. De Morgan approaches the subject from a 
different point of view from that which I have here adopted. He looks at a + 6 and a X h, and proceeds to 
construct new processes from the " hints " which they convey. This is doubtless the way in which new 
processes have usually been arrived at in the first instance, but when they have once been obtained, the most 
natural thing to do is to look at old and new together, abstract that part of them which is common to both, 
and use that as their common foundation. Formula (5), which expresses one of the two properties which each 
of these processes has in common with every other, has not been noticed by De Morgan at alL 

De Moi^n gives formidae (6), (9), (11), (14), (16), and (18), in a notation which differs only slightly from 
mine. He writes indifferently A (rv) B, A -|-iv B^ and A Xin^$ ^or what I have called A + B, and he uses 
the " scalar function '' and its inverse, X and y* for what I have at once identified with the logarithm and its 
inverae. 
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of an expression regarded as a function of any quantity p which enters it (which 
we shall denote by I^) is/""^ in f'^^fip^r) = j9, while its inverse with respect 
to r is/~^ '^^f^^fipy^) — ^- For example, 

Ia(a + h) = a-b, /, (a + 6) = - a + 6. 

We have I^ (a^) = aK Let us proceed to find /^ (a*) ; that is, a function of 6 
such that when applied to a* instead of 6 it will give b. We have 

This is a command to take the inverse log of 6 and to raise that to the power 
log a. To invert the process (since if /= <f>\jjf then /~ ^=\lr^<fr^ and not (fr ^xfj" ^) 
we must raise 6 to the power 1 -*- log a and take the direct log of the result ; 
that is, 

/, {a") = log (6*^) = 1^ = ^"-^^ 
and in particular, when we make a = e, we have 

So, more generally, 

If in ^<«*«-ioK** we substitute a* for 6, we recover 6, as we should. 
To take another example, since 



we have 



smce 



L {(^^y = log c -*- 6 log a, 
h (e*-^) = /d/(x + h) = \ogD^h 

= J[(2>-l)-^(2>-lf + ....] 
/> — 1 = log ^ — log e = log 7 • 



De Morgan remarks (Trigonometry and Double Algebra, p. 166) that one 
operation and its inverse and the scalar function and its inverse are sufficient for 
expression ; and he then proceeds to base the entire series of operations upon 
the equation of condition 

(a + 6)+c = (« + c)-f(6 + c), (20) 
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which is the generalization of (a + 6) c = ac + he. But this is not of the nature 
of a definition of the + process. It is a rule for the distribution of a term 
affected by the sign + over any number of terms affected by the sign +, and 
it is of no more fundamental importance than that for the distribution of a term 
affected by + over terms affected by +. Both are easy consequences of the 
definition (5). {a + h) c=^ ac ^hc does not constitute a definition of the multi- 
plication-process ; it expresses one of its properties, but not one from which all 
others can be deduced. 

To prove (20), we have, by (5), 

(a + 6) + c = (a + 6) + (a + 6) + to log" c terms, 

=^ {a + a + a to log'* c terms) + (6 + 6 + • . • • to log" c terms), 

When n = — 1, 0, + 1, + 2, this gives respectively 

log (e" + e*) + c = log (6°+* + 6*+^), 
(a + 6) c = ac + he, 
{ahf =(f.b% or (f + » = e". . c". (21 ) 

* 

log^ c + log (log^ a + log^ b) = log (log^ c log^ a + log- c log^ 6). 

The two equations (21), although they seem to express very different facts, do 
really differ from each other just as much as, and no more than, c (a + 6) and 
(a 4- 6) c. 

There is no method for the distribution of a term affected by any sign over 
terms affected by the next higher sign ; for instance, ab -h c cannot be expressed 
as<^[/(a,c),/(6,c)]. 

De Morgan states in effect * that all the theorems of ordinary algebra which 
can be expressed in terms of addition and multiplication hold for all two 
successive processes, 7i and ;i + 1, if numerical coefficients are replaced by their 
n^^ inverse logs. The complete proposition is this : All the theorems of ordi- 
nary algebra (which are theorems in addition, multiplication, and evolution) hold 
for the processes 7i, w + 1, n + 2, provided numerical summands and factors are 
replaced by their n*^ inverse logs, and numerical exponents by their {n + 1)^*" 
inverse logs. For, given an equation expressing a theorem of ordinary algebra; 
it continues to be true when for the literal quantities which enter it, their n^ 
logs are substituted, and it still continues to be true when the log"" of each 

♦ Trigonometry and Double Algebra, p. 166. 
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member is taken. But the effect of these two operations is to substitute for 
+, X, and ( y ^ the processes n, n + 1, w + 2, on the literal terms, the log"** of 
numbers not exponents, and the log"^" + ^^ of exponents. Say/(6) = 5 + 4 (6^), 

then 

/„(6) = log-" [5 + 4 (log- hf] 

= log-" [log" log-" 5 + log" log-" (4 log»6')] ; (22) 

but 



■3. , ,_ L« I-, . , ■, 5 — :r^8. 



log-" (4 log" 6 ) = log-(" + ^> [log 4 + log log" h ] 

= log-'"+« [log"+^ log-" 4 + log" + ^ log-" iog^'^, (23) 
and 



-8. 



log-" (log" h) = log-«" + ^' [3 log" + * 6] 

= log-<"+2> [log 3 + log" +2 6] 

= log-'"+2) [log"+Mog-'"+^) 3 + log»+2 6] 

= ]og-(»+i)3-j-6, 

which in (23) gives 

log-" (4 iog^") = log-(" + ^> [log»+^ log-" 4 + log»+i (log-<»+^> 3 + 5)] 

= log-" 4 + (log-(" + i) 3 + 6) 

° 11+1 ^ ° H+J ' 

which in (22) gives 

log-" [5 + 4 (log" 6)8 = log— {log" log-" 5 + log" [log-"4 + (log-"+i3 +^6)]} 

= log- 5 + [log-" 4 + (log-<»+" z£h)l 'lu) 

which was to be proved. But nothing in this proof depends on the particular 
summand, factor, and exponent, 5, 4, and 3 ; hence the proposition is true in 
general. The reason that numbers which enter the original function as expo- 
nents are replaced by their log~" log""^ instead of by their log"'* is that the 
exponential function is in reality a function of the log~^ of the exponent, as has 
appeared before. 

Example, (a + 6 — c) (a — 6 + c) = a^ — 6^ — c^ + 2 6c gives in the next 
stage 

and in general 

(a + 6-c) + (a-6+c) = (2 + 6 + c) + (a+ 2 )-(&.+ 2 ) - (c + 2) 

n 

if we write 2 for log"** 2 and 2 for log" 2. 
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It is not necessary to write down the generalization of ordinary algebraical 
theorems. As every equation in analytical geometry is susceptible of a double 
interpretation according as its variables are looked at as trilinear or tangential 
co-ordinates, so every algebraical equation may be regarded as the receptacle of 
an infinite number of propositions concerning the infinite number of possible 
three adjacent processes. 

Tlie generalization of the binomial theorem is the law of distribution of c 
over a and 6 in (a + 6) + c. We shall write ^1 to indicate the summation of 

a number of terms connected by the sign + ; then ]^t denotes a product, ^t a 
series of powers, etc. The binomial theorem is 



(a+>y=;|[ >"-;^,v.r^-" ''-^|. 

and, applying the rule for generalization, we obtain 

{a + b) + c = {a + b) + (a + b) + to (log-+^c,=;),) terms (25) 



r = 



r=:p 



»t (« »t log-"-'^^^) + (& + log-"-' 0] (26) 

in which jo is to be replaced by log'*+^c. The immediate proof of this theorem 
is just as easy as that of the binomial theorem. In fact, it is exactly the same, 
since it consists in the application of (20) to the second number of (25). This 
may then be established first, and the binomial theorem taken as a special case 
of it. 

The generalization of 

(a + hf = a^ + 3a^h + Bab^ + 6» 

is, if we write, with De Morgan, 3 for log""** 3, 

ft 

a + 6+ 3 =a+ 3 +5+ 3 +3 + 6 + a+ 2 + 3 + a + 5 + 2. 

« n + fn + l n + S n+1 n n+S n + l n n n + l n + l n+Sn + ll* n n + l n+l n+Sn + l 

For n = 1, this gives 

{aby^^* — a^^' X 6^"^ X {b^y^ X (c^f^, 

= (ab'f^ibc^f^, 
and, with the negative sign, 



ff\ ' = (a -5- 6»)T5g? H- (5 H- a»)^^. 
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De Morgan says * that in the farther consideration of the higher processes 
new inexplicables might, and perhaps would, arise. They do in fact arise, and 

* 

in the following manner. It is necessary first to establish the lemma 

log^(± a)= ± log^o. (27) 

If we make 6 equal to the inefficient term of the n^ process in 

h±a = log"^ (log^ 6 ± log^ a\ 

we have 

log-** ± a = ± a = log-^ (log^ log"" ± log^ a) ; 

but log^~** is the inefficient term of the (n — p)^ process, hence, taking log' 

of both members, 

log' ( ± a) = ± log' a 

and 

log** ( ± «) = ± log** a. 
In particular, 

log (2 a) = ± log a, and log^ [( y or ( )5] = ± log' a. 
We have, therefore, 

= log- » [(- log" a) X (- log- a)] 
= log— [(+ log" a) X (+log"a)] • 
= log-" [+ log" a . log" a] 
= (+ a) + (+ a) = + (a + a) = + ». 

In the same way it may be shown that 

(t«) + (T«) = T^«.t«) = Ti>- (28) 

It appears, then, that + {a + a) is made up of two equal terms connected by the 
sign +, being either both (+ a) or both (— a), but —{a + a) cannot possibly 
be made up of two equal terms connected by the sign + . If, then, a solution 
be demanded of the system of equations 

the answer is that the value of the variable is imaginary, and an imaginary of 
the n*^ kind. In particular, the value of x in 

• Camb. PhiL Trans. VIII. 142. 



224 Lapp : On De Morgan's Extension of the Algebraic Processes. 

is an imaginary of the first, second, and third kinds respectively. But while 
these expressions are, in the strict sense of the term, imaginaries of a higher 
kind, it is none the less possible to express them as functions of V— 1. The 
solutions of 

x,x=^ — ly x''^'=l^c, x^^8* =e-« 

are respectively 

x = iy X = e*, x = e^ 

and in general 

ic + a: = — log" cn + DQ 

gives 

e' 

m 

X = log" •*, i = e^ ' * * to n 6*8. 

or the (n + 1)*** imaginary is log~'*i. 

The fact that the high imaginaries are inverse logarithms of the first imagi- 
nary corresponds to the fact that the high processes are themselves nothing 
more than high inverse logarithms of the sums of high logarithms. 

The entire body of algebra may now be taken as proved for any process, 
and for any succession of processes in the infinite series. We proceed to con- 
sider differentiation. It should first be shown that, u^ i?, and w being func- 
tions of X, . 

Dx (w + t? + to) = D^u + DjV + B^w. 

The derivative of log should next be obtained by expanding log (x + Ax) — logx 
in series and passing to the limit. From that the derivatives of all algebraic 
functions easily follow. We have 

Alogx = -, D, log^x = B, log (log re) = -j^^ = ^T^. 

_ - „ D,log»-'a; D, log»-«a; 1 

D loff X = -^ — = — =.... = 

* o log"~^a; log*""*x . log*~*a; x . logcc . log^a: . . . . log""'*^ ' 

Putting log" ^ 2; = y , we have z = log y , D^ = D,. log y = -^, whence 

1/ 

D^y — A log-^ z = log-^x . D^ 
and 

D^ log"^ (log"" ^2;) = log-^ (log- ^2;) D^ log""* 2; = log- 2 2; log~^z Dji 
and 

i>, log""**x = log""'*x log""+^x .... log"^x. 
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By this means we obtain 

D^ {u + v) = D^ log-" (log* u + log"!?) 

= log" " (log" u + log"t;) . log"" " ^ * (log"w + log" tj) log"" ^ (log" w + log"t?) into 

= {u + v) (log u + \ogv) . . . . (log""^w + log"-* t;) into 

= {u + v) log-^ {u + v) log"^ {u + v) . . . . log-" + ^ {u + v) into 

W w w •• 

where the common multiplier is 

/ ^ I I>.v \ 

\u\ogu log^M .... log*""^w V log V .... log"~^ vy 

When n = 1, 

Dj, (w + t?) = D^ (wt?) = {u + v) ("~ + -fj = uD^v + vD^ti. 

When n = 2, 

D^ {u + v) = D, {u^^^) = D, (^;»^") = y}^^ (log u . logt?) (^^ + ~^^ 

= log t? . u^'^'^-^D^u + log 1^ . v^'^^'-^D^v. 

Substituting in this z^ioT logt% and hence \og~^zD^ for 2)^.1?, this becomes 

D^ {u') = 2 . u^-^D^u + log w . log- ^ 2*^ "Z>^ 
= 2; . rf^^D^u + log w . u*D^. 

When we make 2 = n, r/ = a, i^ = 2; = x, i^ = e, we have respectively 

D^ (uT) = nv^-^D^u, D^, (a') = log a . a*i>^ 

jD^(af) = af (1 + logx). 

Having once obtained the value of D^ {u + v) and of 2>^ log x, we are able to 
avoid the necessity of ever again passing to the limit. 

There is no real reason for restricting algebra to the consideration of three 
successive processes. The next advance should be to take in the relations of 
four processes, and in particular to obtain in a simple form the rule for the dis- 
tribution of c in 

(a + 6) + c, = e^^(^ + ^)' 



}of^c 



, logf«(a + 6) 
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Ik a paper published in this Journal recently, the analogy of an electric current 
in fluid motion was found to be what I there called the rortict$ of the tor/ites of 
the fluid. It soon became evident to me that the kind of motion there re- 
ferred to was a motion which was hicrher than vortex motion and vet had some 
of its properties. 

The first porticMi of the present paper, treating of vector quantities in general, 
diows how to deduce the higher vectors from the lower, and also gives a method 
by which from three integrals any lower system can be deduced from any higher 
system. One of the most useful theorems, both for use in hydrodynamics and 
electro-magnetism, is that which shows how to replace any system of vectors by 
another system having the same external effect or the same internal eflect, as 
the case may be. Another useful theorem shows how to deduce a system of 
vectors satisfying the equation of continuity from one which does not, though 
the principle of this theorem has long been recognized in the idea of cyclic con- 
stants. But I believe it will be found more useful as stated in this paper. 

Application is then made to the kinematics of fluid motion. 

Fluid motion must satisfy the equation of continuity, and so must be always 
cyclic. Otherwise there must be points somewhere in space where the fluid is 
created or destroyed. 

As Laplace's equation is a form of the equation of continuity, it is evident 
that this equation cannot, from a phmcal point of neer, be satisfied at every point 
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of space, although there are some functions, like the spherical harmonics of posi- 
tive degree, that do so mathematically ; for these all give some fluid motion, 
often infinite in amount, at an infinite distance. So that such fluid motion can 
only be produced by the creation and destruction of fluid in regions infinitely 
distant And so all fluid motion in an indefinite medium, without solid bodies, 
must be due, qb it were, to the presence of vortex filaments or filaments of any 
of the higher motions. 

The n^^ order of motion always satisfies the equation of continuity, and hence 
the lines of motion are closed. AlF the infinite series of motions must exist sonter 
where in space, but they may be confined to a point, a line, or a surface, and so, 
for all other points of space, only the n^ and lower orders may exist. 

In this case, where the {n+l)^ order is zero throughout a certain region, 
the n^ order will have a potential satisfying Laplace's equation throughout that 
region, though it may be cyclic. The motions of a fluid can be divided into two 
varieties, rotatory and translatory, the odd orders being rotatory and the even 
ones translatory. 

The motion of the zero order is ordinary irrotational fluid motion ; the first 
order is vortex motion ; the second order is what I have called the vortices of the 
vortices J or relative fluid motion^ — in an element possessing this motion the centre 
moves faster than the sides ; the third order is one vortex filament inside another 
and rotating in the opposite direction : and so we can proceed. We thus get the 
idea that all the higher motions are, as it were, motions which take place inside 
the element as it drifts along. 

From this we see that when we deal wiih the higher motions^ especially vnih omy disconti- 
mtity in their distribution^ we must use a smaller element than we othervnse should have to do. 

Thus, when we treat a single vortex filament, it is impossible to get the 
motion of the filament or the energy of the fluid without an integration across 
the section of the filament, however small this may be. This principle I con- 
sider of the utmost importance, and by recognition of it all that has hitherto 
puzzled us with respect to the motion of a vortex ring or the stability of fluid 
motion becomes a mere question of ordinary calculation. For, if we attempt to 
obtain the motion of translation of a circular vortex filament, we only obtain 
indeterminate results if we treat the filament as a whole. For I here show that 
the motion of the fluid exterior to the filament is the same for an infinite number ' 
of ways in which the vortex motion is distributed within the filament, and each 
of these ways has its own motion of translation and its own energy. 

A method is here given by which any distribution of motion of the n^ order 
can be replaced by another distribution over a surface, so that the action on the 
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other side of the surface away from the original distribution shall be the same 
as before. This leads us, in the case of vortex motion, to the formation of hollow 
vortex rings, or solid ones of any finite cross section, and it is shown that one 
form of hollow vortex ring is permanent and probably stable. 

For I do not admit the validity of Thompson's proof that a5 discontinuous 
fluid motion is unstable. Illustrations are given of the distributions of motions 
of the different orders, and it is shown that any such series can represent a 
number of cases of fluid motion, seeing that we can take any one of the series 
of motions as the ordinary or irrotational motion. 

In treating of the action of forces on a fluid, we see that a single attracting 
particle can only produce fluid pressure, but no motion. Hence in an unlimited 
fluid forces having an acyclic potential can have no effect on the fluid motion, 
but can only produce a distribution of pressure. 

When a solid body is immersed in a fluid, the fluid is no longer continuous, 
but the surface acts like a diaphragm ; in this case we can have an acyclic 
velocity potential outside the body, but cyclic if the body was removed. But 
where the fluid is unlimited this cannot be so. 

The motion of a solid body in a fluid can always be represented by the proper 
case of motion in an unlimited medium, the condition being that the components 
of the fluid motion throughout a certain surface representing the surface of the 
body shall be the same as the components of the motion of an element of the 
surface of the body at that point, supposing the body to exist. 

As the classification of vectors is general, I here apply the method to forces, 
and so get the idea of forces of different orders. 

All forces which can produce fluid motion in an unlimited medium must be 
cyclic, and must contain all the infinite series of forces somewhere in space, 
though any given region may contain only forces of the n^ and lower orders, the 
n'^ having a potential. 

Expressions are then given for the fluid pressure in terms of the motion of 
the fluid, one of which has already been given by Dr. Craig. 

I have not yet given any expressions for the energy of the fluid in terms of the 
higher orders of motion, though that in terms of vortex motion is well known. 

An immense number of applications of the ideas here set forth of course 
suggest themselves, but most of the results so far obtained are set forth in this 
paper, as I have not yet had time to descend to details. It is of course possible 
that some of the conclusions will not stand the test of time, but I hope that 
enough will remain to make the paper of value in all departments of phyBics 
where vector quantities are investigated. 
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The different portions of the paper have not been written in the order here 
given, and so the same idea is sometimes repeated in different parts. 

Neither is the notation very satisfactory, as different letters are sometimes 
used in the same sense, though in this case the connection is stated. I have 
changed the notation so often that I despair of perfection, and so publish the 
paper as it stands. 

General Theory of Vector Quantilies. 

Let there be any distribution of a vector quantity, Mq^ throughout space, 
and let its components be Fq^ Gq^ and Hq. The dash over the letter signifies 
that these quantities do not satisfy the equation of continuity. Let us now 
subject these quantities to the following operations: — 

j-j dHp dGp 

^1 " dy dz' 

^ dF^ dU^ 

^^~~di~ ~d^^ 

'^~ dy d»* 

^ ^ dHi 

^^~ dz ~ dx' 

•°2 — da; dy' 



^8 "• (£y dz' 

etc. 

And let us continue substitutions of this nature indefinitely. 

We have thus derived from F^^j Gqj and Mq an infinite number of new systems 
of vectors whose properties and relations to the original vectors are to be 
studied. In the first place, we notice that all these new quantities satisfy the 
equation of continuity except Fqj Gq^ and ^, and hence we have 

dx ^ dy ^ dz ~ ^' 

From these equations we may find, writing Jq for the quantity 

rfjPo 1^ dGo j^ dHfi 
dx dy dz 
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the following relations : 






and for the rest, 



jEr, = -A«£r._,. 

Whence, writing ^o for the quantity 

^' = 4^ fff r {^ + V + ^0 ^""^y^' 

we have, by Poisson's equation, 

^. = h fff ? "^^'^ - "^ 



^» = c /// t' ■'"^Wrf^ - 



dx 

dX. 
dy 



and, in general. 

From these, by differentiation, we have, after changing n + 1 to n, 

^- = E fff\=-*^ "i - »•+' ij-'^^W-fe'. 

«. = r, ///I ^-i -'^— il*'''^^'^- 



k ■ 
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Let us now write 



^n = Gn + -^> 



where 



x- = i^///;lf + # + f-hw. 



For all points where Fn = Gn = Hn— 0, —^n will be the potential of F^^G^^ 11^. 
From the form of these equations, F^, G^^ and H^ satisfy the equation of conti- 
nuity, while -F„, G^j and H^ do not. Hence every discontinuous system of vectors j 
F^j G^, H^y can be made continuous by the addition of the derivatives of a certain quantity 

having the value 

dF , dG , dH) , , , 
+ dii + 'di\^^^y^^ 



^^JJJ r 



dx ^ dy ^ dz 



and the new system so formed satisfies the equation of continuity. 

To find a discontinuous system from a continuous one, we can draw surfaces 
which divide space into acyclic regions with respect to the kind of motion, and 
the discontinuous system will be distributed over these surfaces. 

If there is some necessary physical condition by which the vectors must satisfy 
the equation of continuity, then the discontinuous* system of vectors F^yGn, ffn 
will evidently have the same effect in every way as the continuous system F^^ 
Gnj and JE^, so that one system implies the existence of the other. 

This theorem is at the basis of all theorems of such a nature as those which 
express the energy of a magnetic system either by an integral throughout space, 
or by one throughout the magnets, or by one over the surface of the magnets. 

The value of Xu can be expressed otherwise, as in Maxwell's Electricity, 
Art. 385, where it is shown that the integral can be divided into two integrals, 
one a surface integral and the other a volume integral. In comparing my 
formulae with Maxwell's, however, it must not be forgotten that my volume 
integrals are to be taken throughout the whole of space, whereas Maxwell's gen- 

• In this paper I nearly always use the term ** continuous system of vectors" to indicate a system which 
satisfies the equation of continuity. 

But a distribution of vectors can evidently have a side discontinuity as well as an end discontinuity. The 
context will always indicate my meaning, especially as I use the dash over quantities which have end disconti- 
nuity and so do not satisfy the equation of continuity. 
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erally refer to the interior of some surface. Hence, in the case referred to^ the 
surface is at an infinite distance and the two volume integnls are equaL 
Consider the integral 

taken without exception throughout space. 

This Is equal to the sum of a surface and volume integral : but if we take the 
surface where /*,, G^, and H^ are zero, the surfiice integral becomes zero, and leaves 

1 err ( - <'- >- rf- - ^-1 

"■ = - r, /// i f . s - e. ,^' - -». E ; *rfj«fe- 



or we mav write it 



X. = -hJSS^^ ^'^y*^' 



where J/, is the resultant vector of the n* order, and c is the angle between it 
and r. 

If the point b within the region where Z'.. 6r'.. //. exist* the integral will 
vanish at the lower limit, r = 0. and so the value can still be used within such 
space. For a region within which 



-r TT- -r -37 — 



dx ' d^ ' dz 



the integral is much simplified. For it is only at the surface that this quantity 
has a value. Let the surface consist of an infinitelv thin region of thickness 
dvj within which J/, decreases uniformly fit>m its value inside to zero, then 

df^ _ _dF^dr^ 
dx dy dx^ 

^ _ _ rf^, ^ 
rfy dr dy^ 

dH, _ dH^ dw 
dz At dz' 

And since dxdydz = dvdS. we have 



= - 1 ff^ 



dS. 



where 6^ is the potential of F^.G^. H^. and is the angle between the radius 
vector, r, and the normal drawn outwards from the surface, and the inte- 
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gration is over the surface. Multiplying the equations by - dxdydz, and inte- 
grating, we see that we can write 

By differentiation and replacement of n + 1 by n, we have 

". = c ///i^... i-H..4v^y^ - 11%-' - %■■ 

where the value of ^„^2 is 

^«+3 = - i; /// ^' ^^^^2^ 

One of these integrations is to be taken throughout all space, supposing jPn + 2> 
^n + 2j -fiTf 2 constant, and the other throughout space, supposing them variable. 
The first can be performed, for it is simply 

but we know that 

AV = -, 
whence we may write ^ 

JJJ ^ dxdydz = — 27rr. 

These letters are connected by the relation that the JR and r of the left-hand 
member and the r of the right-hand one form a triangle, the element dxdydz 
being at the intersection of the li and r of the left-hand member. The integral 
vanishes for the limit ^ = 0. 
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Hence fi.^, = ^ fff^]-^ + -ijr "^ "ST^ 5 '^''y ^ • 

This can be put in the form 

where c is the angle between J/, and the radium vector r. 

We can now develop the following general method of firiHing the lower 
vectors from the higher. Let us write 



0, = l JffF, rdxdydz', 
Q.= \ fjjff,rdx'dydz'. 



Then we can write 






J 



and the equations become 

^^-' — A^l^^^^ dx\dx ^ dy ^ dz )^' 
^^-^~ \^ 1-^ ^^^ dy\dx ^ rfy ^ ~di )\' 

Let us now see what will happen if we multiply these by ;|^ dxdydz and 

integrate throughout space, R being a radius vector. 

The first terms become -P,-*, &*«-4r *nd J3,__4, and we only have to conader 
the integrals of O, • P, • ^. . We have to obtain an integral of the form 

/ / / ' ^ dxdydz , dx'dydz. 

Here we note that the radius vector r i? the distance between the two pointB 
X yt/ ,z and z\ y\ /. and so the integral reduces to 

fffA''y=''^fff \^ dxdydz\dx'dyd=^. 
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In this case, to obtain the integral with respect to r we make use of the fact 
that 

and we thus find 

The integral extends throughout space, and the r and if of the first member, and 
the r of the second member form a triangle, the point x , y , 2 being at their 
intersection. Hence, 

^' r/T/(^'> y'' ^') r^'dx'dy'dT: = n (n + 1) ffff{^\ y\ z')f^''^dx'dydz\ 

We have thus found -Fn-49 Grn-iy -ffii-45 ^'^d by repeating the operation s times, 
counting the original operation as one, we can find -F«_2«> ^«-2»> ^n-2«; ^^^^ 
J^H^2s-hif G^n-2« + i> -Hn«2« + i by differentiation of these. The result is 

On.. = 17^73^^ fJjFy-'dxdydz, 



For the case 5 = 0, the coefficient of the integral becomes simply — 1 and £^^ 
becomes — X». We also observe that 

0„,._, = (A7(0,...), 
P.,._„ = (A7(P„..), 



and 



?«.»"" 47r \^ e£x ■'" efy ■'" rf« y' 

In these the symbol (A^)' signifies that the operation A^ is to be repeated / times. 
Hence we may write, in general, 
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-*• — ** — 4x d[r ' 

/-• -^« *-f ^.» 

^.-1* — -4^ <y"' 

and ^•^i»^i — ~d^ </2 » 

TI1118 we have expre^ed the whole series of vectors in terms of any one series, 
and have shown how to calculate the distribution of them all from the discontinu- 
ous distribution of any one orden and this by a single set of integrals, with the 
proper differentiation. 

The value of f, , can be expressed simply by the integral 

^'' = C l,27s.\..2s fff My ''cose dxdydz, 

where e is the angle between 3/^ and r. For all space in which M^ is ieio« 
F^,Gu. H^ have a potential found by making « = 0, whence 



f , = ~ X. = j^ jjj ^^ dxdydz. 



^.0 satisfies Laplace's equation at all points where M^ = 0, and this potential 
can be considered as due either to the distribution of J/, within a surface, or of 
J/, _ 1 over the surface, the components of JA, _ 1 satbfying the equation of conti- 
nuit v« but those of jSl not. 

Indeed, we can consider any of the systems of vectors as the cause and aD the 
others as the e^ed. 

When jF,, 6'.. H^ satisfy the equation of continuity within a surface, the" 
integrals reduce to the surface integral of the next higher order of vectors. 

But in the above operation of finding F,_2,, G^«_j,» B^-ti from -F,, G„ -S^, 
we have neglected the constants of integration, and we have now to consider 
their effect 

We first observe that, as the higher orders are obtained from the lower 
differentiating, they are perfectly determined by these equations. But as 



i 
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have to integrate in obtaining the lower orders from the higher, the result 
requires examination. Taking the equations for F^^ G^y -&„, and adding to 
them respectively tt, tti, tth, we have 

Performing the operation A^ on these, with respect to the point x', /, z\ and 
also noting that F^j G^j H^ satisfy the equation of continuity, we shall have 

AV = 0, AV = 0, AVn = 0, 

rfx "T" rfy "T" cfe ~ ^• 

Now these quantities must not affect the values of i^^ + n ^n + iy -^Ii+i as obtained 
from F^y Gny H^. and so we must also have 

dy dz ~ ^> 

dv dw^ 

dz dx ~^9 

diTi dir 

dx ^ 'dy ~ ^' 

The solution of these equations is found in the values 

_dV _dV _dV 

'^— dx' '^^~ dy' '^w— dz' 

where F must satisfy Laplace's equation throughout all space. And a term of 
this kind is the proper thing to add, no matter how many integrations are per- 
formed. But if this term satisfies Laplace's equation throughout all space, the 
cause of the potential Fmust be at an infinite distance. As this quantity is en- 
tirely arbitrary, and has no relation to the original system of vectors which we 
consider as the cause of the vectors of the lower order, we may generally make 
it zero unless there is some other condition to be satisfied. But the integrals 
without any addition give us all the lower orders of vectors which are dependent 
on the higher. Hence no addition should be made to the integrals when we are 
searching for the effect of a cause. 
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Indeed; all such cases of a potential satisfying Laplace's equation throughoot 
space can always be represented by a distribution oyer a sphere at an infinite 
distance, and in Physics it must always be looked upon in that way. In fluid 
motion the only quantities which we can add without destroying the original 
configuration is a general motion of translation and rotation of the fluid repre- 
sented by the equations 

v = A + Bx ^ Cy ^^ Dz. 

iru= -:lii+ i?u'^+ <^uy+ I>V^7 

where we have the relations 

We can define V by saying that it is a solid harmonic of a positive degree, 
so that it becomes infinite at an infinite distance. 

We see from these facts that if any quantities. F^. G^. ZT,. vanish, then all 
the others must have the values given by the above equations. 

Hence all the systems of vectors must exist somewhere in space, though it is 
evident that there may be regions where some of the orders vanish. When this 
IS the case, and throughout the region the vectors of the n^ order vanish, then 
aU orders of vectors greater than the n^ vanish also, throughout the same space, 
but not thoc^e less than this ; and the vectors of the (n — 1 1* order have a 
potential satisfying I^aplace^s equation. 

Furthermore, if within anv surface we have a discontinuous distribution of 
the n^ order of vectors then we have seen that without the surface the vectors 
F^. (r,. H^ have a potential satistying Laplace^s equation, and consequently all 
vectors above the »* order will vanish outside that siuiace. 

If within or over a given surface the vectors /",. </,» H^ term closed circuits, 
then the vectors Z',. G^. H^. and of higher onlers due to the above vectors will 
be zero without the siirtace. and the vectors of the \n — 1 1*^ order wiD have a 
potential. But in the surface, or without it, all the vectors exist. Conversely, 
if throughout any space the vectors of the m^ order have a potential satis^ing 
Laplaoe^s equation, the vectors of the i ji — 1)* order will be lero in that space. 

If within anv sur&ce we have a discontinuous distribution of the »* order rf 
vectors, it is evident that the external effect will be the same as the continiioaB 
dc^tribution within the same surtaoe of the : « — 1 •'^ or hiirher orders. Indeed. 
the eflfect will be the same throughout space. 
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We have seen that there are two methods of looking at a series of vectors, — 
one as if they were derived from those above, and the other from those below. 
Now these methods are similar to the direct and inverse methods of treating 
electrical problems. The inverse method invented by Green is by far the most 
useful in electricity, and it seems to me that a similar method will be useful in 
the treatment of vector quantities. Indeed, the method leads to most impor- 
tant results. Consider the equations 

f n + l — dy dz' 

^n^\— dz ~ dx' 

_ dGn _ dF 
^n + i — dx dy' 

The operations here indicate that we choose the vectors of the 7i^^ order, and 
find their cause in the vectors of the (n + 1)"* order ; whereas the direct opera- 
tion assumes the cause and finds the ej^ect. This is similar to the case of elec- 
tricity where the cause of the potential V is discovered by the operation — j- A^ 

to be the density of electricity />, with its proper distribution. And just as 
we find many electrical distributions over surfaces which have 'the same ex- 
ternal effect, so we are able to find many distributions of the vectors i^n + i> 
^n + i?^n + i> over surfaces which produce the same external values of jP„, G^„, 
and Hn- 

Suppose that within a surface jP„, G^„, ff^ have a potential ^^.oj and outside 
a potential ^;^,o> both of which satisfy Laplace's equation. To satisfy the equa- 
tion of continuity we must have at the surface, 

• dv dv 

Our equations then show that jP^^i, G^^i^ ^n + i are zero throughout all space 
except the surface. At the surface the equations become 



d'z^ 



W ^ - (^1^ _ ^^n.o \ ^ _ (d^ _ d(^\ d 
^n + l ^^— y dz dz J dy \dy dy J d 

r, ^ _ /^<J> _ ^>.o \ dv^ (d^ d(,,o\ dv 

^n + iai^— \^dx dx J dz \dz ~~drjdi 

TT ^ - (^ — ^A *: - f^ ^\ ^ 

^n^\(lv —ydy dy ) dx \dx ~ dx ) dy' 
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This distribution of /^,_|, G^^^. H^^i will produce the potentials f,^^ and 
£[,0 9 ^he one within and the other without the surface. The most interesting* 
case of this discontinuity at a surface is found by making 

%*=0 and ^ = 

at the surface, in which case the surface is a stream surface for both ^ , and ^«,o> 
and the equation of continuity for the /i*^ order is satisfied. 

Let us now make f.^o == constant, and we have 

• ■ 

< . rfr d^, dr 



F,.^du = 



('m-\dv = 



dz dy dy dx 

dr dz dz dx 



d^ d. dC.dr 

which will apply to all surfaces as well as stream surfaces. 

K we had made ^.'.j = constant instead of f,.A. we should have obtained 
equations of the same form, but with the opposite sign. If however, we say 
that the normal shall be drawn from the side of the surface containing the 
original source of potential to the other side, the sign will be the same. Thus 
our surface must be drawn so as to separate space into two parts, one of which 
contains the source, and our equations give us the values to distribute over the 
surface, so that, on the side opposite the source, the efiect will be the same ma 
from the original source. Hence, although we may express a proposition with 
respect to the ont^dde and umJe^ yet we may always reverse the terms into inside 
and o^4H^. This is exactly analogous to the proposition with regard to the 
distribution of electricitv. If we distribute the vectors over the surface with a 
negative sign, they will just neutralize the effect of the original source on the. 
side opposite to it, which is exactly analogous to the case of electrostatic in- 
doeiion. 

As to the total amount of the vector J/, . i to be distributed over the snrfiure, 
it is evident that the qtiaatitff in the two systems must be the same. 

I here use the term quantity in the sense of surface integral across the section 
of the Vector. Hence, if J/^ _ ^ is the original and J/, . i the new value of the 
vector, we must have 



//j/:-:<f5 =//j/.„rf5. 



the integral to be taken over a surface cuning the vectors at right angles. 
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Having chosen our stream surface of the n* order, we now have to define the 
direction of J/ii + i on the surface. The equations express the fact that M^ + idt^ 
is in the direction of the intersection of the given surface with the equipotential 
surface, and has the value 3/„. The equipotential surfaces and two systems of 
stream surfaces can be found so as to form an orthogonal system. But a stream 
surface in general is not necessarily one of them, but is only a surface containing 
the stream lines or lines of direction of J/„. When we choose for our surface one 
of the stream surfaces of the orthogonal system, the intersection of the two 
stream surfaces ia an equipotential line for Jtf'„ + ,, and the intersection of the 
stream surface and an equipotential surface is a stream line for J!f„ + i. We have 
seen that the potential f^ of the w."" ord^r can arise either from a distribution of 
vectors of the (n + l)"" order in closed circuits or a discontinuous distribution of 
the n"* order ; and that the (n 4- 1 )"' order was distributed in closed lines around 
the n"' order. The relations are similar to those between magnetism and elec- 
tricity and between a magnetic shell and a current around its edge. In this case 
we can obtain a distribution of a shell of M^ over the surface which is equiva- 
lent to the distribution of Af„^i over the surface. The strength of the shell, 
M„dv, will evidently be found by adding all the shells together, and hence, if we 
draw any line I on the surface, 

MJtv'= j M^+idvcosddly 
but this is equivalent to 

Mndv = / M„dv COS 9 dl = f„,o + constant, 

because M^^idv is equal to M^at the surface. 

Hence the strength of the shell is equal to the potential. Knowing M^^.idv 
originally, we can thus find M^df, whence the potential is 



1 rrM.dy cos, ,„ 



e being the angle between r and the normal to the surface. This integral must 
not only be taken over the surface which we have been considering, but also 
over diaphragms which we must draw so as to convert cyclic space into acyclic. 

Thus the theorem which I have just given merely shows us how to draw 
surfaces so that this integral taken over them shall be the same for all regions 
which can be reached without passing through a surface. 

It has already been known that the diaphragms could be drawn in any 
position, but this theorem applies also to the other positions of the surface 
boundary of the space under consideration. 
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We may evidently have two varieties of surfaces which divide the internal 
space into cyclic or acyclic regions. The first are obtained by forming, as it 
were, tubes around the closed circuits of the vector iffn + i? which we can con- 
sider as the original source of £^^o- Distributing M^ over this surface in the 
manner described, and removing the original source, the new system has the 
same external effect as the old, but makes ^„^o constant inside. The second 
variety of surface is acyclic inside, and encloses the original distribution of Jf^^j 
as a whole. It is evident that this last variety of surface cannot be a stream 
surface for £^ qj unless there is some other source of J!4 outside the surface. Our 
process, then, merely replaces one of these sources for the points on the other 
side of the surface. 

Taking any cyclic value of the potential £[ o ^'^d drawing a tube of flow of 
any cross section, and applying this method to it, the distribution of Jl/n + i over 
the surface will cause the potential inside it to become constant. Take away 
the external system now, and we shall have a potential equal to — ^^,o inside 
the tube, and constant without. 

If we take any two of our surfaces and distribute '\- M^j^x over the internal 
one, and — M^^i over the external one, according to the equations, then within 
the inside surface we shall have f„ o constant; between the two surfaces £^ o h^s 
its former value ; and outside the outer one f,^ o ^^ constant once more. In fluid 
motion this will give us the case of a mass of liquid revolving in a liquid at rest, 
with a core of liquid at rest. 

If we allow the original distribution to remain, and distribute — -Jf„ + i over 
the surface, then the potential imide remains the same and becomes constant 
otUside. Thus the inside and outside of the surface are reciprocal, and we can 
always reverse the statement in this manner. 

Helmholtz has considered some cases of discontinuous fluid motion, and other 
writers have occupied themselves more or less with it. But most, if not all of 
them have considered the vortex surface between the two moving fluids as the 
e^ecty whereas I here treat the vortices as the cause of the fluid motion, and 
have thus obtained a method of replacing the original vortices by one or more 
vortex sheets around them. This is the basis of the inverse method of treating 
hydrodynamics. 

To get a solid distribution of Jf„^i, we can place one surface within the other 
with its proper distribution so as to make what is required. If within a given 
surface, any system of vectors are distributed so as to have a potential within that 
surface, then the continuous system as obtained from this system will have a 
potential both within and without the surface, but the potential inside will not 
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be the same as that of the discontinuous system, but will be that minus f^ o- At 
the surface of discontinuity all the higher system of vectors will be collected. 

Let us suppose that we have the potential f„ o withiil the surface, and ^^ , 
outside the surface, both of which satisfy Laplace's equation for the space in 
which they are used. We can get the conditions at any surface, but as they 
are complicated, let us take the surfaces, stream surfaces for both functions. 

Then at the surface 

dv ~^'^ dv ~^' 

According to our notation, ^„ o is the potential of a higher order of motion than 
£^ ,, the first being the potential of J^„, G^y H,, and the last of Fn^2a9 (^n--%ij 

If we should distribute — -^n + n ~ ^n + u "~-fln + i> over the surface according 
to the previous investigation, we should have ^n o == fn,o inside, and constant 
outside. If /^„-_2« + i? ^n-2f + i? ^^n-2« + i? werc distributed over the surface in 
the proper manner, we should have f^» , = £^ , outside and constant inside. If 
the two existed together, there would be 

^n ,0 + constant inside, 
and 

£n,« + constant outside. 

So that in this case we must distribute over the surface 

^t. + itti'— dz dy'^ dy dz' 

W + ia^— dj^ dz'^ dz dx' 

jY J <^^«.o dv ■ d^^ dv 

Jln + iCtu— ^y dx^ dx dy' 

and 

J'n-2, + iaJ'— dz dy~ dy dz' 

f, , <^».. dv dC , dv^ 

t'H- 2. + !«»'— dx dz~ dz rfx' 

XT ' J -^± ^± 

JiH-2, + i(lf— dy dx~ dx dy' 

Gauss's theorem applied to electricity gives us the amount of electricity in a 
surface, from the surface integral of the electric force. Let us now attempt to 
develop some similar method for this case. 
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Taking ^oisson's equation, 

4irp = -A«F, 
Gauss's theorem gives 



in^s^-^-nipd^dydz, 



where the first integral extends over a surface, and the second over the space 
included within the surface. If we have a distribution of F^j G^^H^^ within a 
given surface, then -^^4.2, ^n + 2? ^n + 2> ^-re obtained from them by the equations 

Hence we can write immediately 



//S" dS=- fffF„^,dxdydz, 
SrS^' dS = - fff 0„ + ,dxdydz, 
jr-§ dS=- ffflf,^,dxdydz, 



As we have 



J„ = - A«X, = A^f„.o, 
therefore we can also write 

where 

_ dF, dG, dH^ 

"^n— dx ^ dy '^ dz' 

. To get a clear idea of the meaning of e/^, I may remark that in the case of 
magnetism it gives us the distribution of the so called magnetic matter. In the 
present case the integral vanishes over any surface enclosing the original source, 
so that the algebraical sum of J^ within the surface is zero, or the poles of the 
magnet are of equal strength. 

I have thus developed the general theory of vectors from a purely mathe- 
matical point of view, so that we may apply it to any subject involving these 
important quantities, and thus many excellent methods for use in electro- 
magnetism may be found. There are even some methods which give important 
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results in the theory of attraction and spherical harmonics, especially the theo- 
rem that 

A«////(x',y',2',) f-dx'dy'cbi = n{n + 1) JJJf{x\y\z',) r^-'dx'dy'dz', 

A^ being taken with respect to x ^y ^Zj and not with respect to a:', y', z. This 
gives the potential with a force varying as r^~^ from that varying as r"""^ 

But the most important and interesting application is to hydrodynamics, 
and I shall then develop a few more points which might have been placed 
above. 

There is an important point connected with this theory which will be ex- 
tremely useful to us further on ; and that is that where M^ exists and varies from 
one point to another, then we shall sometimes be obliged to use an element of 
the fluid in our calculations for the determination o{ Mq infinitely smaller than 
for Mn . In other words, M^ will not be determined exactly within an element 
without going still lower and assuming something further within the element. 
Thus, in case we have an infinitely small tube having the vector M^ in the direc- 
tion of its length, we find that therff are an infinite number of ways in which the 
vector can be distributed within the tube and yet produce the same external 
effect. This may be unimportant in some cases, but a neglect of this principle 
will cause many interesting problems in hydrodynamics to assume an indeter- 
minate form. Thus the problem of the velocity of a vortex ring needs to be 
calculated in this way. Assuming the distribution of finer vortex filaments 
within the substance of the vortex, and the problem becomes determinate. I 
shall thus show that the vortex ring moves according to that distribution. 

The Kinematics of Fluid Motion, 

■ 

The fluid is considered as unlimited and without solid bodies in it. The 
motion of a fluid is a vector quantity, and so the above theory must apply. 

Let Fq^ Gqj Hoy he the components of the fluid velocity,* and let th© fluid be 
incompressible. Then we have 

dx '^ dy ^ dz '^ ^' 

The vectors of the higher order, which I shall for simplicity call motions, must 
then be interpreted. The motion of the first order whose components are 



m im kt 



• We could evidently take any other order for the fluid velocity, and, in any problem, we ein generally 
change the suffixes to the letters, and thus obtain new solutions. 
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Fi. <?:• Hi. ha« been interpreted by Helmholtz to be vortex motion, and it 
remain.^ to interpret the rfet. 

The second order will be. a* it were, the vortices of the vortices, bat to in- 
terpret it better I ^hall proceed a.-* follows : — 

.Suppo^' that along the axi« of x there is a line of modon of the «* order. 
Cakrijlaie from thU the value* of F^. G^. and Z^. and we shall have the true 
motion of the fiiiid. It will be found that in all motions of the even deirrees the 
fluid move?- parallel to the axis of jr. but in motions of the odd degree the true 
motion of the fluid i* in circles around the axis. Hence the motions of the even 
de^rree* are translator^" motions and those of the odd dcirrees are vortical motions. 

Motion of the zero orrler is ordiuarilv irrotatioual motion. 

Motion of the first order is the vortex motion of Helmholtz. and a line of 
motion of the first order is a vortex filament. 

Motion of the second onler is what I have, in a pre\'ious paper, called the 
rtla^ire motion of the fluid, and a line of this motion has the fluid flowing forward 
along its axis with verv- great velocity and a less and less velocity as we proceed 
outward from the axis, until we reach a certain distance, where it is zero : beyond 
this the velocity increases as we pass from the axis, and Is infinite at an infinite 
distance in the impossible case of the line of motion being straight and infinitely 
long. In the possible cases where the line is closed, the motion of the fluid is 
finite evervwhere, and is zero at infinitv. 

Motion of the third order can be rouorhlv conceived of as one vortex filament 
within another revolving in the opposite direction. 

Motion of the fourth order can be rou<rhlv conceived of as one line of motion 
of the second order within another larger and opposite one. 

And so. as we go upward, an element of the line of motion becomes more 
and more complicated. The motion of the fluid exterior to the line of motion of 
any order can be calculated by formula? as simple for high as for low orders of 
motion, though the integrations are generally somewhat more diflicidt as we go 
higher. 

Mathematicallv there are motions of the neorative orders also, and thev are 
usef;il in some calculations : but the physical conception does not at first sight 
lead to such important results as the positive, though I hope to investigate this 
further. 

Let us now conceive of a closed line in spjice of any form whatever having a 
uniform distribution of one of the higher motions along it. 

As the cur\'e is closed such a distribution will satisfy the equation of conti- 
nuitv. 
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If the motion along the line is of the n*^ order, then there will be a distribu- 
tion throughout space of motion of the {n — 1)**" order and below, but no motion 
of the rC'^ or higher orders. And the motion of the fluid in this case will be 
equivalent to that produced by a discontinuous but uniform distribution of motion 
of the (n — 1)'*" order over any surface having its edge in the given line, the 
motion being perpendicular to the surface. Suppose now that the fluid in which 
this line is placed receives motion of the (n — 1)'** order, but no higher. In 
order that this may be possible, it must have a potential, and so will vanish for 
this region when we find the new values of the motion of the if" order for this 
region. But not so if we add motion of the n*** order or higher. 

Hence we have. the theorem that motion of the n**" order is unaffected by 
motion of any lower order. 

We have seen that if within a surface there are closed circuits of the n}^ order 
of motion, then without the surface there is motion of the (n — 1)"" order and 
below it, the {n — 1)^** order having a scalar potential. 

Hence, if two regions of this nature be placed near each other, the motion of 
the n^ and higher orders will be the same as before, but of the lower orders it 
will be changed. 

In considering the general relations of vectors, I have virtually shown that 
if the fluid has any motion, then the whole series of motions must exist sometvhere 
in space. But we have also seen that if one of the motions, say of the n^^ order, 
is confined to any given region, then all the higher motions will also be confined 
to that region, and the remainder of the fluid will have only the {n — 1)'*" order 
and below; and that the {n — 1)'** order outside a given region has a potential 
satisfying Laplace's equation, but the lower orders do not. 

Furthermore, I have also shown how to find the motions of any order outside 
the given region by integrating throughout the given region. 

Now suppose a given region has a distribution of motion of the n^^ order 
within it which is discontinuous at the surface. 

We have seen how to find the distribution of motion of the n^^ order without 
it, in order to satisfy the equation of continuity. We have seen that this distri- 
bution has a potential without the region, and that only motion of the n^^ order 
and below exists outside the region. 

Now let us suppose that the original distribution of the n^^ order within the 
region is also such that within that region a potential satisfying Laplace's equa- 
tion exists, but not the same as that without. Then it is evident that all the 
motion of the (w + 1)*** and higher orders exists only at the surface of separa- 
tion of the two regions, and that both within and without the region only the 
n'*" and lower orders of motion exist. 
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Thus this surface constitutes a flurface of discontinuity in the fluid motion of 
the n"" order. 

Helmholtz has discussed the case of surfaces of discontinuity when the 
motion on the two sides was of the zero order, and thus the motion at the 
surfaces of the first arid higher orders. 

We have treated this case very fully in the theory of vectors, and have there 
shown the exact distribution of the motions. 

■ The process deduced from this theory which is most useful in hydrodynamics 
is the following : — 

Let us have a distribution of the (n + l)"" in closed curves so that it satisfies 
the equation of continuity. Then throughout the rest of apace the motion of 
the (n + l)"" order will be zero, and the n"" order will have a cyclic potential 
f, 0, the source of the fluid motion being supposed to be the (n + l)"" motion. 
Select any stream surface which wilt thus enclose some of the (n + 1)"" motion. 

Draw the equipotential surfaces for the n"" order of motion so as to intersect 
the given stream surface in lines, and distribute over the surface, in the direction 
of these lines, motion of the {n + 1)"" order, so that 

M^ + idi'=M^ 

at every point of the surface. Then the new distribution of the (n + 1)* motion 
produces the same effect as the old. Therefore we can take away the old dis- 
tribution within the surface and replace it by fluid for which the potential of the 
n'* order of motion is constant, and the external effect of the new system is the 
same as the old. 

By putting one stream surface within the other a solid distribution of the 
(n + l)"" order might be made. If we draw the equipotential surface in the 
manner that Maxwell has done, we can define the distribution of the (n + l)* 
order as follows ; — 




Let the figure represent a system of equipotential surfaces infinitely near 
together, intersected by two stream surfaces very near together. 
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Let d\ be the distance apart of two equipotential surfaces. Then we can 

write 

M^j^idvd\ = Mnd\. 
But we also have 



therefore we have 






M^^idpdk = ^ d\. 



But from the method of drawing the figure the last member is constant, and 
consequently the first is also. But the first is the total quantity of Mn^i within 
the rectangle, therefore the proper distribution of M^ + 1 is given by putting the 
same amount into each rectangle. Let us now attempt to get the total ^fuantUi/ 
of ilf„ + i. By qumdity of Jf^^j I mean the surface integral of its cross section. 
Thus, in this case, the quantity of M^ ^ i is 



J M^^idvd\ = — j -^ dky 



the integrals to be taken around the section of the surface. The last integral is, 
in our notation, simply equal to the original quantity of (n + 1)"* motion. Hence, 
the quantity of (n + 1 )**" motion distributed over the surface must be equal to the 
original quantity. The analogy of this to the case of electric distribution is 
apparent, the surface integral over the cross section of a vector taking the place 
of quantity of electricity. 

If we apply this to the case of vortex and ordinary motion, we shall have the 
case of liquid at rest enclosed within a vortex surface, with the motion of the 
exterior liquid irrotational and expressed by a cyclic potential. 

The vortices of the surface are constantly moving forward in the direction of 
the fluid motion immediately outside the surface. 

If we wish a volume distribution of M^ + i within the surface, we merely have, 
as I have shown above, to put surfaces within one another with the above rela- 
tive distribution, the strength of each surface being arbitrary. We have thus 
one other condition to fulfil arbitrarily. Let Q^ be a function which is constant 
for the stream surfaces, or, in other words, the stream function. 

Then the solid distribution of M^ 4.1 is represented by the formula 

where (7 is a very minute constant, and ^{Qn) is a function of Q^. 

* The notation here used is that of the general theory given on p. 236, bo that f«.o is the' same as — )^m used 
before. 
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The direction of J/, _ , is that of the intersection of the surfaces Q, = con- 
stant, and ^,0 ^= constant 

Such a distribution of JT.^i will produce a potential outside the surface 
which will be proportional to f» o ^^d equal to it, if C has the proper value. 
But inside the surCice the motion is dependent upon the form of ^ ( ^. ). 

The distribution of the vortices over all the surfaces need not always be in 
the same direction, but we may alternate as often as we please without altering 
the outer distribution of motion. 





Fig. i 

As an illustration let us take a circular vortex ring. The equipotential 
surfaces and lines of flow for an infinitely thin vortex are represented by the 
preceding diagram, where the closed curves of somewhat circular form are the 
sections of the surfaces of flow, and the others are the sections of the equipoten- 
tial surfaces. 

The motion of zero order is distributed throughout space according to the 
cyclic potential ^. o? ^^^ ^he motion of the first order (vortex motion) is con- 
fined to the closed surface. 

If we sliould cause instantaneous vortical forces to act over a surface similar 
to the given one, the forces being proportional to the vortices in the first case^ 
then the analysis of vector motions shows that these forces produce the same 
efiect as the original distribution of vortical forces for all points outside, but no 
eflfect on the points inside the surface. Hence, the system formed by these forces 
will be the same as the svstem under discussion. The svstem thus formed will 
undergo changes which are investigated in the portion of this paper treating of 
the equilibrium of fluid motion. We have there seen that the whole system 
of changes can be treated from the drifting of the vortex filaments, the whole 



i 
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dynamics of the problem being satisfied by making the product of the vortex- 
strength of each filament by its cross-section constant as the element moves 
along. In the present case, the elementary vortex filaments of the vortex sur- 
face are constantly drifting from one place to another, and they may thus finally 
obtain another distribution, in which case the form of the surface and its position 
may change. In the present case, if the fluid moves through the ring from left 
to right, and we refer to the upper section, the vortex strength tends to in- 
crease on the outer and right-hand side, and decrease on the inner and left-hand 
side. 

When there is any change of distribution, the ring as a whole will tend to 
revolve around the part which has increased the most, and so the whole ring 
tends, as a whole, to decrease in diameter and move forward, though the changes 
of form are not so obvious. 

As the ring moves, the weaker part constantly tends to go inside, and the 
stronger part outside, and so tends to a form of equilibrium, though this should 
be investigated more thoroughly. 

In treating a filament, we must descend to the elements of the filament itself 
and consider the motion of each secondary element as affected by the others. It 
is impossible to treat this filament or vortex surface as a whole. The fineness of 
filaments to which we must descend will depend upon the rate of variation of the 
vortex strength. Thus, when we are dealing with finite distributions of vortices 
without side discontinuity, the elementary filaments may be large, but when we 
treat filaments or vortex surfaces, the elementary filaments must be small in 
proportion. 

If we now consider the hollow vortex to be very small in cross section, com- 
pared with the radius, so that it is nearly circular, and so does not change its 
shape much, it is easy to see that the tendency of the elementary vortices to 
accumulate on the outside will tend to revolve the whole circle into a position 
farther on in the direction of the fluid motion inside the ring, and if we still 
further consider that there is a tendency to accumulate in the front part also, we 
see that the ring will tend to move forward and to contract in radius. If the 
cross section is very small, the form of the cross section becomes more and more 
stable. The radius of the ring finally becomes constant when the forward 
motion is such as to make the difference of velocity between the fluid in the 
inside of the hollow vortex and the outside, the same for every portion of the 
cross section of the surface, which is possible for a very small cross section, or 
for a large one if the shape is correct 

In attempting to construct synthetically a hollow vortex which shall move 
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forward uniformly through space without change of form, we have simply to find 
a distribution of elementary vortex rings such that the fluid motion due to them 
combined with a uniform forward motion shall produce a stream surface along 
which the motion of the fluid is everywhere uniform as reckoned from a system 
of axes moving with the surface. 

Or, for the sake of ease in calculating, we can suppose the axes at rest and 
the fluid flowing past them. It would thus be perfectly possible to construct 
synthetically a hollow vortex ring of finite cross section and finite velocity of 
translation. 

In the case of a very thin, hollow vortex of circular cross section, the ve- 
locity can be obtained by finding the motion of the fluid in the interior due to 
all the vortex filaments of which the ring is formed. Or it is simply one half 
of the difference of velocity on the outside of the surface nearest and furthest 
from the axes of symmetry. 

The velocity of translation of very thin solid vortex rings can readily be 
found by calculating the velocity at the core due to the given distribution of 
vortex filaments constituting? the rino^. It will thus be found that for a j'iven 
distribution of vortex filaments within the very thin vortex, the vortex must 
move perpendicular to the plane of its curvature and inversely as the radius of 
curvature, to insure stability. Thus, if we curve a circular vortex at any point 
outward, at first the curved part will move faster than the other part. Then 
each side of the bend will move outwards, and thus the ring will tend towards 
a circular form again, though it possibly oscillates around it 

It is evident that whatever changes a hollow vortex may undergo the inner 
fluid can never mix with the outer, but the vortex surface forms a box through 
which not a drop of the fluid can escape however the surface may be twisted. 

Thomson and others have pronounced all such discontinuous fluid motion to 
be imstable, and to prove this he supposes a depression to be made in the surface, 
which he then supposes to increase indefinitely. That some surfaces are thus 
unstable no one can doubt But I do not think that all are so. Besides, if we 
have a vortex surface drifting around in a fluid, the latter having only an irrota- 
tional motion, the depression which will form in the surface at any time will have 
to satisfy certain conditious which may neutralize the previous effect. I have 
given my reasons for regarding the hollow vortex of uniform strength of surface 
as the form toward which hollow vortices tend when distorted. But I am not 
yet prepared to give further results, but will wait to obtain an exact solution of 
the problem. It is very probable that, when disturbed, oscillations are set up. 
All the principles necessary for the solution are developed in this paper. 
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If it is found that the hollow vortex is unstable, it may still be possible to build 
up a solid stable vortex on the principles here set forth. The condition thus 
developed for a vortex surface which shall not change its form by the mutual 
action of its parts is that the strength of the vortex surface shall be constant at 
every part and the surface a stream surface. 

But in order that such a surface, may exist, it must be remembered that the 
components of the vortex motion must satisfy the equation of continuity and the 
motion of the fluid inside the surface must be acyclic. This last condition is only 
necessary in order to avoid vortex motion in other parts than the sheet, which, 
however, may exist if we plea.se. Having constructed such a sheet and calculated 
the fluid motion from it, it will have a potential everywhere without the sheet 
satisfying Laplace's equation, without vortex motion. If we construct a hollow 
vortex ring in this manner, with the condition that the surface be a stream sur- 
face, the fluid.within the hollow part will have an acyclic motion, but such as not 
to afiect the form of the surface. Thus the motion might be one of translation, 
and it would be thus possible to have a stable hollow vortex. The only form of 
surface which can exist without changing its form is thus symmetrical around the 
axis of motion, and has a cross-section which has not yet been investigated. 

In certain cases the changes through which a hollow vortex goes are periodi- 
cal, and it is a question whether, with a proper motion of translation, they are 
not always of this nature. 

Let there be a distribution i''„, G„, S^ inside a given surface. Then F„, G„y B^ 
will have a potential satisfying Laplace's equation at all points where F^ = 0, 
G, = 0, and H^ = 0, of the value |„_o = — Xn- 

or integrating by parta 

If within the surface 

we have 

f„.« = ~l,ffp cos OdS + A„, 

where $ is the angle between the QOtQuLM^^ BUf&oe and r, and the last term 
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disappears outside the surface where F^y G^, and J2^ do not exist Whence out- 
side the surface 

^n.o = l^ff^ cos eds 

and inside 

The integral is also evidently different outside and inside the surface. We 
evidently have also 

^^^M,o = outside the surface, 
and 

^^^n,o =" inside the surface. 

Hence this is a case similar to the one before it, and the surface has a distribution 
over it of motion of the {n + 1)'** order given by the equation^ found there ; this 
motion is confined to the surface, and forms closed circuits on it in order to 
satisfy the equation of continuity. 

When motion of the (n + 1)*** order is so distributed over the surface that 
thd* component of the n^ order of motion is zero in the direction of the normal 
to the surface, then, from what we have before proved, the motions of the 
(n + 1)"* order and higher orders will be confined to the surface, and will not 
appear in the remainder of the fluid. Thus in the motion resulting from a solid 
body moving in the fluid, the motion of the zero order is zero at the siurface, 
and so there is no motion of the first or higher orders throughout the fluid, and 
the motion of the zero order has a potential. 

If the discontinuous system F„^ G^, If^y whose component is Jlf^, are dis- 
tributed over a surface with the resultant normal to the surface, dp being the 
thickness of the surface, and M^di^ being constant over the surface^ then we have 
seen that the'shell so formed is equivalent to a line of {n + 1)"* motion around 
the edge. 

If dS is the cross section of the line, we must have * 

Mndv = 3In^idS. 

The linear distribution of M^ + 1 is then equivalent to the surface distribution of 
Mn^ There will be a potential of the n^^ order throughout space, satisfying 
Laplace's equation : the motion of the (n + 1)"* and higher orders are confined 
to the boundary line of the surface, and are zero throughout the rest of the 
space. 



This is proved in the portion of thi« paper relating to the energy of the fluid. 
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So that all space except the line surely contains no motion of the n^ and 
lower orders, the n*** only having a potential which satisfies Laplace's equation 
but is cyclic. 

The components of the (n + 1)*** order are readily obtained by differentiation 
of the equations 

M^+\dS Cm 

where Z, w, and n are evidently the direction cosines of the element of the 
line ds. 

The scalar potential of the n^ order is simply proportional to the solid angle 
subtended by the line at the point, and can be computed by known methods. 
The components of the n^^ order can also be simply obtained from the above 
components of the (n — l)**" order by the proper differentiation. 

As the motions of the (n + 1)"" order and higher are confined to the line,^the 
total motion of the fluid can be represented not only by a line integral of the 
(n+ ly^ order, but also by a line integral o{ any of the higher orders. The exact 
form I have not yet investigated. 

As an illustration of the methods here given, let us suppose that throughout 
a sphere of radius B there is a distribution of motion represented by jP„, while 
Gn and H^ are zero. We shall then have 

On.2 = — 2i J J J '^dxdydzy 

where the integral is to be taken throughout the interior of the sphere. We 
thus find 

Inside the Sphere. Outside the Sphere. 

O,,a=^{35B« + 105i?'r« + 21i2V*-r«}; Q:,2 = ^^{3i?» + 42/?/^+35r*}; 

Pn,2 ^^ Qn,2 ^^ -fn,2 ^^ H?n,2 ^^ 0. 

Since we have AV = n(n + l)r"""^, we can write all the following quanti- 
ties from differentiating these : — 
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<?..!= 



O.,o = 



^ } 15 i?* + 10 /?r» 

A.I 



0:,. = ^|i?+5r*j; 



^•0 — 3 ^~ ' 



A»0..(_„=4^/;; 






From these we have 



e...= ^;3oi?*+ 14i?r»-r*|c08tf; 



?..• = — y rcos(?; 






s»,o — 



3 "H"* 



Whence we can write the whole system of vectors as follows : — 



G'.-. = - 



^.-.= - 



dz > 



<?;-4 = - 



^-«=- 






^.-. = 0; 



<?.-.= 



30''^-^ 



-r*}2; 






^-.= 0; 



«^— 3— 30r^V +^}*J 

^-.= 307J7i + 5iy- 



A_, = i'f3i?-r*}-^^- 



Jx * 



G,., = - 






A-i— 3r ^ » 



(K-r = - 



*9 * 



ff,-, = - 



dz i 



b:.,=- 



dm • 
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i^»-i = Oj 



K-i = 0; 



F 




F 




F, = K 't = lF.; 


''^« dx Z 1* * 


<^n — %'-0; 


^» rfy 3 r» » 

• 


H. -% 0; 


rf^..o f;ij» 3x« 

^»~~ d* 3 r** 



The orders higher than these are only distributed over the surface, the next 

higher order being 

F^^idv= 0, 

1 - « • 

The next higher order is distributed, as it were, on each side of the surface whose 
thickness is dv. 

By giving to n different values up to n = 4, we can get various distributions 
of fluid motion, all of which satisfy the equation of continuity and are thus possi- 
ble forms of motion. When n = 4, the motion of the fluid can be considered as 
due to a uniform distribution of motion of the fourth order, F^, throughout the 
sphere, the motions of the lower orders being distributed as given by the equa- 
tions. Or the motion can be considered as due to a distribution of i^„ ^. i , G^„ 4. i , 
-fiJi-f 1 over the surface of the sphere. When n = 0, the case is that of a sphere 
of liquid proceeding forward uniformly in the direction of the axis of x. 

If we replace the sphere by a solid sphere, the motion of the fluid outside will 
remain the same as before. 

The changes which a sphere moving in the manner described will undergo 
can be calculated from the drifting of the vortex sheet backwards, as shown 
further on. 

The sphere will thus tend to flatten in the direction of the axis of x and 
broaden out in the other direction so as to form a figure somewhat similar to a 
prolate ellipsoid. 
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It is to be noted that the whole system of motion-s which I have given above 
have onlv required one integration, and in the general case would onlv require 
three for the complete determination of all the vectors up to the 2 9 order. 

As another illustration, take a distribution of/*, along the axis of x. and make 
« =: 2, as before. Let the area of the section of the small tube along the axis 
be Oj and in the integration reject the part which becomes infinite. We 
thus find 



where 



whence 



and 



0,.t=^q*logq. 






^.-4 = 4^A«0.., = ^(3» + 25»logj), 



^.-4 = 0; 



<r,_3 = -j- ( 1 + log g^ 2, 

Fa 

B,_, = ^ (1 + \ogq)y; 



Fji 



F..r = -± {3 + 21og9}, 
<?.-, = 0, 






9" 



H,_,= + F,a^ 



r 



\i 
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The calculation of jP„, G^, H^ makes them zero for all points of space except 
the axis of x, just as it should. 

But we can also consider them as distributed over any surface enclosing the 
axis of X. 

Taking a stream surface for jFJ,_i, G^n-i? J^n-i which will be any surface of 
revolution around the axis, the proper distribution of jP„, (?„, H^ over the surface 
will cause the above values outside the surface, and a zero value of ^„_i, G^^^i, 
JT„_i inside. 

Thus, take a circular cylinder of radius 6. We must distribute F^a over the 
surface of thickness dv. Therefore we have 



--/ 



2 TthFJiv = F^ay 

Beside this distribution of F^ we can distribute it uniformly in the interior of the 
circular cylinder, or in any other way suggested by the equations. In the case 
of uniform distribution throughout the cylinder we can replace it by a surface 
distribution of JP„^i, (r„^i, ^n + i and so on ad infinitum, the exterior distribution 
of velocities being the same, but the interior being different 



The Action of Forces on Fluids. 

Let a system of forces whose components at the point x, y, z are X, Yy Z act 
on a fluid, and let p be the pressure of the fluid at the same point. The hydro- 
dynamical equations of Eiiler are then, 

pdx~ ^0 dt ^0 (fe ^0 dy ^0 dz ' 

pdy~ -^0 dt ^0 dx ^0 dy ^o dz ' 

l^—7y_^o_j^dno_^dR,_dR, 
pdz~ ^^ dt ^0 dx ^^ dy ^0 dz ' 

It is usual in treatises on hydrodynamics to consider cases where Xq, Yqj Zq 
have a potential, and it is there stated that vortex motion cannot be produced by 
such forces. But if we consider that forces which have a scalar potential are 
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such as are produced by direct attraction to or repulsion from points distributed 
throughout the fluid, we see that conservative forces acting in an unlimited me- 
dium can never produce any motion whatever ^ but only influence the pressure. 

Thus the equations as they stand contain much that is superfluous, and the 
motion will be the same in every respect if we differentiate in such a manner as 
to eliminate all portions of X, T^ Z which depend on a scalar potential. 

Let us write 

then the equations can be put in the form» 

"^ ~ -^0 +* "^ = G'^o -fi^i "" -So^ij 



Let us now write 



dz ~ ^0 '^ 'df ~ ^o(^i~ GfoFi. 



^1 ~ rfv dz' 



and also 



T7- d^ d^O 

^^~ dz dx^ 



^ dYo dXp 

Y- ^ <^^i A2 V" _L -^ f^:^ I d^o I dZf\ 



dy 



dz 



dx\dx 



dy 



dz J 






dXi dZi 
dz dx 



= -A^r„ + l 






-7 - ^» _ ^» 

^i— dx dy 

etc. 



= - A»Z. + 



dy\^dx ' dy 

d /dXo , dY^ dZ^ 



) 






dz\^dx 

etc. 



'^ dy '^ dzj 



m 



Now I have shown in the theory of vector quantities that every system of 
discontinuous vectors can be replaced by another system which satisfies the 
equation of continuity, provided we can show a physical reason for the vectors 



* Gtiven in a more restricted form by Lamb, in bis' ** TreatiBe on tbe Motion of Fluids," p. 241. 
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satisfying that equation. In the case under consideration, the pressure conducts 
the force applied at one point to another, and the whole system of forces so 
applied to the fluid must satisfy the equation of continuity. Hence for the 
system -3^, Jj., Zn, can be substituted the system 

where 

When this substitution for the zero order is made in the original equations, the 
only portion of the pressure that will remain will be that which arises from the 
motion of the fluid and not from the applied forces. In this case we can simply 
write 

Xa = -A^Xo; Fa = -A^Fo; Za = -A%. 

Differentiating the third of our equations with respect to y and the second with 
respect to z, and subtracting, we can write the first of the following series of 
equations ; the other two can be written from symmetry : — 

^1 ~ IT ~ ^1 ^ ■" ^1 ^ ~ ^1 "^^ 

rj 8-9i dH^ ^ dH^ dHo 

^1 - ■& ~^^ ^ ~ ^1 ^ ~ ^1 ^' 

where the symbol 8 refers to the movtnff element and has the well-known value 

?< = S + -^0 ^ + ^0 ^ + ^0 ^• 

Performing the same operation on these, we have the equations 
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JF, dFt dF, dF,\ 



^» — U ^* dx 



dF» 



-^*1^- 



dy dz 

^2 dz +^'+ dyH 

I 

\ dJff^dHy 

[+ i/y dz 

dK dF\ 
dz dx 



dy dz 

dG^ dG. 
dy dz 

dH^dH. 
dy dz 

dF\ dF.'\ 
dz dx 



>j 



^^— ^ ~^t dz '^ ^^ dy ~ ^*~di ^ ^{^~di 'd^ 



I 



+ dz dx 



^1— U ^^ dx 



dm 



^« dy 



r rfF, dF\ 
dx dy 



dH^dH. 
dz dx 

dF, dF. ) 
dx dy 

dGydG^ 
dx dy dx dy 



■ 4. ^^ dH,_dJffy dH. 
I * cir </y dz dy 



When a fluid in motion is left to itself, the problem of the changes which it 
undergoes has never been satisfactorily solved, even in the case of a single 
vortex ring left in space by itself, and the principles to guide one in the solution 
of the problem have not been very satisfactorily given. 

When the forces acting on the fluid are zero, we have 



SF\ 
SGi 



dF, 



dF. 



— F\ d^ + ^1 rf.# + -^1 



dy 



dF. 
dG. 



U ~ ^^ dx ^ ^1 du ^ ^i dz 



dx 
dH. 



dH. 



^B\ jp dH^ dH. dH^ 

8t ~ ^i dx "^ ^1 dy '^ ^1 dz ' 

These equations contain the whole dynamics of the subject, and simply show that 
the product of the strength of the first order of motion by its cross section is con- 
stant This principle then, applied in the proper way, contains the whole of the 
dynamics of a perfect fluid. 

The process indicated by the equations is as follows : Having given certain 
values of the components of the velocities, Foy <?©, Hq, which satisfy the equation 
of continuity, we calculate from these the distribution of the first order of 
motion. 
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The variation of this first order of motion in each element as it drifts along is 
given by the above equations, or the variation of motion in any fixed element 
is given by these modified equations. 

The variation of the fluid motion can then be calculated from these. Again 
applying the method, we could get a still further change, and if we continued 
this step by step process indefinitely we might trace out the whole fluid motion. 
But we might originally obtain Fq, G^j Sq as functions of x, y, 2, and <, so that 
for t = constant, they should satisfy the equation of continuity, and for t variable, 
the above equations. 

The result so found would give all the changes which a given system would 
undergo which was started at a given time in any one of the configurations. 
But it is to be particularly noted that in using these equations we must always descend to 
such small elements of the fluid that discontinuity is avoided. 

Thus we should never treat a single vortex filament by itself, but should 
descend to the still smaller filaments of which the vortex filament is composed, 
and apply our equations to these. 

In this manner the problem of the motion of a single vortex filament becomes 
perfectly determinate instead of indeterminate as before. And I believe that a 
recognition of this subject will lead to extremely important results in this subject. 
It is, then, in the study of these differential equations that the final solution is to 
be obtained. 

We can always tell from the equations in which direction the system tends 
to change, and can thus base a theory of the stability of fluid motion on them. 
But I have not yet attempted to find any solutions. It is to be noted that the 
equations are satisfied at all points of space for which the first-order of motion is 
zero, and so we can always confine our attention to points where it exists. 

But we are able to regard the matter from another point of view. When no 
external forces act on the fluid, the equations of Euler become 



where 





Idp _ &Fo 






p ebs & 






1 dp SGo 






pdy~ dt' 






1 dp _ BHo 






p dz dt • 




iFo. 


BGo 


Bffo 
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- St' 
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are the forces of acceleration of the fluid. Hence we have 
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d SSo d SGo ^ 

d^ 8^ dzW ~^^ 

d S-Fq d SMq 

5i "sT "" ^ IT ■" "' 

d SGq d^ SFo ^ 

These equations simply express the fact that in a fluid not acted upon by exter- 
nal forces the forces of acceleration are acyclic. One of the most interesting 
cases is that of a surface of discontinuity. In this case the equations assume 
the form 

/mj _ &ffo \ dy_ _ fW^ _ &Go \ dy^_ r. 
[^^ U J dy \ht U J dz~^y 



\^t U ) dz \U U J dx ^> 

nOi _ ZG,\ dv_ _ fZK _ S^o\ ^^ —r. 
\ht U ) dx \U ht ) dy ^• 



To get the meaning of these equations let us transform them until the normal 
to the surface is in the direction of the axis of X. We then have 

ht ht ~^' 
SGq SGq ^ 

■& It ~^' 

And we also have for the continuity of the fluid 

ro-Fo = o. 

At all points of the fluid where there is no discontinuity, but the fluid velocities 
are obtained from a potential, these equations are satisfied. It is only where 
vortices exist that there is a possibility of the equations not holding. 

The equations show that there must be no discontinuity in the forces of 
acceleration at the surface and parallel to it, though there may be in the direc- 
tion normal to the surface. 

If we then have a surface of discontinuity of this nature, we must then add 
to the forces of acceleration in the interior of the surface others so as to make 
the system continuous at the surface in all directions except that perpendicular 
to the surface. This is the same thing as saying that forces must exist through- 
out the interior of the surface tending to change the configuration. 

These forces must evidently be acyclic within the surface, and have the 
proper value at the surface, and so are perfectly determined. 
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As an illustration of these methods of finding what dynamical changes will 
take place in a fluid, let us take the case of a single vortex filament along the 
axis of X. The fluid velocity will be inversely as the distance from the axis, or 

where q = V^y^ + 2?, and a is the sectional area of the filament 

Let us take a stream surface bounded hy x = b and a: = and g =^ c and 
q = e^ and distribute FiU over it according to our equations. Then, on taking 
away the original distribution of vortex motion, the fluid will move within the 
surface the same as before, but without will be at rest. We immediately see 
that the system is not in equilibrium, for the centrifugal force of the moving 
liquid remains unbalanced by the fluid pressure. We readily see that the whole 
ring will expand indefinitely. 

The second method expresses the fact as follows : For the surface 5 = c and 
J = e the vortex strength has of itself no tendency to vary. 
But on the plane surfaces we have 



8Gi 



= -F,a\G,'-f + H,^\ 



Now the distribution of G^ and H^ is in the radial direction, and so these equa- 
tions show that the direction of the vortex elements tends to change to one in 
a direction perpendicular to q. Thus we arrive at the same direction of change 
as before. 

By the other method of looking upon the problem, we see that forces of 
acceleration must exist in the stationary fluid, and so the stationary portion will 
tend to move. The direction is readily determined. 

We are now prepared to state what the conditions are that there shall be no 
tendency to change from its present configuration. 

For a surface of discontinuity the condition is simply that the surface be a 
stream surface and that the strength of the surface, Mdv^ be constant, or that the 
fluid velocity on the two sides of the sheet be everywhere equal and opposite in 
direction. 
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This investigation has led us to look upon the subject of vortex motion 
from a broader point of view than before. For we have seen that if we reckon 
up the amount of this motion by the number of fluid elements multiplied by 
the strength of the motion in them, then the motion so reckoned is being 
constantly created and destroyed by the other fluid motions. But if we reckon 
the quantity of vortex motion by its surface integral taken across its cross 
section, or by its circulation^ then the statement that it is indestructible by any 
motion lower than itself is perfectly correct. And this latter definition of the 
guantity of any vector is so important in the theory of the replacement of one 
system of vectors by another, that I propose that the term obtain general use. 

The equilibrium of fluid motion can evidently be either stable, unstable, or 
neutral. Thus an infinitely long cylinder of fluid revolving around the axis in a 
medium at rest would evidently be in unstable equilibrium. Thomson has 
given the criteria for such cases in terms of the energy of the system, and I am 
not yet prepared to discuss the subject further. 

But his conclusion as to the instability of all cases of discontinuous fluid 
motion I am not willing to admit. The case of the hollow vortex, it seems to 
me, shows that there can be stable forms. For the changes which the system 
undergoes are toward stability, seeing that the vortex distribution of the sheet 
tends to becoine uniform, which is a case of equilibrium. 

Again, the sheet can never be broken and the inside fluid mix with the outr 
side. Hence I am of the opinion that a hollow vortex ring is stable, and always 
tends to the form where the vortex strength of the sheet is uniform over the 
surface. But the subject should be carefully examined before a final decision 
can be reached. 

To determine the pressure in fluid motion we can use the equations 



whence we have 
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dp 


^Fo 
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dx 
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whence 



V 



.„_.__ y d SFq d SGq d Sffp 
^y— P)dx U '^ dy U'^'dz U 



- P CCC^\ ^ SFo , d Wo, d Sffo), , , 
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This can be put in the fonn 

__^ rrr\dFodGo_dFodGo.dF^ 
P~ 2irJJJ \dy dx dx dy'^ dz dx dx dz '^ dz dy dy dz\^^y^' 

We may also write a very interesting form from integration by parte 

p r r r iSFo d\ sGo d} sHo dl) 

If the forces of acceleration have a potential throughout a given region, 
these reduce to surface integrals. If the forces of acceleration form closed cir- 
cuits, no fluid pressure existe ; that is, if the forces of acceleration satisfy the 
equation of continuity. 

In this case, since we have 



if we write 



we shall then have 



whence 



d^ ^ I d^dGo . d_ dHo _ 
dx dt '^ dy dt "^ dz dt ~ ^^ 

^ _ ^ dGo . dGo , jj. dGo 

rp _ jp dH^ dHo , Tj ^^« 

^0 - ^0 -^ + Oro -^ + i/o — > 

_p rrn\dR ,dS dT) . . 



i^ = -£///l^o^] + i»fo^^ + iV^o^^^ 



If M^ is the resultant vortex motion and M^ the resultant ordinary motion, and 
we draw v in the direction of M^ , we can write the equation in the form 

or, as we prefer to write it. 



A'; = 2,|i/f-(f-Yj 



If pointe attracting as the square of the distance be distributed through space 
with a density 
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at every point, then the pressure would be the same as that due to the motion 
of the fluid. 

In this sense the above expression may be considered as the source of the 
fluid pressure. 

Let us now take the equations of page 260, and write 

/= GqHi — 3qGij 
J= HqFi — FoHiy 
K= FqGi — GoFiy 
whence we have, calling C a constant, 

which can be put in the form 

p=C-^^M^-il fffl \Mf - FoF, -G Ga- H,H^\ dxdydz. 

We can also, from integration by parts, as the surface integral vanishes when 
the integral is taken throughout space, put 

P=(^-i^'ri-JJJ\l^-^ + /-^ + K^-£\dxdydz. 
This expression can be written in the form 

p=C-lMS + <t>, 

where <^ satisfies Laplace's equation at all points where no vortices exist -In 
the expression as ordinarily given, <^ is the potential of the applied forces, but 
here it is given in terms of the vortex motion. 

Some of these expressions for the pressure are similar to those obtained by 
Mr. Craig, and published in the Journal of the Franklin Institute. 



On certain Possible Cases of Steady Motion in a Viscous 

Fluid. 

By Thomas Craig, 

Johns Hopkins University and United States Coast and Geodetic Survey. 



The following paper contains, first, some general principles governing steady 

motion in viscous fluids ; second, the detailed working out of two cases, (i) a 

sphere moving with constant velocity in the direction of the axis of x, (ii) an 

ellipsoid moving uniformly in the same dii-ection. The results obtained are 

certain to hold for slow motions, though they have been obtained without that 

assumption, but it is not proved that the prescribed conditions will exist for rapid 

motions. If it can be shown that a velocity can be chosen for the moving body, 

so that the quantity 

A^u.dx + Ah.dy + A^w.dz 

shall be an exact differential, then the solution below given will hold for that 
case, and for that case only. 

Part of what immediately follows I have already given in another place, but 
it is repeated here for convenience. 

The expressions for the fluid pressure in different cases are given in the 
"Journal of the Franklin Institute," for October, 1880. The values found for 
the velocities of a fluid particle when a sphere moves in any direction in the 
fluid are given in the " Philosophical Magazine " for November, 1880. A slight 
error exists in these values as there given, which is corrected here. 

Denote by w, v, w the component velocities of a fluid particle in the direction 
of the axes x, y, z ; j9, the density of the fluid at the point x, y, 2 ; p, the constant 
density, and /a, the coefficient of viscosity ; the kinematic coefficient of viscosity 



p 
The equations of motion of an incompressible viscous fluid are now 



or the ratio of /x to p will be denoted by kj\.e.- = h 
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du 



= X 



dv 

~di 



-:n= Y- 



dw 
~di 



= Z 






(1) 



Xj Yy Z being external forces. In what follows we will suppose the forces 
X, Yj Z to possess a potential. If the motion of the fluid is caused by a body 
which has been projected in it, and is acted upon by forces due to a potential^ 
the potential must be of the form 

Ax + By-}- Cz, 

for the motion to be steady relatively to the body, as a constant resistance has 
then to be overcome. If the body is at rest and the liquid streaming past it, 
the potential must contain a term of the form 

Ax + By + Cz 

at infinity, to keep up the steady motion ; otherwise the motion would die away 
and the liquid come to rest from the presence of factors of the form e""^.* 

Denoting by ^, 17, 4 the component angular velocities of the fluid particle at 
the point x, y, 2, we have 



)• 



^ 1 /dw dv 

^~2\^~d'z 

_'}: fdu _ 
V — 2\dz 

1 /dv du\ 

^'^2\di~ dyj 



dw\ 



(2) 



From these follow readily the known relations 






(S) 



* I am indebted to Mr. Greenhill of Emanuel College, Cambridge, for the above remarks, and also for 
many other most valuable suggestions. 
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Denote by fl the resultant angular velocity ; then 

also write 

2q = u^ + v' + w\ (5) 

The internal friction involves a certain dissipation of energy ; the function 
expressing the rate of dissipation per unit volume has been called by Lord Ray- 
leigh the " dissipation-function ; '' denoting this by E^ we have 



^=v!(iy+(j)V(i:)V!(i+j) 



(6) 

This can be given in a different form by obtaining the expression for ^q ; this 
is readily found to be 

+ (s) + (I) + (IV 



SYj. /'*V-i- r*V (7) 



+ (iy+ (iy+ {t , 






+ (t) + (iy+ (ty 



Add 2n^ to 2~"> and we will eliminate terms of the form 

dw dv 

dy 'cb^ ^^' 

Then compare the resulting form of equation (6) with equation (7), and we 

have at once 

i;=2fi{A^q- (uA^u + vA^v + wA^w) - 2 ft^} (8) 

or 

uA^u + vAh + wA^w =A^q-^E-2n\ (9) 

In equations (1) the quantities on the left-hand sides may be replaced by 

du . du . dv . dw . ^ . ^. 

A+«^ + ^^ + «'^ + 2(«''?- H), etc., 
or by 

■^ + £ + 2 (wrj — vC), eUi. 
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On making these changes, the equations of motion become 

du , d(V -^ q\ , 1 dp ^ ^ . . , ^ _ 



dt 



dx 



*+^^^^' + !* + 2<.{-.rf,= 



dt 



d,J 



(10) 



dv d(r->-q) _i_ 1 «'/> , o , * V _ 1. ML 



p dz 



To these is to be added the equation of continuity, 



Write 



dm , de , dw ^ 

di + d,+ T.=^- 



(11) 



then, introducing the conditions for steady motion, ( 10) become 



dF 



;^ + 2 (tC7 - rO = tAV 



+ 2(uC — tof) = tA% 



dP 

dy 

dP 



(12) 



If we assume that the quantities AH<, A-r, A'to are the first differential co- 
efficients with respect to x, y, z of a function Q, these equations become 



d(P—kQ) 
di 

d(P-kQ) 
dy 



= -2(tt?,7-rO, 
= - 2 («C - irf ), 



(13) 



d(P-kQ) _ 

^ = -2(rf— Miy). 



Multiplying these by u, r, «? respectively, and then by ^, n, ^ and in each case 
adding the results, we have, writing for brevity 



e = P-kQ, 

dS - dS . dS 
^ dS . dS , rf© -^ 



(w) 



u 
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and also 

^ = 5'il8m8, (15) 

where q = V2g is the current velocity, and 8 is the angle between the stream 
line and the vortex line at the point x, y, s. Hence the conditions that the state 
of motion of the fluid for which 

A% . dx + A'o . dy + AV . dz 

is an exact differential, are as follows : It must be possible to draw in the fluid a 
system of surfaces, © = const., infinite in nimiber, and each of which is covered 
by a network of stream lines and vortex lines. This is the property denoted 
by equations (14). The product j'li einSrfa must be constant overeach such sur- 
face, dn denoting the length of the normal drawn to the consecutive surface of 
the system. These results are identical in form with those given for a perfect 
fluid by Professor Lamb in his work on Fluid Motion. In order that 

A^i . rfa; + A»ti . rfy + A V . dz 

shall be an exact differential, tbe equations of condition 

A»f = 0, ^S = 0. ^K = 0, (16) 

must hold. 

If we assume that the motion of the fluid is so slow that squares and pro- 
ducts of the velocities may be neglected, equations (1) become, when a potential 
exists, 

*A'>> = f' (17) 

where 

u= r+ff- (18) 

In this case the quantity 

AHi . dx -i- A'v . dy + Aho . dz 

is obviously an exact differentia], and the equations of condition 

A'f = 0, A"!? = 0, A'C = 0, 
are satisfied. 

Prom equations (12) we have, in every case, 
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» (e - MH.) + t- (f - iA«<>) + « (^ - MV) = 0, 

SO that the conditions for steady motion hold now as in the particular case just 

mentioned ; but in this case the surfaces in the fluid are given by the differential 

equation 

dP — k{A^u.dx + Ah).dff + A^w.dz) = 0. (20) 

Write for convenience 

M=wi-uC .(21) 



Equations (12) now become 



dP 

-2M=ki,\ (22) 



dy 

and from these, by differentiating for x, y, z, respectively, and adding, we have 

A'P = 2(i + f +f). (23, 

The same equation holds when the motion is not steady ; for if we differen- 
tiate equations (10) for x, y, 2, respectively, and add, the terms containing the 
differential coefficients of u, Vy w with respect to t will disappear by virtue of 
the equation of continuity. Integrating (23), and substituting for P its value, 
there results 

P-ry (^ r r r /dL .dM .dN\ dx'dt/dz' ) 

In the general case (? is a function of the time ; for steady motion, however, 
it is a constant. The quantities Z, My iV^may be the first differential coeflBcients 
with respect to x, y, z of function of x, y, z ; suppose such a function "¥ to exist 

that we have 

^ T d<y 

2i»f=|^ (25) 



« i 
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equations (22) become in this case 

■i(-F-*) _ , ., 



dy 
d(F-1/) 



and from these results 
and consequently 

in which 



= ki.'v, (26) 
= ki.'w; 

a'(i'-1') = 0, (27) 

~=0-\iifSf^<b=W'l^+V+l\- (28) 

'^' = £> + £' + S>- (29) 



Equation (24) can be thrown into another form by very simple ttansformations. 
Write 

ly = L' + if + J^ ; (30) 

liien, denoting by a, j3, y the direction-cosines of the vector D, 

L = aD, 

M= /SB, (31) 

N = yD. 

Substituting in (30) the values of i, M^ N, we have 

•0 = ?'n[l-(p + ^ + gy]. (32) 

or 

B^g'niaiiS, (33) 

where S is the angle between the stream line and the vortex line at the point 
X, y, z. Now let a, b, c denote the direction-cosines of a normal to the closed 
surface containing the fluid ; then 

is the sine of the angle between the normal and the plane containing the instan- 
taneous axis of rotation tl and the direction of the resultant velocity q', or 



sin ^ = Oa + 6^ + Cy. 
Similarly, if we denote by a', 6', c' the direction-cosines of the 



(34) 
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to (ar', y'j 2^) and if> the angle between this line and the above-mentioned plane, 
we have 

sin f = a a + Vfi + cy. (35) 

Take now the triple integral in (24), 

this is 

= i ff(.L +,M+ CA-, t + i ///-±-±--..-.^.,, 

where da is an element of the bounding surface. By virtue of the above equa- 
tions, we have 

aL + hJI-h cX= (aa + bfi + cy)D = q'n sin 8 sin <^, 

and similarly 

€^L + VM + c'N= qn sinS sinf ; 
therefore 

d3r , dy\ dx'di/dz' 



~ 2ir JJJ \dxf + di/ + dz^J 



(36) 



and finally (24) becomes 



t^G-{V^q)^^^]y—- -da + ^JJJ'- ^ -^ e/xVyW. (37) 



p 



If the motion in the fluid is a screw motion, i. e. if the direction of motion be 
along the instantaneous axis of rotation, we shall have 8 = 0, and conse- 
quently 

E=G-(V+q). (38) 

If the plane containing the direction of motion and the instantaneous axis of 
rotation be always normal to the bounding^ surface, we shall have <^ = 0, and 
then 

'- = <}-(V+,) + i,fSfi^^^!^^Mi^<,^. (39) 

We will pass now to the consideration of one or two particular cases. As- 
sume, first, that w, v, w are given by the equations 
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_dU dW 

dz dx ' 



(40) 



The functions V, V, W must, as is well known, satisfy the equations of con- 
dition 

cfn=-2(, A'r= — 2i,, A'ir= — 2£, 

di + iy + <fe "" '• 

Instead of the three functions U, V, W, we may introduce a single function * 
and write 






(42) 



these quantities will satisfy equations (41), and give us for the values of ^, 17, I, 

^ = — a"*. 

The junction ^ must also satisfy the equation 

aV = 0. (*6) 

since 

a'f=A', = A'i:=0. 

For ^ we can take any homogeneous function of the ?i"' degree satisfying (45) 
and then will have 

'^ dt^ (l<^ 



where 
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or if> represents a solid spherical harmonic of the degree n. 
w, tj, w we have now 

d i , d^ , d^ . d^) , 



For the values of 



d { J* , d^ , <^) t 



^ = ^ * + ^^"^y^ 



(47) 



d i , d* , d-b . dtt, , , 



Reverting to equations (3) for a convenient form of obtaining the values of AH*, 
A*o, A'lc, we readily find for these quantities the values 



^^ = " ^' 



A*P = 



^w = 






(48) 



The function Q of equations (13) is now the function n<^, or Q is in this case 
a solid spherical harmonic of the degree n. Equations (40) involve the assumption 
that the motion is purely of a rotational character. If we for a moment abstract 
the friction in the fluid from consideration, the motion, if caused by a solid mov- 
ing in the fluid, will be irrotational, and therefore subject to a velocity potential, 
say ^j satisfying the equation A^i/^ = 0. We can then in general write the values 

of Uy Vy w in the forms 

_ dif dW dV 

^ — "^^ dy '^ dz' 



v = — 



w = 



djf dU 
dy~^dz 

dl dV 
dz'dx 



dW 
dx' 

dU 
dy 



(49) 



Equations (43), giving the values of the rotation components, will be, of course, 
unaltered by this change in the values of w, t?, tt?, and we shall have, instead of (47), 






d i , , , d^ , d^ , <^) , , 



(50) 
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From equations (43) we derive at once 

from which it follows that the vortex lines lie on the surfaces given by the equar 
tion (^ = const. From equations (14) we have, however, since in this case 

&Si . dx + A'f . dy + AV . (fe 
ia an exact differential, 

^^ + ^^ + ^^ = 0, 

and consequently the vortex lines in the fluid lie at the intersection of the sur- 
faces 

4> — const 

(52) 

e = const 

The surfaces © are fixed in the fluid, but the surfaces ^ may move ; their 
motion, however, will always be in such a manner that the above condition shall 
be satisfied. Equations (50) can be thrown into a simpler form by the following 
considerations. Write 

r = (a:* + 3^ + z*)* 
and 

Then 



bnt 

and consequently 

We have then 



log r = \. 

dr~rdk' 



z A / d*\ 



The solution of the problem when the motion of the fluid is caused by a sphere 
moving through it is quite simple.* We have first to determine the yelocity 

■ See ui article on this subject by the author in the " Philosophical MftRaiina " for November, 1860. 




280 



Craig: On certain Possible Cases of 



potential. In Lamb's " Treatise on Fluid Motion " he gives a solution, due to 
Stokes, of the problem of a sphere moving with uniform velocity in a viscous 
fluid in the case when the motion of the solid is along the axis of x. and the 
motion of the fluid is symmetrical around this axis. Special polar co-ordinates 
are employed in obtaining the required solution, but from the general values 
above given for u, v, w, we can readily obtain the same results in a very simple 
manner. We will consider this case for a moment, as the forms of w, t?, w thus 
obtained are of use in another and rather more difficult problem; At an in- 
finitely great distance from the origin the fluid is streaming along the axis of x 
with a velocity = — X, or 

for all of the motion which is due to a velocity potential. We have then, as 
indeed we know from other considerations, 

<^ = — Xx, 
Our former value of <^ was 

00 



where 

■t. = 1 + <Ti (;)' 

this will now reduce to 

<^ = ^ = — Xx. 

For the general value of u we take into account the friction terms. The quan- 
tities Li and Bi will all disappear with the exception of Xi and Riy and these 
also vanish at infinity. For these we have the values 

1 /a\8 



a\2* + l 



For u we have, then, . 






U 



= g'[i. + 2*. + rf] + *,|(X,-if.). 



which, on substitution of the values of ii, -ffi, ^, becomes 



u 



= x[l-|;-K0']-7[p-?>' 
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or 

But 






and 



Writing then 



we have finally 



or 



Similarly, 



r* dx* r 






Aa» 1 _ y 
4 'r""^' 












The determination of the resistance experienced by the sphere, supposing it 
to move along x with velocity = + X, is the same thing as the determination of the 
pressure upon the sphere supposed at rest and the fluid streaming past it with 
velocity = — X. The latter case is the one that we are dealing with, and to 
obtain this pressure we use the dissipation-function, employing the form 

U=2ix, { A»<y — {uAhi + tjAV + w£>?tB) — 2 fl»} . 
We had 

2q = u* + v' + VT^, 
then 

2A*^ = A*(«^ + c* + w*); 

substituting the values of u, v, w, gives 

2 , = (X - 2 X.). + 2 (X - 2 X.) f + (g) + (f ) + (f y. 
where for brevity we have written 
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to this add • 






now, introducing the vahies of Q and Xj, we find readily 



8r»-12iB» 



2A'q=a' ^ +0" 

We also find easily 



36r» + 72a;« 



+ afi 



4r»-60a;« 



+ 4aX 






and 






Combining all of these, we obtain 



E= ^iy^ + 0>?^Jt^-2afi^ 



90" &ap) X* 



— 12/A]-4 + -i5 ;rh^ — /A 



36j8V 



.10 



+/^ 






Writing 



-12/x jp--;;rj ;5+/t-;3r |l-?j 



x 



- = cos 6 J 



multiplying ^ by 2 tit^ sin ^ dBdr^ and integrating from ^ = to ^ = ir and fh)m 
r = a to r = Qo, we have, for the total rate of dissipation of energy. 



16 TT/t j-^ — "^ + ^ j = 6 7r/taX«. 



If X denote the force which must act upon the sphere in order to keep it at 
rest, we have 

« 

XX = 6 7r/xaX^ 



or 



-X^ = 6 iTfioK. 



These are the results given by Lamb in his treatise. In the general case the 
velocity u can be written in the form 



"=![S1(2* 



+ l)iJ. + r§ 



- i (A*i) - i s («*)] 
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with similar expressions for v and w. Applying the operator A' to this, we have, 
if we assume 

W = Ml + W2 + . . . . + tliy 



and 



also 



a2 • ^i 



^'^ = ^^^i> 



d ^ 
^"^ = dz ^^*- 



The other terms vanish on applying this operator, as of course they should do. 

In the case where the axis of spin and the direction of the current velocity 
lie always in a plane normal to the surface of the solid, we have for the determi- 
nation of the pressure 



l=G-(V+,) + i ffft^«^^ ,,.,,w. 






In the problem just discussed of the motion of the fluid all parallel to the axis 

of x, we have 

wf + vr) + wC= 0, 

or the stream lines and vortex lines are at right angles to each other; this 

gives 

sin 8=1, 

and obviously in this case the plane above mentioned is normal to the surface 
of the sphere. We have then 



l-'^-iV+!)+lfff^^<'-W^- 



P 



Concerning V we have 

dV 

dx ^^ 

therefore 

F = 6 TT/xaXx + const 

In the general case, where there is no restriction as to the direction of motion of 
the fluid, the pressure must be determined by means of the equation 
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? = « - (F+ ,) + i ff^Jl^I^ .. + i JJJjHiiili"* ^,,^^. 



p 



The computation would certainly be very difficult, if not impossible, from the 
complicated nature of the quantities involved. The first step, however, would 
be the determination of V; the angles 8 and (f> can be found from the expres- 
sions for the velocities. If the motion is very slow and no external forces act 
on the fluid, we shall always have 



- = f {A^'u .dx + iih .dy + Aho .dz). 



Kirchhoff {tnde Mathematische Physik, p. 377) has solved the problem of an 
ellipsoid of revolution rotating with constant velocity about its axis in a viscous 
fluid, both for the cases of an infinite extent of fluid and for a mass of fluid 
contained within a confocal ellipsoid. I do not see how to attack the general 
problem of the motion of any ellipsoid in a mass of viscous fluid ; but for 
the case of simple translation along one of the axes it is not difficult to find 
values for w, v, w which will satisfy all the prescribed conditions. Suppose an 
ellipsoid in the fluid with its axes coinciding with those of the co-ordinates, 

?^' + ?.' 4. ?.' = 1 

If we assume first the case of no friction, and call V the potential of the 
ellipsoid at an external point, we have 



X' 



OB 

= rrabc j 



a^-fi/r 6* + ^ c*-f^ 



or 



Via" -h tA) (^' + V^) (c* + .A) 

r = const. — 2 TT (A:t' + By^ + C^), 



#5 



where <r is the greatest root of the equation 



aj' 



+ 



y" 



a* -h o- "^ 6* + o- * c* + o- 



+ 



= 1. 



Now for the velocity potential <^ we have (American Journal of Mathematics, 
Vol. 11. p. 260, et seq.). 

The quantities Ay B, C are known to be 



^ 4. Vt 
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OB 

B = abcf —^i-L, 
C=ahcf ^ , 

J (c«+iA)iV' 



in which 



The velocities u, v, w, in this case, will have for values 

1 d*V 



« = — X + 



2ir(2-ij dx«' 



_ 1 tPV 

* ~ 2 IT (2 -A) dxdy' 

— 1 rfT 

*" ~ 27r(2-^) da;<&* 

Reverting now for a moment to the case of the sphere, we had 



in which 



^2 = x';:' 



a quantity proportional to the potential of the solid homogeneous sphere upon 

V 

an external point The same remark, of course, holds concerning 2ir(2 — ^) ' 

Write now for the velocities in the case of the ellipsoid the following system of 
values similar to those obtained for the sphere : — 

ti = X-2>P + ^(x>P) + 27^=:^^. 

• _ ± , . 1 jfT 

^~ dy y'^) "^ 2ir(2-A) dxdy 

— £( 1 d*V 

^~ d»\^'^f'^2w(2-A)dxdz' 
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These must satisfy the equation 



this gives 



or simply 



du ^^ dv ^^ dw 

5i "^ 5^ + "5r ~ ^ 5 



d^ 



A^ = 0. 



This is satisfied (Ferrer's Spherical Harmonics, p. 110) by assuming 

i V(a' + .A) (^' + .A) (c* + .A) 
i/r and cr having the meaning already assigned them. For greater convenience 



we will write 

where 

also 



F= const. - (Aix" + B,y' + C^z^), 
Ai = 2 IT Ay etc., 



^ = 2 irahc 



! 



dtl/ 



This (Ferrers, p. Ill) is the potential of a homogeneous ellipsoidal shell of 
determinate density at an external point. For the density we have (Kirchhoff, 
p. 179), 



which gives at once 



dfli dUtr ' 



»=e:+^+r' 



that is, the density of the ellipsoidal shell at any point is proportional to the 

central perpendicular upon the tangent plane to the surface at that point. The 

values given now for w, Vj w satisfy all required conditions, and we have in this 

case also 

A^u . dx + A^ . dy + A^w . efe, 

an exact differential, viz. d . A^ (a:^). For greater generality, however, we may 
introduce two arbitrary constants, say a and fi; then 



d 



d'V 



u = \-2a^+a^{7^) + jl^r:rA^)d^^ 



V =^ 



w = 



d p d'V 

^ di, \^) "^ (4ir - A^) dxdy' 

d P d^V 



* « -k 
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Now at the surface of the body we have 

w = t? = t^ = 0, 

and also at the surface <r = ; therefore 



It will be convenient here to make a little digression and give the values of 
certain of our quantities as elliptic functions. Take ^i, 1/^2 > 'As as the variable 
parameters of a system of surfaces confocal to the given ellipsoid ; 81, 82, 83 as 
the amplitudes of three elliptic integrals 

^i~JA(^8,)' ^2-Ja(^80' ^'~J^w,y 

We have now 

3r — (6*^ - c") (6« - a^ ' 






Write now 



1 -2 c^ 



«^-^-^ 



X« ' 



then make 



t = tan 81, 



where 81 lies between and ^. Similar transformations for i/ra and t/13 give us 
finally 

dn 6^ sfi ^3 



X 



= Va'-(^ 



871 $1 



/— 5 s dn $1 en 62 en 0^ 

y=V<^-^ j^^ , 

/-g "2 cnOi snO^ dn 6^ 

sn^x 



In the above the modulus A is = \% — -• 

We have also for the quantities -4i, J5i, Ci the values 
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Ai = (^« _ ,^a J m^d^ddi, 



_ 2 abc 5 / I - dn' g A 







or 



^1 ~ (a« - c«)t J cn^tfj "^1 J 



A — _ / J *?» ^ J- ®^^ ^ 

"*! "~ &« j jsr rfA "^ ©(^lO j ' 



where for brevity I have written 

2abc 



(a« - c«)i 



The above transformations are given in full in an article, " On the Motion of 
an Ellipsoid in a Fluid," American Journal of Mathematics, Vol. 11. We find, 
by the same transformations, 

and also ^ 

K denoting the complete elliptic integral of the first kind. Equating now to 
zero the found values of w, v, Wy we have at once, by means of the foregoing 
transformations, 

2 abc ' a?fl gn2 Q^dB^ - 2w(a^ - c'yK 

and 

The computation of the force necessary to keep the body in place, or the 
force which must be applied to overcome the resistance of the fluid if the body 
is moving through it, could be in this case, as in the former, computed by means 
of the dissipation-function ; but the process would be rather tedious and compli- 
cated. We can, however, without much difficulty, compute the pressure over 
the surface of the body supposed in motion. Observe that since ^ is a surface 
potential corresponding to a surface density 



a — 
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at each point of the ellipsoidal shell we can write 



* =// P *v 



where d^ is an element of area of the surface, and 

If we denote hy pi^p^^lh the pressures on unit of area, and by dt the element 

of area of an infinitely great sphere containing the fluid, the following equations 

are known to be satisfied : ^^ . ^. , 

ffpid^ +ffPxd,' = 0, 

ffp^di ^rfflhdd = 0, 
ffPzd^-\-SfVidd = ^; 

in our case these reduce to the first equation only since /^ = J93 = 0. 
Making r? = x'^ + y'^ + z^^ we have 

1 _ __^ 1 1 

for the points at infinity, i. e. the points on the sphere it will be sufficient to take 

1 _ 1 

/ r 

and consequently 

'^ = -r//<ode\ 
For brevity, write 

iVi = Via, + W(b^^H'W+fs)' 
The quantity curfc' is now given by (Ferrer's Spherical Harmonics, page 129) 

7 ' _ '"''* ("/'» "'''») 7 , J , 

wrfe — -4- -jv-;]V,~ #2#8» 
and consequently 

^- T J J "XiVT ^a^s, 
or, since i/»j is between — c, and — 62 »^"d t/»3 between — b^ and — 02, 

r r wrfc' = *"''•' ^ 7* ^'*''^-~r — — T — r — * ! • 



... '» !ffc> -^'» t:„. ■"=• Zfci 
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For i^a and iV^ we can readily find values similar to that already found for Ni. 
In fact we have 



a»-c» 



«' + 'Ai = ^^^' • &' + "Al = («' - «^) iii^ ' C* + 'Ai = (O* - C") ^» 



giving 



Also 






a» + ^ = (a2-c*)dn2^2, 6* + ,/»8 = (62-(^)cn»^a, c» + »/^ = - (6« - c») srftf,, 

and 

a2 + ^3 = (a«-c2);5?sn2^3,6* + t/r8 = -(a»-c2))Pcn'^3,c»+i/r3=-((r»-c2)dn*^,. 

From these we get 

'/'I — V'2 = (a* - c") jiH^A ~ ^"^^ ^' 

'h — V* = («" — c«) ! i^ — A? sn* ^3 j . 
Substituting in i^ and iV^ the values now found for rf^ + ^, etc., these become 

iVg = i {b^ — (?) V(t^ — & sn ^a en ^a dn ^a? 



iVg = (o^ - 62) Vo^ - (? sn ^8 en 6^ dn ^3; 



the above integral now becomes 



smce 



Now 



*0 



^ sn ^ = cn ^ dn ^, 

^ dn ^ = — F sn ^ en ^. 



/dn^ ^arf^a = f ^a + ^^2, 



where Z62 is the periodic part of the integral, and 



Therefore, finally. 



p/sn^ ^8 = -Z^^a + (f - l)^8- 



//coJe' = ^: jp8 [I + Z^a] +/rf^3 [ 



dOq Z0H + 



(J-l)..] 



• • 
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the integration to be extended over the entire surface of the ellipsoid. We will 
denote this integral by J, and then shall have for the surface potential 

J 
^ = -. 

7' 

For the determination of the total pressure upon the body we have now 



Jpide = — fpA' ; 



the right-hand member of this equation, which we will denote by — Xj can thus 
be computed by merely integrating pi over the surface of the infinite sphere. 
Suppose, firsts the case of very slow motions ; then, as we are only concerned 
with the value of/? at infinity, we neglect the squares and products of the veloci- 
ties, also the terms containing F, 

^ d^ , 
«P = 2 a/x ^, dXy 

Now (Lamb's Fluid Motion, page 217), 

Pi = IPxx + ^Prp + np^zy etc., 

where I, m, n are the direction-cosines of the normal to the bounding surface ; in 

this case 

X y z 

— -?-?-? 

T T T 

respectively. Also du 

Pxx = —p + '^l^di' 



dv\ 



(du ^. dv 

(du . dw\ 



The other relations are well known. We have now 

du _ d^ 
di~ ^~db^' 



We have then 



du dv d^"^ 

du .dw d^ 



_ d^ X X d d^) 

Pi-^^t^)di'r~r'^dr'di\' 
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or 



-9 ^i''* 



Pi = Zafi 



= -6 



\ 



dx 
Jx> 



d d^ 
dx dr 



— • 



a/t-^ 



Write - = cos X, multiply by 2 ttt^ sin X^/X and integrate from X = to X 

ff P\d^ ^^ — 8 irafu/. 
Therefore we have 

JT = 8 nafuT. 

Introducing the found values of a and e/, this is 



= 2ir; 



X = 



or 



a^ [(l - -^) Oi - Ze,j - 2 ir (a« - b^) K 

The determination of this quantity in the general case will be extremely 
difficult, probably impossible. It will first be necessary to find thie pressure of 
p from either of the formulas, no external forces acting. 



where 



or from 



dL , dM , dN\d x'diyd2! ) 



X = l?£ — Wrif 31= — u^y iV'= UTjy 



f=«-.+^j/ 



q*Q sin 3 sin <^ 



da 



^ifff 



q^Cl sin 8 sin <^' 



efe dy dz . 



The stream and vortex lines do not cut constantly at right angles, so no simpli- 
fication of this last is possible. A further investigation of this problem would 
require as a first step a thorough examination of the elliptic vortex rings formed 
in the fluid.* 

We have for the angular velocities 



V 



= 0, 



d^ 



a ~j- 



• On this point see an article " On Circular Vortex Rings " by C. V. Coates, Quarterly Journal, Vol. XVI. 
p. 170. 



► . 
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These differential coefficients are known to be given by 

rf* ^ o ( «° + .Ai) (^ + i'l) 

^—o («' + ^,) (b' + ^,) . 

we have then for the differential equation of the vortex lines 






for »/»i = 0, or all points on the surface of the ellipsoid, this gives 

^ + ^ = const 
Introducing elliptic functions, 

d^ 2 Va^ ^ c" cn'^, dn O^ en ^ en Oj^ 

(fy ~ sn ^1 Jl - sn-^ ^^ (dn'* ^^ + k' sn^ 6^) + k^ sn^ e^ dn« ^, sn^ e^\ ' 

^ 2 yg^ - c^ dn^ ^1 en ^i sn g^ dn ^3 

cfe ~ sn ^1 11 - sn^^^i (dn'^6la + k^ sn'O^) -h k' sn'Oi dn^O^ aii'Osl * 

Washington, D. C, Nov. 22, 1880. 



On Binomial Congruences ; comprising an Extension of FermaVs and 
Wilson's Theorems J and a Theorem of ichich both are Special Cases. 

By 0. H. Mitchell, 

FeUow in the Johns Hopkins University. 



The complete theory of the binomial congruence 7f^ = D mod. k divides itself 
naturally into four parts. (1) The determination of n constitutes the theory of 
the periodicity of power residues;* (2) of x, the theory of the roots of the con- 
gruence; (3) of />, the theory of the number and the character of power resi- 
dues; (4) of ky the theory of cyclotomic divisors, treated of in detail by 
Professor Sylvester in Vol. II., No. 4, of this Journal. 

The theorems commonly known in the first three divisions of this subject 
have reference only to those numbers which are prime to the modulus. It is 
proposed in this article to so generalize certain fundamental theorems in (1), (2), 
and (3), including Fermat's and Wilson's, that they shall apply to all numbers, 
and to give a single theorem under which Fermat's and Wilson's theorems, thus 
extended, are both included as special cases. 

§ 1. Introductory Definitions and Notation. 

The number of numbers prime to and less than a given number, ^, Professor 
Sylvester has named the totient of >fe, and, instead of the old symbol, <^(/fc), he 
uses r{k) to designate it. In the following I shall speak of the number of 
numbers less than k^ containing one and only one of its unequal prime factors, 
as the totient of k with respect to that prime jQictor. Thus, if A^ = a^b''&% where 
a, 6, and c are prime numbers, I shall speak of the totient of k with respect to 
a, or the a-totient of k, and shall designate it by Ta(k), in conformity with Pro- 
fessor Sylvester s notation. Likewise, the number of numbers less than k which 
contain a and 6, but not r, I shall call the a6-totient of k, and write it r^(A;). 

* Power residues is a term not used, I believe, but a needed translation of Potem-Reste. 
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In general, representing by s the product of any given number of the unequal 
prime factors of a number, k, I shall speak of the s-totient of k, and denote it 
by T, {k). It is plain that, if A; = a'6V, 

T„(A;) = a'-»T(6V) = a'-i6"-V-»(a- l)(c- 1). 

For there are a'~*6"c'' numbers not greater than k which contain a, and, dividing 
these into a'~^ successive groups of feV numbers each, we must reject from each 
group those numbers that contain either 6 or c, which leaves a*~*T(6"c'') num- 
bers. In the same way it is plain that 

rab{k) = a'-^6"-»T(c"') = a'-i6"-ic''-^(c - 1). 

We may write the different totients of ^ = a'feV in the following symmetrical 
manner, viz. : 

T,(;fc) =a*-i6»-V--'(a-l)(6-l)(c-l), 
T„(*) = " (....)(&-l)(c-l), 

T,{k) = « (a-l)(....)(c-l), 

T,{k) = « (a-l)C6-l)(....), 

r,^{k) = " (a- !)(.... )(....), 

TcaW= " (....) (6- !)(....), 

rab{k)= " (....)(....) (c-1), 

Tabe\^) ^^ " (....)(....)(....). 

The sum of these numbers is, of course, equal to k. This may readily be seen 
by noticing that the different terms of the expansion of 

[T(aO + a*-^ [t(6") + 6«-^] [t(c^) + c^-'] 

are the above numbers, and this expression readily reduces to a'6V. If t = the 
number of unequal prime factors in any number, k, it is plain that the number 
of its different totients is 2*. 

It is convenient to have a name for those numbers whose enumeration makes 
up a totient of k. Professor Sylvester has called them, in the case of the ordi- 
nary totient, the totiiives of k. Following this nomenclature, I shall be under- 
stood in speaking of the a-totitives, the a6-totitives, and, in general, of the 
s-totitives of k, X, will conveniently denote aiv/ s-totiiive of k. I shall use ^<f 
throughout in the sense already defined, and shall use <r to denote the product 
of the same factors denoted by the 8 in the context, each factor, however, being 
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affected with the exponent which it has in k. Thus, if ^ = a'6** ..../'.... gf*, 

and « = a6 /, then o- = a^6" . . . . P. I shall use w frequently as = a6 q 

= the product of all the unequal prime factors of k. I shall call a', fc**, etc., the 
components of k. Thus, we can define cr as the product of a certain number of 
the components of kj and s as the product of all the unequal prime factors of cr. 
If 5 = 1, then cr = 1. 

§ 2. On the Number and the Properties of the Boots of x^ = x mod. k.* 

The solutions of ar^ = x mod. k have an important part in what follows, and 

will here be noticed somewhat in detail. This congruence breaks up into 

k h 

a:= mod. o-and x — 1=0 mod. - , where o- and - are prime to each other, since 

X and X — 1 are necessarily prime to each other. We may write a: = mod. a 

k 
as X = Xo", whence the second con^rruence becomes Xo- = 1 mod. - . The last 

rC 

congruence gives one and only one value of X less than -, and, since a: = Xo-, 

there is one and only one value of x corresponding to this value of X which satis- 
fies the congruence a!:^=xmod. k. The x obtained in this way is plainly an 
8-totitive of k. Designate it by i?,. It is evident, now, that there are twice 
as many solutions of this congruence as there are ways of breaking up k into 
two factors prime to each other, viz. : 2* where i = the number of the com- 
ponents of k. Different separations give different solutions. For suppose x = Xo-, 

k . k 

and Xo- = 1 mod. - to have the same solution as x = XV and XV = 1 mod. -. 

I* 

Then Xo- is divisible by both o- and o-', and Xo- — 1 is divisible by both - and 

k 

-. But Xo- and Xo- — 1, differing by unity, are necessarily prune to each other. 

^.. . k k , , , 

This gives era prime to - • -;, which is impossible if a and a are different factors 

of k. Hence we have 

Theorem I. The congruence x^- = x mod. k has 2* different roots^ one root belonging 
to each of the 2* classes of tlie totUives of k. 

If A: = aHfc''^ the eight solutions of the congruence may be denoted by i?i, 
J?^, Bbj Bey Bi^y Bcaj Baby I^abcj thc subscript denoting in each case to what class 
of totitives the root belongs. Bi always = 1, found by solving x = mod. 1 and 
X = 1 mod. k. B^o always = 0, found by solving x = mod. k and x = 1 mod. 1. 

From x^ = X mod. k we readily obtain x" = x mod. k. The solutions above 

• In Serret's Cours (TAlgehre Superieure, § 292, the solution of x^ = 1 mod. k is discussed, a congruence 
which can be transformed into x* = x mod. k by substitution. I solve the latter congruence anew rather than 
transform results, both beciiuse its solution is simpler, and because the properties of its roots are more funda- 
mental. 
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are, then, repealing power residues of the modulus Z*, and, in accordance with a sug- 
gestion from Professor Sylvester, are called the repetents of k. 

I shall now prove some theorems in regard to the addition, subtraction, and 
multiplication of these repetent^. 

In all that follows I suppose «, s', s", et<5., to be prime to one another, unless 
otherwise stated. 

Theorem II. R^R^/ = R«^ mod k. 

We saw, in the coui'se of the proof of Theorem I., that 7i?, = mod. o-, and 

k k 

IL = 1 mod. - ; that /iV = mod. cr, and JR., = 1 mod. - ; and that li^, = 

k 

mod a-cr and li^^ = 1 mod. ^. Whence B^ B^, = = i?,,, mod. cro-', and 7?, B,/ 
= 1 = J?^,/ mod. —7,. .'. i?, i?^ = J?„/ mod. k, Q. E. D. 



(Tff 



CouoLLARy. Bgg, B^^ff = i?«v/ mod. A*, since i^, B^ = 7?, mod. A;. 
Theorem III. B^ + i?y = i?^ + 1 mod. Ic. 

k k 

For J?, — 1 = mod. - and B^, — 1 = mod. ■-, and by multiplication, 

(7^, - 1) (7?,, - 1) = = Z?, 7?,. - i?, - J?„ + 1 mod. k. 

.-. B^-h B^ = B^^f + 1 mod. k. 

Corollary 1. 7?, + 7?^/ = 1 mod. k when ss' = w, for then 7?,,, = mod. k. 

Corollary 2. 7?^,, + 7?^/, = 7?^,/,^/ + B^ mod. ^. Iletwe, the mm of any tivo 
of the repetenls of k is congruous to Vie sum of ang other two, prorided t/ie j)roduci of t/ie 
subscripts is t/ie same for each sum. 

Corollary 3. (7?, — 7?^/f = 1 — 7?,^ inod. k, and when ss' = w, then 
7?,,, = 0, and we have (7?, — B^ff = 1 mod. /-, obtained by squaring and reduc- 
ing. Bg — Bgf is, then, a root of ar^ = 1 mod. /-, in conformity with the relation 
existing between the algebraic roots of 01^ = x and 3^ = 1. In general, 

Bg — 7?,/ is a root of X^ = 7?^^ mod. /-, where ss' = ^' 

Theorem IV. 7?, — 7?,/ = Bms "" i?«M' mod. k, m being any product of the 
unequal prime factors of k w^hich is prime to 8 and s\ and the relation holds 
whether s and s are prime to each other or not. In words, T/ie residue mod. k, 
of the difference of ang tivo of the repetents of k remains constant if their subscripts be 
both muUipUed bg ang prime factor or factors not contained in eillier^ or both dirided bg 
ang prime factor or factors common to both. For, by Theorem III., Corollary 2, 

7?, + 7i?„„/ = 7?^ +7?«; mod. k. 

The most general theorem of summation may be stated as follows, viz. : — 
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Theorem V. The modulus being k, the sum of a given number of repelents is 
conginums to the sum of the same number of any other repeterds^ provided ovdy that the 
product of all the subscripts is the same in each s^um. 

For any sum of n repetents may plainly be transformed, by Theorem III., 
Corollary 2, in such a way that the first term will have for its subscript only those 
letters which occur in all the n terms. If there be no letters which occur in all 
the n tenns, the first term may be transformed into i?i. The second term may 
be made to have for its subscript, in addition to those contained in the first term, 
only those letters which occur in the remaining (n — 1) terms, and so oh, till 
the last term whose subscript contains all the diJSerent letters of the preceding 
terms, together with any which may occur in only one of the terms. Thus, 

.ifc^+ i?«/e + i?/+ Rrf+B^+ Br.f+ R,ef+ Ktc = Bi + B, + B^ + B^ + B^ 

+ B^+ B^^ + Bat.,^ mod. a'b^c'd-erfy 

by such a transformation. The number of terms remains the same and the 
product of the subscripts remains the same. Evidently, every sum of terms 
which fulfils the given conditions can be reduced to the same sum. Hence the 
theorem is proved. 

Corollary 1. JS, + J?^ + + i?,w = i?„,^, ,w + nBi mod. L 

Corollary 2. 2/?,^^/ ..c^^j = CrRM^^f,,,,i^^ + C^^i mod. kj where C? denote 
the /** coefficient of the n^ power of a binomial. The first member of the con- 
gruence denotes the sum of those repetents whose subscripts are the Cr^i combi- 
nations of the (n + 1) /S's taken (r + 1) at a time. 
Corollary 3. If A; = a'6" q'y we have 

i?i + 27?„ + Zi?^ + ....+ "LR^ ..„ + -Roi...., = 2*-» mod.*, 
where i = the number of the components of k. And also 

Ri - 2i2„ + 21?^ - 27J^ + . . . . (-)* Ra,...., = mod. k. 



If we write « to denote briefly - , where w is the product of all the unequal 

prime factors of the modulus, k, we shall have a convenient notation for express- 
ing certain formulae which will be most useful further on. As before, let s, «', s", 
etc., be prime to one another, but of course 8,5"', s^ will not be so. It is to be 
remembered that 7i?, contains only those factors of k which are found in 8, 
whereas B-, contains only those not found in s, so that the dash over 6* has the 
significance of a logical negative. 
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(A) i?;J?? = Omod.Ar. 

(B) i?j + J?7 = i?^ mod. k. 

(C) 2)Ji?5 = i2„v'. . . . J""^ niod. A:. 

(D) 2i2,^,,....,w = C?i?^v'....;''J mod. A:. 

(E) if,- - iJp = - (if, — i?,,) mod. k. 

(A) follows, since -• ^- contains w. (B) is only Corollary 2, Theorem III., in 

another form. (C) follows directly from (B), and (D) from (C). 

Theorem VI. If X = ai?^ + /3Bp +.... + XR^n] mod. k, and X = aB-, 

+ fiBp + h X'i?7"^ and so on, for X'\ X"\ etc., where a, )8, . . . . a , j8', . . . . 

are any integers, then 

{XX' X\ . . .) = (aaV ) if,- + (iSjS'jS" ) i?,-, + . . . . + (XXV) if,w mod. A. 

For since B-^Bip = 0, all cross multiplication wull give terms congruous to zero. 

Corollary. If JC = ai?j + ^ifp +.... + Xif^J mod. Z-, as before, then 
X'" = a^ifs + pl^Rv + .... + X~i?,w mod. /r. 

Theorem VIL* ^ X = aRj + ^SRb +....+ x^q worf. k = a*b^ . . . q', /A^ 
X = a nxod, a^, X = ^ wwrf. b°, etc.^ and^ vice versa, jf X = a mod. a', X = )8 

W20f/. b", and X = ^ ''*^^- ^% '^^* ^ — ^^ + i^^t + + X^'i ^'^^^'- k = a' b" 

. . . . q*. These results follow from the definition of the repetent^, i?-, i?^, etc. 

Theorem VIII. If ARj + BR5 + . . . . + QR5 = A'R^ + B'Rp + .... + Q'R- 
mod. k = a*b*'. . . . q^", iheii A = A', B = B', . . . . , mod. k. This follows from the 
definition o( Jiji, Ri, etc. [See Dirichlet's Zahlentheorie, § 25.] 

Theorem IX. If f (X) = mod. k = a* b*'. . . . q*" be transformed by the substitu- 
tion X = uRi + vRb -f . . . . + yRjj, »^ becomes f(u)R£ + f (v)Rs + .... + f(y)R5 
= mod. k, which involves f(u) = mod. a\ f (v) = mod. b*', etc. This is obvious 
from Theorem VII. 

Theorem X. If N. be any number tchkh contains cr, then RgN, = N, mod. k. 

k 
For i?, = 1 mod. -. 

I give below the repetents of the modulus 210, for the convenience of any 
reader who may wish to illustrate the preceding theorems by examples. 



• In Dirichlet's Zahlentheoriey § 25, this Rohition of a system of linear congruences is given. Aa\ Bl/, .... 
are useil instead of Rg, Us, . . . . , where /I = -, 5 r= ^^, . . . ., and o', 6', . . . ., are to be determined in such a 
way that Aa' ^ \ mod. a*, Db^ = 1 mod. l/, etc., etc. These conditions are the same as those which, as we 
have seen, the repetents i2i, i?t, . . . . fulfil. 
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Mod. 210 = 2.3.5.7. 









7^2 8= 36 












E^ = 106 


R,,-100 


^3,, = 105 






7?,= 


= 1 


E, = 141 
A- 85 
Jij= 91 


^2 7 = 196 

^3.5= ir> 

A*3.7= 21 

/?,, = 175 


i?5;.2= 70 

^7.2.3 = 126 

i?,3. = 120 


-"i.j ».r 


= 



§ 3. Fainat's and Wilsons Theorems. 

On examination of a table of power residues for a given modulus, it will be 
seen that all the repetents of the modulus play the same part in the table as 
unity. Thus, in the following table, 

Mod. 15. 



Natural Numbers 





1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


1 

111 


12 


13 


14 


Quad. Residues . 





1 


4 


9 


1 


10 


6 


4 


4 


6 


10 


1 


9 


4 


1 


Cubic Residues . 





1 


8 


12 


4 


5 


6 


13 


2 


9 


10 


11 


3 


7 


14 


Biquad. Residues 





1 


1 


6 


1 


10 


6 


1 


1 


6 


10 


1 


6 


1 


1 



the repetents 0, C, and 10 have a part similar to that of unity, which is itself one 
of the four repetents of 15. These numbers which we have called repetents are, 
in fact, a kind of residual units. Their fundamental property, ifj ~ i?, mod. >fc, 
shows their analogy to ordinary unity, and Theorem II., which gives the product 
of two repetents congruous to a certain third one, shows their analogy to the 
multiple units of quaternions, where we have ij = k. Their analogy to the double 
units of imaginary or complex quantities is seen in Theorems VIII. and IX. 

It will now seem almost obvious that Fermat's, Wilson's, and other theorems 
in power residues ought to be extensible in such a way that all these repetents, or 
residual units, shall have the same part as unity hns in the present forms of the 
theorems. It will now be shown that such is the case. 

Extension of Fermafs Theorem for Camposile Moduli, X/ = 7?, mod. k. For 
a proof I generalize one of the proofs of the ordinary theorem. Lot a, JS, y, 
. . . . ft> be the Tg{k) s-totitives of /-. Multiply each member of the group by any 
one, as p. The series then becomes ap, )S/o, yp, .... (op. No two members of 
this latter series are congruous mod. Z% for {9 — S) p cannot contain /c. The 



I . 
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numbers are still 5-totitives of* A:, for no new factor has been introduced by the 

multiplication. The numbers of the second series are, therefore, taken in some 

order, congruous respectively to the numbers of the first series, and we have 

(a^ .... (i))p'^«^*^ = a/3 .... o) mod. /c, or (a^ . . . . a>) (/o^*^^^ — 1) = mod. k. 

k k k 

.'. p^.<*) = 1 mod. -. But 7?, = 1 mod. - [Theorem L], .-. p''^^^ = R, mod. -. Both 

sides of this last congruence evidently contain cr, for R^ = Xcr [Theorem L], and 
the unequal prime factors in p evidently cannot have smaller exponents in p^*^*^ 
than they have in a-. .'. p^-^^'^ = i?« mod. A, or, writing X, for p, 

xT' = lis mod. /-. Q. E. D. 

For 5 = 1, we have 7?^ = 1, and x"^^'^ = 1 mod. ^, — the ordinary form of the 
Fermatian theorem for composite moduli, in which x is supposed prime to k. 
This is now seen to be only one of the 2* different cases of the extended 
theorem. 

I now give another proof dependent upon the ordinary theorem. 

Let k = alb*" .... Vm^ . . . . (f^ and 8 = ah .... l. U X, = a mod. a\ -X, 
= h' mod. h", . . . . X, = q' mod. ^j then Xg = dR^i + VRi + ....+ qR^ mod. k 
[§ 2, Theorem VII.]. 

.-. X'* = a "7?r» + V'^Rji + + q'^R^ mod. k [§ 2, Theorem VI.] ; 

.-. If ;i = T,(A-), X^-<*'^ = Rni + + 7?^ = R,;r7r-q = R, mod. k. 

For, from the linear congruences, d contains a, &' contains h, . . . . t contains /, 
rd is prime to m•^ .... and q prime to q^. Hence d^'^^'^R-, = mod. kj . . . . t^»^^'^Rj 
= mod. X% in'"'^''^ = 1 mod. m^, .... and y'^*^*^ = 1 mod. y% r, (k) contain- 
ing T{m^)y . . . ., and r(j^). We have /f^ . . . . Rg = Rm:\T7q mod. k^ by § 2, 
Formula (C). 

This method of proof especially brings out the analogy between this theorem 
and De Moivre's theorem concemin<r the n^^ roots of unitv. 

Examples. If ^ = 210 = 2.3.5.7 [see table in last section], ^2.8 = 36, and 
X|^3 = 36 mod. 210, where X2.8 is any 2 . 3-totitive of 210, i.e. any number 
which contains both 2 and 3, but not 5 or 7. So'Ja^ a 5 = 120 mod. 210, where 
-^2,3.6 is any number that contains 2, 3, and 5, but not 7, etc. 

Whatever has been proved, Theorems II. to X. in regard to i?,, may now 
be stated in terms of Xl*^^\ For instiince, Corollary 3, Theorem VI., becomes, 
since t {k) is a multiple of t, {k\ 

X{^'^ + SXj<*-> + 2 Xi!^-' + .... + X:J^'l . . a = 2* - ^ mod. k. 
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The original theorem of Fermat, for. prime numbers, may be regarded as a 
special case of this last congruence, for when k is prime, 2'""^ = 1, and we have 
X{^'^ = 1 mod. k. 

If we designate by 11, (k) the product of the t, (/c) s-totitives of k, we may 
state 

An Extenmn (^ Wilsons Theorem for ComposUe Moduli. n,(k) = R, mod. k, 

k . cr . 

except when - is a power of an odd p)ime number, double such a power , or =^ 4, and - is 



at the same time an odd number, in all of which cases ng(k) = — R^ mod. k. 

Proof Since Tg{k) = - t ( - ), we may divide the 8-totitives of ^ into - groups 

/k\ * . \V * 

of T ( - J each, and may write tlie theorem to be proved as follows : — 

'•■"■["■©] ["■ CO' -- + ;] ["• (')' --^ + "] [■•■■] 

[n/;) , each + ^j - l^ *] = ± i?, mod. L 
We have here t, (k) numbers less than k, and no two of them are congruous ; 

ks Ics 

for suppose ?s + X~ = rws + /[x — mod. k, where I and m are prime totitives 
of -. This may be written (I — m) 8 = {fi — X) — mod. k, which is impossible, 
since the right member is divisible by - and the left is prime to -. 

jff, contains a by Theorem I., and r,(^-) is plainly in no case smaller than any 

exponent in cr. Therefore both sides contain a whatever may be the sign of i?,. 

k 
If - be a power of an odd prime number, double such a power, or = 4, each 

parenthesis is congruous to — 1 mod. -. If, further, - be at the same time an 



^ 7 

odd number, the product of all the parentheses is congruous to — 1 mod. -. In 

k 
all other cases the product of the parentheses is congruous to + 1 mod. -. 

k 
The congruence to be proved reduces, then, to ± s^*^*^ = ± 1 mod. -, and, if 1 be 

taken with the same sign as the left-hand member, this is a valid congruence by 

the Fermatian theorem. Hence, the original congruence being valid for both 

k 
mod. cr and mod. -, it is valid for mod. k. Q. E. D. 

Another proof of this theorem is as follows : Let ^ = a'6" .... I'^m^ ..... ^, 
and 8 = ab . . . . l. Then if X^ = d mod. d . . . . X^ = q mod. 5^, and X^ = a" 
mod. a' . . . . Xg = q mod. q^, and so on for X'\ etc. ; 

X\ = a'Ba + h'Jfi + + q'B^ mod. k, 

X; = a:'R-, + V'Ri+ ..,. + q"R-, '' " 



: . * t 4 
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and so on for X^\ etc., all the r, {Jc) 5-totitives of k being obtained in this way, 
since there are af^^ terms, a, a", etc., 6"*"^ terms, 6', 6", etc., V"^ terms, 
r, r, etc., T{m^) terms, m\ m!\ etc., and t(j^) terms, q, q\ . . - ., and the prod- 
uct of these numbers = a'^^fc**"^ .... V^^^r{m^) .... T{q') = T,{k). Then we 
have 

U.ik) = (m'm\ . . . m^^^^'A^' Bj^ + ....+ (qY ... • • q^^^^A'^''' B^ 

.-. n,(^) = (- iV^"'* ifsj + + (- ly^^' i?^ mod. k. 

A: 

which are even numbers, except when - is a power of an odd prime nimiber. 



a- . 



double such a power, or = 4, and - is at the same time an odd number. Hence, 

8 

outside of the excepted cases, we have 

n.(^) = /?S + ....+ i?5 = liriTTTTi = R. mod. k, 

h 

[see § 2, Formula (C)]. For - odd, and - = 5^, where q is on odd prime number, 

* _ *^ ^ k 

or where g^ = 4, we have 11^ (k) = — i?^ = — J?, mod. k. For - odd, and - = 2 5^% 

where q is an odd prime number, we have 

n.(>t) = {- iV"'^^^^ i?5 + {- iV^^^^^i?- mod. k. 

.'. n, (h) = + ^5 — Rq mod. ^. But when k = twice an odd number, as in this 
case, we plainly have R^ = \ k^ and therefore i?2 = ^ 7?2 mod. k ; so that 
n,(^) = — i?2— J?^ = — ^2-9 = — i?. mod. A", according to § 2, Formula (C). Q. E. D. 
Examples. If A = 60 = 2^ . 3 . 5, then R^ ^ = 36, R2 b = 40, and i?3 5 = 45. 
We have, therefore, 

Ha. 3 (60)= 36 mod. 60, i.e. 6.12.18.24.36.42.48.54 = 36, 
112.5(60)= 40 " " '^ 10.20.40.50 = 40, 
Ha. 5 (60) =-45 " " '' 15.45 = -45, 

the sign of the right-hand member in the last congruence being negative, since 

X: 60 . _ o- 15 ^ 
a = 375 = 4, and ^ = 3^ - 1. 

For s = 1, we have, of course, IIi (60) = 1 mod. 60. 
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We may now state Theorems 11. to X. in terms of H, {k), care being taken 
in regard to signs. For instance, Theorem II. now becomes 

n, (/:) n,, {k) = ± n„, (k) mod. k, 

the sign of the riglit-hand member being determined according to the previous 
theorem. 

§ 4. The PeriodicUy of Poiver liesidiies. 

Theorem I. Uveri/ poiver residue of an ^-toiitive c/* k, X^, /.*? ako an H-totUive of k. 

For if jD be an /*'** power residue of A', mod. A:, we have Xl' — /) = X/:, Irom 

k , 

which we see that D contains s and is prime to - , and is therefore an 8-totitive 

of^, for, otherwise, we should have in each case the difference of two integers 
equal to a fraction. 

Theorem II. li k = a'b'' P c/, o- = a!lf' Z^ X, = Xa''6"'. . . . /^' 

where X is prime to Z-, and v — v be the greatest difference obtained by sub- 
tracting each of the exponents t\ ti\ .... y, from tj u, . . . . y, respectively, and 

<^ = the number of mtegers in :^ , then 

The <l>*'^ and all Juglier poiver residues of X^ mod, k contain cr, and no power residue 
of less deyi'ec Hum <{> contains cr. 

Since a divisor of two numbers divides their remainder after division, we 
have only to consider what value of n will render X" divisible by o-, i. e. by 
a'6'*. . . . ^^ ; then, since v^ = or > v, and v {<f> — 1) < r, the theorem is proved. 

Theorem III. The power residues mod, k of an/y number X^ occur penodically as 
the deffree of tlie power increases ; and tlie exponent of the period is a divisor of Tg{k). 

No power residue (except B^) can occur twice as the degree increases, unless 
li, intervenes ; for if JQ* ^ X" + '* mod. k without any intermediate power con- 
gruous to Bgj it follows at once, by multiplying both sides of the congruence 
repeatedly by X,, that no power residue is congruous to /?,, which is not true, 
for X;*^^^ = B, mod. k by the extended Fermatian Theorem. 

Let X/ be the lowest power of A^, which is congruous to 7?,. We have, 
then, X^ =: It, mod. >5:, and, by squaring, Xj^* ee /?, mod. /% whence X/"'"'^ 
= X,^* + * mod. /% /i being any positive integer. This shows that from the 8*** 
degree upwards the power residues of X, mod. k recur in the same order in 
periods of S numbers each. But, according to the preceding theorem, the first 
(c/> — 1) residues of the first period are different from the corresponding residues 
in the higher periods. The remaining S -^ <^ + 1 residues of the first period are 
the same as the corresponding residues in the second, third, and higher periods ; 
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for, by multiplying together, member by member, X**^* = jr,^+* mod. k and 
X/ = /?, mod. ii^ we obtain jr/+* + * = X/ + '^ mod. ^% since i?,X/ + * = X/ + *^ 
by Theorem X. in § 2. 

When <^ = 1, i. e. when all the exponents of the unequal prime factors com- 
mon to Xg and k are as great in X, as in A:, then the first period of the power 
residues of X, is the same as the higher periods. 

It is evident now that 8 is a divisor of r, (/«:), for H, occurs only at the end of 
each period of residues, and X^^^ = JR^ mod. k. 

sk 

Theorem IV. The numbers givcii hy ihe formula X, H — y, tchere y = any Megcr^ 
hive the same power residues in the same order beyond the {t — 1 )'* degree ^ t being tlie 
greatest exponenl in a. There are - such numbers less than k. 

Proof. If JT, be any 5-totitive of A% then all the 5-totitives of k are included 

k 
among the residues of JST, + sX, where X is any integer from to j — 1. Let us 

consider for what values of X, if for any, X^ = (X, + sXy mod. k, for all 

values of n = or > t. Transposing and taking out the factor «", we have 

X 

«" { ( Q -f X)* — Q"} = mod. ky where Q denotes y^. Therefore, if n = or > <, the 

largest exponent in cr, we have ( Q + X)" — Q" = mod. -. Since X is a factor of the 

left-hand member, the congruence will be satisfied by making X = - y, where y 
is any integer ; and it may be shown that the congruence will not hold if X is 

k 

prime to any prime factor of -, say ^, for then ((^ + X)" = Q" mod. 2h which is 

k 
not true for all values of /i = or > <, - being prime to X,, and p therefore prime 

to Q. 

k f sk X** 

Substituting then - y for X, we have X** = f X, + — y j mod. k. Q. E. D. 

There are plainly - numbers less than k which have the same power residues 
in the same order beyond the {t — l)'*" power, for, giving y all values from 

to J — 1 in the formula, X, H — y, we get - different numbers whose residues 

mod. k are all different. 

Those numbers obtained by giving to y values prime to - contain the prime 

factors of 8 only to the first degree, and therefore the value of <^ (see Theorem 
II.) for these numbers is /, the greatest exponent in cr. Hence for n < < there 
will be a disagreement among the power residues of the numbers given by the 

sk 

formula X, + — y. 



306 MrrcHZLL: On Binomial Congruences. 

Example. If it = 360 = 2^. 3*. bn the four numbers less than k given bj the 
formula 2 + -qT y all have the same power residues bejond the second power. 

360 360 

Also the numbers, 14 + ~^ y. Also the niunbers^ 42 + 09-3 y, and there are 
2~3 = 12 of these less than i. 

Since T,(it) = - Ti (- j , we see that the «-totitives of i have only ^i (- J dif- 
ferent periods of power residues. If « = 1, then <r = 1, and X,-\ jr gives 

only one number less than kj viz. Xu and there are in this case ri{k) different 
periods of power residues. 

§5. The Xumberof Rc(>UofX^ — ^ = Omod.\L. 

Let k = cflf. . . . fmT .... ^, and 9=^ ah ... .L Then a = of}/ . . . . f . 

If ^ = the number of integers in ^^—y X* — 11^ = mod of has a*"* roots, 

for, since ntf = or > /, and w(^— 1)</, the n^ powers of all those numbers 
(and of no others) which contain cf will contain of. i. e. all such numbers will 
satisfy J" — ^, = mod. a*, and there are a*"* of such numbers less than rf. 
In the same way Jl * — ^, = mod. y has 6*' ~ *' roots, etc. Hence JSi " — Ji^ = 
mod. <r has tf^* }/~^ . . . . f'-*^ roots [Serret, -4fy. iSiip. § 325]. 

Since ^, = 1 mod. - , X* — ll, = mod. ni*"' has fi roots, where fi is the g. c. d. 

of n and T(m''") [Serret, ^4i^. jS'it/^. § 322], and x roots mod. ^, where x is the 

_ k 

g. c. d. of n and t ( j^). Hence X* — i?, = mod. - has fi . . . . ^ roots. In 

case one of the prime factors of -, as iw, = 2, we have, when n is even and 

m^ > 4, ft = double the g. a d. of n and | T(m*^) [Serret, Afy. Syp. § 325]. 

Hence we have that X* — Ii, = mod. k has rf~*fe'''"*'. . . . f ~*^ft .... X 
roots. 

K w = or > than any of the exponents in cr, then the number of roots be- 
comes c^^^y ~^ .... F'"^ fL .... X' 

If we denote any repetent of A* by JR without a subscript, then the whole 
number of roots of X* — ^ = mod. k is 

(a + rf-*) {13 + &•'-•') .... (X + 9^-n. 

for the different terms of this expansion are. by what has just been given, the 
numbers of roots for the different values of the repe tents Hu B^y B^y . . . . B^y 



..-t 
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Rf^y .... Ratey • • • • J^ab.,..g^ there being the same number of terms as there 
are values of R, viz. 2*, where t = the number of the components of k. 
Example. If * = 72 = 2«. 3S Jf** - i? = mod. 72 has 

forn = 2, (4 + 2 ) (2 + 3) = 30 roots, 
" n = 3, (l + 22)(3 + 3) = 30 " 
u n = 4, (4 + 22)(2 + 3) = 40 " 
" 71=5,(1 + 2^) (1 + 3) = 20 " 
" n=6,(4 + 22)(6 + 3) = 72 " 

or, in other words, all the 6***-power residues of 72 are repe tents. This number, 
6, I shall call the period of the modulus 72. In general, the least value of n 
for which all the power residues become repetents of the modulus, ^-, I shall 
call the period of the modulus, k, and shall designate it by P (k). The formula 
given for the number of the roots of Jf" — JS = mod. k shows us that P{k) 
= the least common multiple of r{a')y t(6''), etc. For a, )8, etc., then become 
T(rf), t(6''), etc., and the formula becomes 

[r (rf) + rf-^] [r (60 + 6''-^] .... [t(^") + ^":?^] = k. 

The P{k)^ powers of all the numbers prime to k are congruous to i?i, i.e. 
to unity, mod. A:, as is shown in Serret's Cours cTAlgebre Suptrieure, tome 2^ page 51. 

It will be noticed by examination of the different totients of k, given in § 1, 
that T, (^*) is in every case either a divisor or a multiple of P(A:). 

§ 6. TJie Number of Roots o/ X° — D = mod. k. 

D is supposed to be any w*-power residue. Consider, first, the congruence 
JST'* — D = mod. a'. Divide the numbers represented by D into the following 
classes, viz.: (1) those prime to a'; (2) those containing a" and no higher power 
of a; (3) those that contain a^'* and no higher power of a; and so on, to lastly 

those that contain a^, where 6 = JE ( ~~~p ^ ^^ ^^^ section. Obviously 

all the n'^'-power residues are included in this classification. We have, then, 

r-tf-l 

that the number of roots of JC** — D = mod. a' is ^o^^"""^^ + 0*"^ where c^. is 

the g. c. d.* of n and T(a'~"*), the different terms of the summation being the 
numbers of roots corresponding to the different classes of D's mentioned above. 

First, o^^"-^^ is the number of roots for any value of D which contains 
a'^ and no higher power of a, i. e. D^^r, For there are a*"' numbei's less than 
a* which contain cf, each of which may be represented by \(fy where X has any 
value less than rf""'. 

♦ Abbreviation for greatest common divisor. 
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Of course no number not included among the numbers, Xef, can give rise to 
D^ as an n"*-power residue. Raising \(f to the n^ power, X'a"', we see that 
its n***-power residue mod. of is equal to the product of d^ by the residue of 
X* mod. o'"'^, since a* = a"'^ " "'. That is, every n*** residue of mod. cf may 
be decomposed in this way. If D^^ be divided by a*', the quotient is prime to 
a by definition. Let II be this quotient. Then we know that X" — £[=0 
mod. a'"'*' has a^ roots, where o^ = the g. c. d. of n and 7(0'""'). But if we 

admit all the values of X less than 0^"% there are plainly -73^ = o'^""^^ times as 

many roots, and this is obviously the number of roots of JC* — Dj^ = mod. a*. 

Secondly, the last term of the sum, rf""*, is the number of roots for any value 
of D which contains a^, i. e. for D = 0. This is similar to the last term of the 
formula in the preceding section. 

For a' = 2', n even, and < > 2, a^ = double the g. c. d. of n and iT{2''~^) 
[see preceding section]. 

For values of w = or > i, ^ = 1, and the formula reduces to a + a*~^, where 
a is the number of roots for any value of D prime to rf, and a*~^ is the number 
for Z) = 0, evidently the only two classes of Z)'s which can occur as n*^-power 
residues. 

The number of roots of X** — D= mod. 0*6'! .... is 

For simplicity let us consider a modulus of only two components, a*, and 6*'^ 
The proof would be the same for any number of components. 

(1.) a^j8,.a'^^"~^^6'^^""'^^ IS the number of roots for any value of D which con- 
tains a^^b*"^. There are a^~'^V~^ numbers less than a!l/' which contain a^}/\ each 
of which may be represented by Xa^ft*^', where X is any number less than a'~ '^6''""^. 
No number not included by \a^}/ can give rise to Da^r^nr as an n"*-power residue. 
Raising \a^Y to the n^ power, we see that its residue mod. dV is equal to the 

product of a"'6**' by the residue of X* mod. a'^'^fe'' "" "^. Let 11= "J,^, , prime to 

ah by definition. Then, since \'' — H= mod. a'-"'6''-~' has a,i8X^**"'^&''^*"^^ 
roots, admitting all values of X less than a'^'ft*'"^, it follows that the number of 
roots of X** — 2)a"V»'' = mod. a'V is the same. 

(2.) a'~*^^6'*'^'*""^^ is the number of roots for any value of 2> which contains 
QnB^nr'^ Thcrc arc a'~*6''~''' numbers less than a'6'' which contain a^h^^ and they 
may be represented by Xa^fe'*' where X has any value less than a^^^V"^, No 
number not included in Xa''6'*' can give rise to B^nBf^nr as an w***-power residue. 
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Raising Xa^6'^ to the n*** power, we see that its residue mod. a^V is equal to the 
product of 6"'^ by the residue of X^'a"* mod. 6''"'"^. Since n^ = or > <, every one 
of the numbers \a^Jf' is a root of X" -— Da^^b''^ — mod. a', and in order to 
determine how many roots there are for mod. a'6'', it is necessary only to deter- 
mine how many there are mod. 6''. If i?a"V''' be divided by a"*6'*'*, the quo- 
tient is prime to 6 by definition. Call it H. Then, since X" — 11= mod. V"^^ 
has a'-^^^ft*^^"""^^ roots for all values of X less than a' "^6''"''', it follows that this 
is also the number of roots of X" — -Da^V' — mod. a!V\ 

(3.) That 6''- Va'^^""^^ is the number of roots of A"» — Dj^t^^^b = mod. a'V' 
follows by symmetry from (2). 

(4.) a'""^6''~^' is the number of roots of X^ — Da^%ne' = mod. a'6'', as is 
obvious from what has gone before. Q. E. D. 

For values of n = or > the largest exponent in A; = a'6V'. . . ., we have 
6 = 1, and the number of roots = (a + a^"^) (fi + 6*'""*) (y + c'""^) . . . ., the 
same as the formula in the preceding section, there being now 2* classes of 2)'s, 
each class including one of the repetents. 

§ 7. -T/ie Number of n^^4c Residues, 

The different terms of Y] T(a'~'') + a'~* evidently express, respectively, 

(1) the number of numbers less than and prime to a'; (2) the number which 
contain a and no higher power of a; (3) the number which contain a^ and no 
higher power of a ; and so on to, lastly, the number of those that contain a^ 
It is also clear that for k = a^V\ . . . the diflferent terms of 

express, respectively (for simplicity let us consider only two components of the 
modulus), (1) the number of numbers less than a!h^' which contain a'"6'*' and no 
higher power of either a or 6 ; (2) the number that contain a^}/* and no higher 
power of b) (3) those that contain a^h^ and no higher power of a; (4) the num- 
ber of those containing a*6^. 

For the modulus a\ then, T{a^''^) is the number of numbers less than a^ which 
contain a^ and no higher power of a, each of which, therefore, has for its n***-power 
residue some one of the numbers that we have represented by Danr, The formula 
in § 6 shows us that any n***-power residue belonging to a given class occurs the 
same number of times. Hence, if we divide the whole number belonging to a 
given class by the number of times each one occurs, we obtain the number of 
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differerd residues belonging to a given class. That is, ^^i«-i) is the number of 
different 7i"*-power residues, mod. a', belonging to the class /^o*'"- 

Hence, dividing 5] T(a''"'') + a*"* by the expression in § 6 for the number 
of roots of JC** — Z? = mod. a', term by term, respectively, we obtain 

Theorem L The number of difcrent n^^-power residues mod. a* w S r;^ + 1> 

where ^ = E r"^^"" ^ = 1 + E (~^ ) j «^^^ Or = ihe^O- c.d.ofn and r(a*-"). 

In like manner, dividing the most general expression in the first part of this 
section by the most general expression in § 6 for the number of the roots of 
X"^ — D = mod. a'b^' , we get 

Theorem II. The number of different n^^'-power residues mod. a!¥'. . , . is 

When n = or > /, the formula becomes ( — — f" 1 ) ( ~ls~ '^^} i'^ — ^^) 

When n = P{k) the number of «'** residues becomes (1 + 1) (1 + 1) (1 + 1) 
. . . . = 2*, as we have already seen. 

Examples. Suppose k = 3^ 5* to find the whole number of diJSerent cubic 
residues. 

T(a') = 3^ 2, r(&0 = 5^ 4, ^ = ^ (^^^4^) = 2, ^= ^ ( ^"^3""^ ) = 2, 

and we have the number of cubic residues = ( -« — r ^-^s + 1 j ( -j — r f^ "• ■'^ ) 

= 28785. 

The number of 30^»"-power residues = (~ + 1^ (~ + l) = 1428. 

That the number of n^^'-power residues mod. k is equal to the product of the 
numbers for the different components of k is also readily seen from the following. 

If £/ be an n'**-power residue mod. k = a'6". . . . g^, then D' = c^ mod. a*, 
ly = 6' mod. b"^^ . . . . ly = q^ mod. 5^*, where a^ is some one of the 7i"*-power resi- 
dues of mod. a\ V is some one of the 7i***-power residues of mod. 6% etc., etc. 

Then LI = dRa + b'lti + V ql^q' Hence the whole number of w^^'-power 

residues is equal to the number of different ways of combining the different num- 
bers represented by o! with those represented by 6', c\ . . . . q\ that is to say, is 
equal to the product of the numbers of 7i"*-power residues for the different com- 
ponents of A', a\ 6", etc. No two values of 2) thus obtained will be congruous to 
each other [§ 2, Theorem VIII.]. If « = a6 . . /, the different «-totitive »***-power resi- 
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dues mod. k will be obtained by combining, according to the formula, the diflferent 
n'**-power residues mod. a^ which are o-totitives of a', with the different n^-power 
residues mod. 6** which are 6-totitives of 6", ... . with those mod. P which are Z-toti- 
tives of Z', with those mod. mf which are prime to m*', .... with those mod. cf which 
are prime to q'. That is, the number of n"*-power residues mod. k which are 
«-totitives of k = AB . . . . UM . . . . Q, where Ay J?', .... (2, represent respec- 
tively the diflferent numbers described above. We have seen that the whole 

number of n***-power residues mod. a' = ^ ^;-^- + 1. That is, A = -^, and 

il'= 'S —-i + 1, and so on for jB, JB', (7, C\ etc. Then the whole number of 
r-i ^••* 

n*^-power residues mod. A = a'i'*. . . . ^rMs (^ + A) (JB + B") (<2 + Q)9 

where each term of the expansion denotes the number of residues belonging to 
that class of totitives of k whose subscript corresponds to the accented letters 
in the term. Thus the number of n^ residues which are op-totitives of k is 
ABC....P'Q. 

§ 8. The Junction of Fermafs and Wilson's Theorems. 

We know from the theory of indices [see Dirichlet's Za/ilen/heoriey § 30] that 

if ^• = rf, 2 rf, or 4, where a is an odd prime number, the -y^ 8"*-powcr residues 

of mod. k which are prime to k are congruous to (f^if^^ .... f/"*"', where 8 is 
a divisor of r (A:), and cj is any primitive root of k. Hence, if x' be any one of 
the 8 roots of a^ = ^ mod. A:, and x any one of the 8 roots of x* = y^' mod. \ 
etc., etc., we have the following : — 

Theorem I. TxV xL"«""J j = {— 1 J"r+^ mod. k, where k = a*, 2a*, or 4. 

For, by multiplying together the congruences x* = gr*, x* = f/^*, etc., mod. A:, 
we get 

(.y .... .ray ^ /-ifc^*') = (- i)H''+' mod. k, 

T(lr) 

since y 2" = — 1 mod. A*. Q. E. D. This is only another form of the well-known 

theorem that the product of the ^ power residues is congruous to (— 1) « 
mod. k. [See Gauss, D. A., § 75]. This theorem becomes Fermat's when 8 = t(A:), 
for we then have x^^*^ = 1 mod. k\ and when 8 = 1 we have (xV. . . . x^^^*^^) 
= — 1 mod. ky which is Wilson's theorem. It may be remarked that there 

are 8 « different combinations of numbers less than k which satisfy the con- 
gruence of this theorem. Instead of — 1 we may write — It^ . 
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For completeness I state what is obvious for k = a*, viz. f jcV. . . . a:L"V J ) 

= — 11^ = mod. A', where x\ x\ .... are a-totitives of Xr, and this of course 
holds when a = 2. But if a = 2 x\ x\ etc., be odd, we have 

Theorem II. If ^ = 2', / > 2, and 8 be any divisor of T(it), then 



[ xx'. . . . xL a J j = 1 mod. it. 



For 8 must be unity or some pow^r of 2. When 8=1 the theorem becomes 

r(k) 

Wilson's theorem. When 8 = a power of 2, we know that the \ -^ S*-power 

residues which are prime to k are congruous to ffj gp**, .... jr* V, where g is 
some one of those roots of x*^^^'^ = 1 mod. k which are not roots of a similar con- 
gruence of a less degree. Hence, if x be any one of the 28 roots of x* = gr, 
mod. A; [see Serret's Cotirs (TAlgtbre Supenetire^ § 324], x" any other root of the 
same congruence, x'' any one of the 2 8 roots o{ x^ = rf^ mod. A*, x^ any other 
root of the same congruence, etc., etc., we have by multiplication 

xV. . . . xL-^Jj = (fYY\ ...g-r' = g-T (jt + V = 1 mod. k, 

since g^i = 1 mod. k. Q. E. D. For 8 = t(A) this becomes Fermat*8 theorem. 

We can now prove the most general form of these theorems, bringing 
together the extended Fermat's and Wilson's theorems given in § 3. 

Theorem III. If k = a'6". . - . gr*, and A = any divisor of t f - J, then 

I X^X^\ . . . X,^ ^ J j = i?, mod. k ; except when - = j^^ 2 j^, or = 4, and - is 
at the same time an odd number, in which cases 

(x;x; Z,[-^-jy = (- i?,)<? + ^ mod. k, 

where Q is the number of the A*-power residues of mod. (fy mod. 2 (fy or mod. 4, 
which are prime to the modulus. JT,', Xl\ etc., will be defined below. 

If 8 = a6 . . . . Z, we have seen that the number of A'**-power residues mod. k 
which are 8-totitives of A: is A'B^, . . . L'M . . . . Q [close of preceding section], 
where A is the number of the A"*-power residues mod. of which contain a, 
. . . . il!f is the number of those mod. m^ which are prime to w, etc., etc. Put 
Aiy. . . .Q = n. When A = 1, n = t,(A), and wh^n A = or > the largest 
exponent in cr, n = 3/ . . . . Q = (o, for brevity. 

We have seen that, if Z)^ be a A'**-power residue mod. A-, If, = aR^ + VR-^ 
+ .... + c/Uti mod. A', where a! is any A'**-power residue mod. a', etc., etc, for 
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6', . . . ., q. Give af"^ values to a', i. e. all its A' distinct values and af"^— A 
repetitions to make up the number to a'""\ Give 6"~^ values to 6', . . . ., ?*""* 
values to T in the same way. Give to m', . . . . , gr', their JfcT, . . . . , §, distinct 

values, respectively. We shall thus get j o values of 2?^, including among them 



8 

the ft distinct values of D^. We know that there are co incongruous values of 

k a- 

ly, mod. -. Represent the product of these - to values of I/, by HZ),. Then we 



have [see Theorem L and § 2, Theorem VI.], 



UD. = (mW .... m^^J^"'- •^i?is+ . • • . + (?V'. . . . ^^^"'"•'"11^ mod. k, 

.-. UD. = (- ly^+^'^••^i^^ + .... + (- iy^+^>^^- -^i?^ mod. *, 



by Theorem I., whence if ~ be even, or if any two of the numbers Jf, . . . ., Q, be 

even, or if they be all odd, we have UD, = B^ + .... + i?^ = R m....q = -^« 
[see § 2, Formula (C)]. In any case, we have 

{UD.f = R^ + .... + R', = BiTTTT, = R. mod k. 

If one, and only one, of the numbers Mj . . . .^ Qhe even, A is even, since t (m^), 
. . . ., r (y*), are even. Hence we have —^ — r- j cu = — ^—^ = c, for brevity, = an 

even number. For M= — — , ....,<? = ""^j where /i is the g. c. d. of A and 

T{m^)y etc., etc., and if -Jf, for instance, be the one that is even, /i will contain aa 
high a power of 2 as A, while i/, . . . ., x> will each contain at least the first power 
of 2, since the numbers which they divide are even. 

Hence, if D^, D^', . . . ., D[^\ be the ft distinct A"*-power residues mod. k 
which are «-totitives of A;, and J^ be any one of the roots of Xf = D'. mod. k, X'J 
any one of the roots of Xf = D'^ mod. A;, etc., to X^^ any one of the roots of 

Xi = D^^ mod. ky and if - oi — ft more roots be chosen in any way from these 

congruences, provided that j be taken from each of the oi classes of con- 

gruences which are distinct with reference to the modulus -, then, according to 

what has just been proved, we have by multiplication, 

f X-X," .... -X>*''J ] = UD, = R, mod. k, provided - is even, or at least 

two of the quantities Jf, . . . ., §, are even, or if they are all odd. If these 
conditions be not fulfilled, then, since in this case c is even, we may duplicate 
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the numbers X,, -X^', etc,, taking each duplicate from the roots of the same con* 
gruence from which JSC,'? JC,", etc,, were takqn respectively, and then have 

(x:X; .... Xp^jy = {UD,f = R, mod. k. 

If, now, c > 1 in the first case and ^ > 1 in the second case, we have, by an 

efdld reduplication of the numbers, -X,', X,", etc., where the roots taken from any 
particular one of the congruences may be the same or different, 

(x;x;; ^^-') — ^. ^q^- ^ ^^^^^ ^ = ^t- 

This proves the theorem outside of the excepted cases, and these let us now 

consider. 

k 
For ~ = y*, we have, in the same way as before, 

UD. = (yf. . . . ?^«y i?^ = (- iy^+'^--7?^ = R- = R. mod. *, 



where - is even ; otherwise = (— jR,)^+^ mod. k. 

For ^ == 4, we have HZ). = (- aV+'^ i= (- i?.V"^'^^, as before. 

k 
For - = 2 J*, we get, in the same way as before, 

HA = (h'h'' A^^Ai ^A + (^qY q^^y^R^ mod. Jc. 

But since t(2) = 1, -Er= 1, and A', the A^'-power residue mod. 2 which is prime 

to 2, is also = 1. Hence, we have here HZ), = i?5 + f— 1 V^"*"^^* i?^ mod. k. 

When k = twice an odd number, as in this case, we have plainly R^ = ^ky for 
^ k contains all the components of k except 2. Hence R^= — -ff ^ mod. k. Hence, 

since - is odd, we have 

UD, = {-Ri- i?5)«+i = (- i?,^)<?+» = (- i?.)9+' mod. k. 

In these excepted cases e = ^ = 1, since A is any divisor of t (-] , i- e. t{0, or 
t(2 5*), or T (4), and x is the g. c. d. of A and t (y*), or t (4). Hence "i" = j «> 
and we have proved (x;X" X^VIV = (— i?,)«+i mod. k, for the excepted 
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cases, the theorem being obvious when ; = 1, and for the non-excepted cases 
' :;x^'....Xyf^Y = Ji. mod. k. Q.E.D. 



(■^.'-S 



For A = 1, we have the extended fonn of Wilson's theorem given in § 3. 

For A = T (;) , we have (x^X'. . . . xj-i]\ = R, or (- R.)^^\ and 
since tl in this case = 1, the numbers X',, X", etc, are all roots of X* ^ R; 
mod. k. Hence we have X* '' w = R,, since ^ = 1. Hence X/*'** = R, mod. k, 
the Fermatian theorem of § 3. Although the theorems of § 3 are included in 
the above theorem, it seemed best, for the sake of ^mplicity and clearness, to 
prove the special cases first. 

ScnouuM. If H'D, denote the product of all the fl distinct »'''-power residues 
which are s-totitives of k, the above method of proof shows that IL'D, = R, mod. k 
if all the numbers M, . . . ., Q, be odd, or if at least two be even. In any case 
we have m'D.f = R, mod. A. 

It may be proved that, if X^ = D mod. k, then D '^ =■ R mod. k, where R 
denotes an undistinguished repetent The proof is exactly the same as that of 
the oi-dinary theorem for prime moduli [Serret, A^. Sup,, §310], and need not 
be repeated here. The reciprocal of this does not hold, in general, for com- 
posite moduli. That is, it is not true, in general, that all the roots of X * — R 
= mod. k are A*-power residues, as may be easily seen. A brief considera- 
tion of the case where A = 2 will close the present paper. We know that 

ptti PI*) 

X''* — i? = 0, or (X-ii- - R) (X-s- + ;?) = mod. it, has ft roots. AU the 

quadratic residues of mod. k are roots of the first factor; the non-quadratic 
residues may be roots of either factor, or of neither, i. e. may be roots of the 
product of the two factors. For the particular case where the prime factors of 
ft are each of the first degree, and of the form 2" {2" +!)+!, where c is con- 
stant and r variable, application of the formulae of § 5 and § 7 shows us that the 
number of roots of X"^ — ^ = mod. ft is the same as the number of the 
quadratic residues mod. ft, viz. : [2*=-» (2'' + 1) + 1] [2="^ (2^ -f 1) + 1] . . . . 

So that in this case, just as in the case of prime moduli, all the roots of 

''it> _ 

X a — ^ = mod. ft are quadratic residues, and vice versa. 




Lmkages for 




By the fiJIownig method of eombniiiig reeiprocalois (m Peancellier cell with m 
modolos one) and b»ectocs (a panlogriph with equal anns) a finkage fior jT maj 
be obtained* m being anj poative or n^ative integer or firaction. 

Lei the reciprocator be designated hj Rj the bbector bj Bj and the Enkage 
for X* by Z". Then X^ will designate die linkage for z^. or the m^ root linkage, 
which maj be obtained from that for x^ br trampomig its armsL 

K a and 6 be the distances of two points P^ and P^. measured in opposite 
directions, from a point O, or two points symmetrical with respect to O, and if 
the two poles of a f are made to coindde with Pi and P^^ O being the bisecting 
point, then it may be easily prored that 0(/=^ \{a — 6). 

Let m = — a, a being any positiTe integer or fraction. Then X" may be 

obtained bv combininsr Z* and one J?, for -^ = x~* = x^. 

Let fn^= -. p and 9 beii^ poative integerai Then Z" may be obtained by 

• • ? 

combining L' and Z* for { x^f = x* == x^. 

Let m = 2/> — y, /> and q being integers and p positire. Then Z" may be 

obtained in two diflerent ways by combining L^. Z*, three JT's and one B. 

(a.) Add — X* and + x* to x^. giTing x* — of and x' + x*, and conrert by 

two B^s into ^_^ and ^ ^^ - The -fi will then gire 



1 r 1 1_"| _ a* 



The remaining ^ gives x^^~* — x*, and adding x* we have x*'~* or x*. 

(6.; Subtract x* frt>m x*. giving x' — x*. Convert by one B into ^ _^ • By 

1 . 1 jr* 

another B form ^, and by the aid of the B subtract from ^rzr^ P^™g 2x»(^~x*> ' 



i *- 



Ft-- ¥ 







Kit' 3 




X/ 








Fi^ 3. 




Fi^. 6 
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« 

This may be converted into a?^~' — x^ hy the last i?, slightly modified, and 
adding x^, we have a:^^ - ^^ or af*. 

The arrangement of the cells which renders it possible to add and subtract 
these various quantities will be best understood from the examples. 

If (7 = + 1, 0, or — 1, ?/i = 2 n — 1, 2 n, or 2 w + 1 ; and as m must be of one 
of these forms we can always obtain X"* from X" by either of the above methods. 
When m is odd, Z"* may be made to depend upon the linkage for an odd or an 
even power. By making n = 1 we obtiiin m = 1, 2, or 3. Making n = 2 and 3 
successively, we have m = 3, 4, 5 j 5, 6, 7, and so on, thus giving the linkages for 
every positive integral power. 

In the figures the cells of the compound linkages have been separated for the 
sake of clearness, and only one half of each drawn. Points on the same vertical 
line should coincide. A small circle represents a joint, a large one a fixed point, 
and a heavy line a link. Each letter refers not only to the point in its immedi- 
ate vicinity, but also to all points upon the same vertical line. A + or — sign 
indicates a positive or negative reciprocator. 

Fig. 1 gives the linkage for x^. Let BC= CD = x and CE= 1. The por- 
tion AB and similar extensions are only added when a^ and higher powers are 
to be derived by the first method. Then BE = x + 1 and ED = x — 1. By 

the two R's GE = ^^^^ and EF = — ^-j . By the JB, 



^^~2lx-^l x^l]~x'-l 



The last B gives EI = a:* — 1 and CI = EI + 1 = a:*. It is not necessary that 
E should be a fixed point, it is sufficient to have E and C connected by a link 
of a length unity. 

Fig. 2 gives the derivation of the linkage for x? from that for a? by adding three 

^s and one B. DI= x^ — x and IB = 7? + x. The two B's give I)J= ^./^^n 

and KB = -^-^:^y The J? gives CZ = ^ [^^^ - ^^^ The 

last li gives CM= 7? — x and B3I= CM+ x = a?. Let the two points C and 
E be connected by a link of a length unity, as before stated, and set free. Let 
B be made the fixed point, and we have a linkage in which the arm BC = x 
and BM= 7? measured in the same direction. It is necessary that JB, (7, and E 
should remain in the same straight line. 

Fig. 3 gives the derivation of the linkage for x? from that for of by add- 
ing two Rs and one B. AM = a:^ + a:, and the first R gives AN = ^t^^ > 
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CL 



= irri^- The B gives ^0 = ^ [^^^^zri) - ^(^Vt)] = 



The 



last H gives BF = 7? — x and AP = 5P + « = «^. Setting free B and making 
A the fixed point, we have a linkage in which the arm AB = x and AP = «* 
measured in the same direction. 

Fig. 4 gives the derivation of the linkage for t? from those for x and - by add- 

1 «' — 1 

ing one B and three -R's by the first method. BC= x^ BD = -• DC = — ^ — 

SP 3^ ~f" 1 35 

and the E gives BE = ^rri' -O^ = —^ — , and the R gives BF=^^r:^. The 
B gives DG = ,^ I ^i^TI — F+tJ = i^::!- The last i? gives 

2>fl^=x»-^ and nB = HD + ^- = 7?. 

X X 

If the second method had been used, we should have arrived at the well-known 
form for the cube devised by Professor Sylvester, consisting of only three cells, 

and the reason is this, x^ = Xj xf' = x"^ .-.3 = 0^; and as x^ is already at com- 
mand, having been formed by the first i?, we do not need the second cell in the 

transformation ; also, after this change we do not need the B when it is necessary 

X 1 . . 

to form ^ __i ~ x^ *^^^ giving three cells instead of five. See Fig. 6 and its 

explanation. 

1 
Fig. 5 gives the derivation of the linkage for x^ from those for «* and - by 

adding a 5 to transfer a distance, two i?'s and one B. The third if being un- 
necessary, as DG = -; — I had been formed in the linkage for jc*. ID = a:* + ^* 



z 



The R gives JD = ^- The B gives DK= I [^ - ^] = ^' 
last B gives DL = x' -- - ar\d BL — DL + - = x\ 



The 



Fig. 6 gives a form for sc^ consisting of five cells or thirty-two links. The first 
part of the transformation is conducted by the second* method and the latter part 

by the first method. MO = OP = x. MN=x — ^^ The if gives iV^Q= ^^riTi' 

1 aj 1 1 

N0 = -' 0Q = ^_^ = a.(x^ ' - 1) ' (If this were inverted to a point Z to the 

right by a 7?, then ZM woidd equal x^, thus giving the linkage ^or the cube 
devised by Professor Sylvester.) NP = 5c H — The B gives iV7? = ^^ j[ and 
^^ = i-i^i = ^-TT)- The i? then gives 



■ . V - i ' 
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-ir_i___i_i = _J 

~ 2[x{^-l) x{p^ + l)\ X (x* - 1) 



The last R gives 0T= a:^ — a: and MT= 0T+z = 7^. Making M the fixed 
point; we have a linkage in which the arm MO = x and MT = of measured in 
the same direction. 

It is mmecessary to give examples of the linkages for the higher powers, as 
their formation is a process as mechanical as writing out the successive terms of 
a series. 

The above arrangements admit of a number of variations, some of which 
reduce the number of links. 

DegembeBi 1879. 



The StropJiaids. 

By William Woolsey Johnson, Annapolis^ Md. 



The term Strophoid has been applied by French writers to a cubic curve, of 
which the symmetrical form has been discussed by Dr. James Booth under the 
name of the Logocyclic Curve. As this curve is one of the class considered in 
this paper, and as the term Strophoid is appropriate to the mode of generation of 
the whole class, I have ventured to use the word in a more extended signification, 
and define the strophoid as the locus of the intersection of two straight Hues wlUch 
rotate uniformly about two fixed points in a plane, 

A and B being the fixed points, if we denote by 6 and <^, the inclinations of 
the radii-vectores PA and PB^ the direction AB being taken as that of the 
prime vector, we have by the definition 

nO + m^ = a, (1) 

in which the ratio m : w, which determines the relative velocity of rotation, will 
in what follows be regarded as commensurable, so that m and n may be taken as 
integers prime to one another. Restricting m and n to positive values, (1) repre- 
sents the case in which the lines rotate in opposite directions ; and when they 
rotate in the same direction we may write 

nd — m(f} = a. (2) 

Taking A as the origin of rectangular co-ordinates, and AB as the axis of x, 

X = ^{a^ + t/^) COS0, ^ = V (^ + ^) ^^^ ^ ; 

hence, if we put 

{X + t^r = X, + lY,, (3) 

[so that Xo = 1, Fo = ; Xi = x, Fj = y ; X<i=^ ^ — if, Yi=^1xy, etc.], we 
have, by De Moivre's Theorem, 

X^^if^-f-f cos nd, J, = (:r^ + /)? sin nB. (4 ) 



Johnson; The Strophoida. 321 

From this we have (r and s being positive), 

and, if r > *, 

If we denote by X'^ and J^^ the results of putting a: — a in place of x in the 
values of Jf„ and Y^, coa m^ and sin m^ are given by equations similar to (4) ; 
and, putting q = cot a, we have from (1) 

x,x; - Y,Yi-q{ r„x + -X, r;) = o, (7) 

when the lines rotate in opposite directions; and from (2) 

x„x+ r,r;-j{j"„x;-x.r;) = o, (s) 

when the lines rotate in the same direction. 
Differentiating (3) with respect to x^ we find 

^ (X. + .T.) = m (I + ^)— = m (X._, + .T,_,), 
therefore 

hence, developing ^ and F^, 

X = -X;» - »«X.-. + ^^^;^ a=j:„_j _.... + (- i)"a-, 

j; = F. - mar„_, + ....-(- l)"mo-~y 

Substituting these values and making use of (5),' (7) becomes 

X, + „-?n+.-™>K+»-,-?r.+._,]+....+ (-l)-a-[X.-jr.] = 0, (9) 

the rectangular equation when the lines rotate in opposite directions. 
Similarly substituting in (8) and making use of (6), we have, If n > m, 

....+(- ira-[JE,-yr„] = 0; (10) 

but if n < m, the first terms of this equation take a different form, and (remem- 
bering that X^ + ?io ~ 1)> we have 
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(x» + y»)-|x«_. + jr«_.-7««[^. , + 7r. ,] + . . . . -K- 1)— « * (" -^>^- ;^- <" + ^) a"-' j- 

+ (_ 1)— . + 1 l^^lL^a +> (x*+ y*)— [X,-y r,J. . . . + (-!)-«- [X.-jrj = 0. (11) 

(10) and (11) are therefore forms of the rectangular equation when the lines 
rotate in the same direction. 

The expressions X^ — q Y„, etc., "which occur in these equations, are the 
products of linear factors which are all real ; for, putting 



we have from (4) 




• 


tan n0 — tan a, 


wiieuce 


a a + ir a + (n — 1) ir 
n » n 



values which determine n different real factors. Thus (9) indicates n + m real 
asymptotes; and (10) and (11) indicate ?i — m or m— n real asymptotes, the 
remaining points at infinity being the circular points. Each of the equations 
alsQ indicates an n-tuple point at A, at which n real tangents make equal angles 
with one another. 

But the tangents at A and B and the asymptotes are readily determined 
geometrically as follows : When ^ is a multiple of tt, the line BP coincides with 
AB and 

e = '^; (12) 

unless 6 is now a multiple of tt (which can only happen when a is a multiple of 
tt) the point P is at -4, and the value of 6 gives the inclination of a tangent at 
A. In like manner there are m tangents at B, whose inclinations are 

*=^- .. (13) 

When 6 — <^ is a multiple of tt, the rotating lines are parallel and P is at 
infinity; hence 

^ a I Kit . ^ 

<? = ;r+i^ (14) 

gives the inclinations of the asymptotes. If we put AP = r, BP = r', the 
distances of the point at infinity from the parallel lines are plainly rdd and /d<l> ; 
but from (1) 
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and since at infinity r^/, these distances have the ratio m:n. Therefore every 
asymptote passes through a point C on AB which divides AB (internally if m 
and n are positive) so that 

CB~ n' 

If, at a finite point of the curve, we denote the angles between the tan- 
gent and the ladii-vectores r, r by i/r, ^', we have 

whence, by ( 15), 

sinV' mr 

sin ^ nr* " 

Therefore, to construct the tangent at a given point P, lay off on PA and PB 
distances P Q, Pit proportional to nPB and mPA respectively ; bisect QJi in T, 
then PT is the tangent These results are, of course, applicable to equation (2) 
in which m is negative. 

When a = 90°, the expressions X^— qY„ etc., in (9), (10), and (11) reduce to 
Jr„, etc., and since X, is an even functiott of y, we have a curve symmetrica! to 
AB, which may be called a right ttrophoid. 

When a=0, the expressions X„~ qY„, etc, must be replaced by J",, etc., and 
■ since y is a factor of Y^, the curve breaks up into the line ^ = 0, and a curve of 
the (w + m — l)* degree, which may be called a substrophoid. 

The substrophoid is, of course, symmetrical to the axis ; the number of tan- 
gents at A and at B, as well as of asymptotes, is reduced by unity, and these 
tangents and asymptotes make equal angles with one another and the axis (which 
is neither a tangent nor an asymptote). The curve cuts the axis in a point D 
corresponding to tf = 0, ^ == 0. At tliis point an element of arc subtends angles 
at A and B proportional to the rates of rotation ; that is, Z> divides AB (internally 
when m and n have the same sign) so that 

AD __ n 
DB~ m' 

When the lines rotate in opposite directions, the curve consists of infinite 
branches without loops ; for it is evident that in passing from one position in 
which the lines are parallel to the next, one and only one of the lines passes 
through coincideqce with the axis. As special cases, we have from (9), when' 
n = 1 and m = 1, the rectangidar hyperbola 

3? — y' — 2 gxi/ — a{z — qy) = 0, 
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A and B being extremities of a diameter. The substrophoid in this case is the 

straight line 

2 a; — a = 0. 
When n = 2, m = 1, we have 

01? — Zxy^ — q{^i7?y — j/^) — a{7? — y^ — 2 qxy) = ; 

the substrophoid being the hyperbola 

3*2 — y2_2aa;=:0, 

2 

of which AD = 3 a is the tranverse axis. 

When the lines rotate in the same direction, supposing n > m, so that the 
more rapid rotation takes place at jB, it is evident that in passing in either direc- 
tion from a position in which the lines are parallel, BP will come into coinci- 
dence with the axis before AP does, that is, P will arrive at A before it arrives 
at B. Hence the curve consists of m loops between A and B with infinite 
branches extending from A to the m — n asymptotes. As special cases, we have 
from (10), when n = 1 and m = 1, the circle 

a? + y^ — a (rr — qy) = 
passing through A and B. 

When w = 2 and m = 1, (10) gives 

{7? + f) {x—qy) — a{x^ — y^— 2qxy) = 0, 

which is the cubic alluded to in the first paragraph. The right strophoid in this 
case is Dr. Booth's Logocyclic Curve 

{u^ + y^)x-a{x'-y') = 0, 
and the substrophoid is the circle 

a?+y^-2ax = 0, 

with centre at B. If 71 = 1 and m = 2, we obtain from (11) another equation 
of the same curve ; viz., 

{x" -{- y^) {x + qy - 2a) + a'ix - qy) = : 
the right strophoid being 

{^ + y^){x-2a) + a'x = 0y 



and the substrophoid the circle 



a? + y^-a^ = 0. 
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The accompanying diagram is constructed for the caae in which n = 3, m = 2 
and a = 45°, orSB — 2^=^ir; its rectangular equation, therefore, is, from { 10), 

(3^ + 3^)»{x-y)-2a(a? + y')(rr'-y'-2a3,) + a'(x>-3V-33^+/) = 0. 




The corresponding substrophoid ia a caae of the lima^on which is sometimes 
called the " trisectrix." The mode of employing this curve to trisect an angle 
is indicated hy the equation 3 0=2^ 




On the Ratio hetween Sector and Triangle in the Orbit qjT a 

Celestial Body. 

By Ormoxd Stone, Oineitmaiiy Ohio. 



1. This ratio may be expressed by the formula 



1 rr' sin (1/ — r) sin 2 ^ 

where the mass of the body is neglected, r and / are the radii vectores, v and t/ 
the corresponding true anomalies, p the semi-parameter, and t the product of the 
intervening time and the constant of the solar system. 

By Taylor's theorem, including terms of the fourth order, 

1 rfy^ 1 d^ 2 Jl ^0 a I JL ^^ A 

«^ — To i- 2 <?r ^ "^ 8 <?r« ^ "^ 48 Jr» ^ ■+■ 384 </r* ^ ■+" > 

where r© is the true anomaly corresponding to the mean of the times ; 

, . dvo . 1 d\ 

.-. sm (t^ - 1;) = ^ T + (^24 *T - 6 (at; ; '^' 

The well-known expressions -j^ = ^ and - = 1 + ^ cos t'o give, by suc- 
cessive differentiation, 

^0 p — n 

d^ ~ ro» ' 
d^Vo 
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whence b^ substitution, including terms of the third order. 

Developing r and /in the same manner as v and t/ were developed, and 
multiplying the results, we have 

The product of (2) and (3) gives 



2. For a closer apprQxiination we have the well-known equations 



m I + sin' i j' 

^ 2,-.i.2 

^rt 1)- dnV 



and g is the half difierence of the eccentric anomalies. 
For the first of these equations we may write 

a;.= Bin"^Sr = ^-/, 
or by substitution, 

1 flb* Bin'2tf ain't y 

''^ ~ 8 ^ coB«y ~ cos y * 

In the same manner the second becomes 

^ cob'y 2tf-ain2» 2g— ainZg 
$^ co8*tf sin'fl sin*? 

Gauss has developed the second member of the latter equation in a series 
arranged according to the ascending powers of a;, as follows : 
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whence, if we develop — ^i-^ — in a similar series arranged according to the 
ascending powers of z = sin* \ 0, we shall have 

^ cos^y (l + ^ z -f ^ = ^0* COS* ^ Tl + ^ a: + Y 

or, dividing hy i\ + -^z + j \\ + ^x + . . . \ 

ff^co^y (\ — \x + \ = e^ co^ e (l — \z + Y 

Substituting the values of x and z^ and reducing, 

^ COS* y ( 1 - g sin* i y + ^ = ^o' cos*> r 1 - J sin* i ^ + Y 

whence, approximately, 

This formula includes terms of the same order as those included in Hansen's 
method, and, if employed in connection with a table giving the logarithms of the 
ratios between sines and arcs, is rather more convenient 






Centre of Gravity of Surface arid Solid of Revolution, 

By E. W. Hyde, Umversiiy of Cincinnati. 



The formulae derived in this paper are for the most general case of the revolution 
of any curve, plnne or tortuoiia, about any axis, through any angle. 

Let p =^ if) (t) = <f> {t being omitted for brevity) be the equation of any curve, 
and let « be a unit vector in any direction; then 

p = h'~- (1) 

will be the equation of a surface of revolution formed by revolving ^{t) about a 
line through the origin in the direction e. 

As the origin may be moved to any point by introducing a constant vector 
into ^{t), and as any direction may be chosen for «, this equation is perfectly 
general. 

Ist. The surface element is TVD^pD^p . dBdt 

i# • _• 

Dtp = c" Fe<^ , and />,/> = e'^'e * ; 



as may be shown by expanding and reducing. Therefore the surface is 

s=j'fdediTv^Vi4, = {$3- ei)j'dtTv<i>'V€i^. (2) 

We have then for the centre of gravity, if the density be uniform, 

p =ff^if>e'^'Tr4>'rt,i>.dddi ■^ffTV,i>'r€<i> . dOdt 

or, integrating for 6 from di to Qzt 

p =fl0t-^S€(f, — e' F«^]!;TFi^'Fe<^.dSf + (^ — e,)fTV<}>' 




330 Hyde : Centre of Gravity of Surface and Solid of Revolution. 

If the integration be from to 2 7r, equation (4) becomes 

p = e'^fS€4>Tr<f/ ¥€<!> . dt -f- /TFf Veii> . dt. (5) 

Tf the generating curve lie in a plane through the origin and the vector c about 
which it is revolved, we have S^^' = 0, and therefore TV<f>Ve(f} = T^^'Fc^, so 
that in that case this latter expression may be substituted for the former. 

2d. Volume. Writing a = up = U€'<f>€ ', we have 

V= — fff SD^aD.aDta . dudOdt = - fffu^S^^r^VD.pD.p . dudOdty 
which on expansion and reduction becomes, 

V=fff%?S . i^' Ve<l> . dudOdt ; (6) 

and for the centre of gravity 

P =fff^H^^S . <\4' V€<f> . dudedt -^fffu^S. ifxf/ Ve4> . dudOdt. (7) 
If we integrate for u from to 1, and for d from 6^ to O^y we have 



Stf 



p = i/[^c-^^c<^ - €' rc<^]jj/Sf.<^f F€<^.rf< -^ \{e^- e^)f s .^'V€i\>.dt. (8) 

If ^1 = and ^2 = 2 TT , equation (10) becomes 

p = i €-'fS€<t>S. (fxf/ Ve<l>.dt'^ ifS. <f><f/ V€4> . dt. (9) 

FormulaB (7), (8), and (9) are unchanged when the generating curve lies 
in a plane through the axis, though in that case TF<^<^'F€<^ may be substituted 
for S . <l><t> V€<f>. 

As an example of these formulae let us take the hyperboloid of one sheet 
generated by the revolution of a right line about an axis which it does not 
intersect. 

Let <f>{t) = a+ tfi; then the hyperboloid will be 



« « 
p — f.' {a -\- fit) € '. 


(10) 


Let Sae — Safi — 0, and Tfi—1; then 




Tr<f>' V€ii> Vif>'^ V''€(f> - S^€<fxf>' V—c?- Shafi - 


-^F2ei8=TF-c)8Va»4-/», 


if we write ^2 y^o a' ; 


(11) 


»» . . . ... 





... p =f[etr^s€p - €' Fc (a H- ^t)']iHit v^T? -^ (^2 - dr)/dt vw+e 
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-r-.«fl (.~-.-)F.^ -|/i ^VgT? 



(12) 



The integration of this equation will give the centre of gravity of a strip of the 
surface of the hyperboloid lying between two positions of the generatrix at an 
angular distance apart of ^3 — 9i. 
For the solid we have 

so that 

P = i/l»'-'S,fi - ^Ve(a + ^)-]},dt H- i (», - »,)<., 

= 1 P«,.-'«e;3-^,(«^-OF.{. + i<j3]. (13) 

This gives the centre of gravity of the solid bounded by the plane Sep = 0, 
the hyperboloid, a cone with its vertex at the origin cutting the hyperboloid in 
the circle p = ^'i>{t\) c~', and two positions of the plane through the origin and 
the generating line given by $1 and 0a. 

It will be noticed on comparison that the formulsB derived in this article do 
not agree with equations (23), (25), and (26) of Mr. Stringham'a article in No. 3, 
Vol. II., of this Journal. Those equations appear to be incorrect for the reason 
that, though the integration has already been performed with regard to one or 
more variables, p is still taken as the arm of the element, which should be the 
vector from the origin to the centre of gravity of the element It would follow 
from each of these equations, since they are independent of ^, that the barycen- 
tric vector is independent of the angular distance through which the generating 
curve has'been revolved, which is certainly not the fact 




On a Point in the TJieory of Vulgar Fractions. 



By J. J. Sylvester. 



The reciprocal of an integer I call a simple fraction; any other fraction^ 
whether rational or irrational, may be termed complex ; but it is to be under- 
stood that only proper fractional quantities of either sort, i. e. fractions greater 
than zero and less than unity, willbe considered in what follows. 

Suppose Q to represent any fractional quantity ; if Q lies between r~j and 
— , we may make Q = _^ g + Qf, where 8 is zero or a positive integer, and Q 
will continue a proper fraction, which in like manner may be resolved into 

g + Q\ and so on continually. 

But if we make Sq? ^i, . . . . each zero, the process of expansion becomes 
determinate. Any such determinate representation of a fractional quantity I 
shall term a sojHtes. It is obvious that in expanding a given fraction under the 
form of a sorites, the successive denominators, which I shall call the ekfnentSy 
may be obtained by a process of division; if the fraction to be expanded is 
rational, the real divisor will be an integer which continually decreases,* and 
consequently every complex rational fraction can be expanded (and only in 
one way) under the form of a finite sorites. 

The elements of a sorites are analogous to the partial quotients of a regular 
continued fraction ; but there is this difference between the two cases, that 
whilst the latter quantities are perfectly arbitrary, the elements in question are 
subject to a certain law which I shall proceed to examine. 

Let 71, p, qj . . . . r, Sy . . . . ty u he the elements of a sorites. It is clear that 

the last remainder being the reciprocal of - + -, we must have 7 + ;^ < iT^' 

that is to say, u greater than f^ — t, i.e. u 18 equal to or greater than fi — < + 1. 
Again, if we look to the residue which gives birth to the element r, that 

must be of the form 717;? where e is some fraction, and we must now have 



See examples of development of sorites, page 335. 



Sylvester; On a Point in the Theory of Vulgar Fractions. 333 

- + jzr\ < r~ \ i or s -^ c equal to or greater than r* — r. Hence » is equal to 
or greater than r* — r + 1, so that the relation between any two contiguous 
elements is the same, whether they g,re or are not the final two ; and if 
«j; "i + i ^>s 'iny two consecutive integers in a series', the one necessary and 
sufficient condition for the possibility of the existence of the sorites, of which 
those terms shall be elements, is that we must have for all values of x, u^ + i 
equal to or greater than n^ — w, 4- 1. 

If w* + i is throughout equal to u^ — «, + 1, we obtain a series which may 
be termed a limiting sorites. 

It is obvious that any simple fraction _ ^ may be expanded under the 
form of an infinite sorites, of which the elements are Wo, Wi, Kg ... . subject 
to tlie above relation. An infinite sorites read in the limiting case is therefore 
expressible under the form of a finite fraction, and the same will be true for a 
sorites in which the right-hand branch beginning from any term «j, namely, 

— + h ~ — . . . ., forms a limiting sorites. 

But in every other case of a sorites the sum cannot be a finite fraction ; 
for such fraction can be expanded in only one way under the form of a sorites, 
and such sorites is necessarily finite in the number of its terms. 

Hence it ia impossible that the sum of the reciprocals of an ascending series 
of positive integers, such that the square root of the difference between any one 
of them and its immediate antecedent is greater than the difterence between 
that antecedent and unity, can represent a ration!\l quantity ; for if so, we have 
?*j, + i — Wj greater than (Mj,_i — 1)^, i. e. u^ + i > u^ — «« "i~ Ij iiid the series 
will form a sorites not belonging to the limiting class. 

I proceed to examine some of the properties of the series of terms defined 
by the condition Mj; + 1 ^ u^ — u^ + 1. 

In the first place, I observe that any term «, + i may be expressed under 
the form Pw, + 1; for suppose this to be true for one value .of »'; then, since 
".tf i + i ~ 1 — «.in (w« + t ~" 1), it is obviously true for the next above; here 
the proposition, being true wlien i is unity, is true universally. 

It follows from this that each element of a limiting sorites is prime to all 
that follow it, and consequently any two terms of the sorites are prime to one 
another. 

Again, for greater simplicity, let %, Vi, rj, .... be used to represent («o — I)» 
(«i — 1), (ua — 1), . . . .; we have, then, 
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Hence v^ — v^^^v^ — v^^ . . . .v^ — v^ (as is obvious from successive addition of 
the above equations) will each of them be of the form Pvqj where P is a rational 
integral function of Uo, and v^ will be of the form Pv^ + to. This conclusion 
leads to a representation^of the sum of any given number of terms of a limiting 
sorites by a fraction in its lowest terms. For 

v, t;,+i v^Vx + i VxVx + i Vx + Vx* r, + 1 ■" w, • 

Hence 

Wo Wl ' W^ Vq V^ + i VoVx + l Vx+1 -r- Vo > 

P 

which is of the form p^ . ^ and is consequently a fraction in its lowest terms. 

Again, if we denote the product of the elements i/q? ^n ^^2, . • • • , w, by TlUgg 

and the sum of their (x — l)-ary combinations by JVu^, -^ will also be the 

same fraction in its lowest terms, because (as has been shown) all the elements 
of the sorites are prime to one another. 
Hence we may deduce the equations 

w*4-i = ^'o + K — 1)^ n'w,, 
w^-fi = 1 + (t^o — i)nMx- 

The second of these serves to give an inferior limit to the rate of convergence 
of any sorites. For in the limiting case we have 

Ui > {i(o — Vo\ 

U2> {Uq—I) UoUi > (V — Wo)^ 
«/8 > (^ ~ 1) WoWlWj > (Wo^ — U^Yf 



.X — 1 



and so in general Uj. > {ti^i^ — UqY , because the solution of the equation 
6i = di_i + di_2 + . . . . + OqIs di = 2*~^^o- ^^ ft"y other sorites in which the 
initial element remains t/o, the value of the element at x-places distant must bo 
a fortiori greater than the value {uq^ — Uq)^ last obtained for the limiting 
case. 

The preceding matter was suggested to mo by the chapter in Cantor's 
GeschicJdc der Maihemaiik which gives an account of the singular method in use 
among the ancient Egyptians for working with fractions. It was their curious 
custom to resolve every fraction into a sum of simple fractions according to a 
certain traditional method, not leading, I need hardly say, except in a few of the 
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simplest cases, to the expansion under the special form to which I have, in what 
precedes, given the name of a fractional sorites. 

I subjoin examples of development of a rational fraction under the form of a 

sorites. 

4699 
Let ^^3^ be the fraction to be expanded. The work may be arranged as 

follows : — 



. (2) 


(8) 


(60) 


(3660) 


4C99 
7320 
9398 

• 


2078 
14640 
16624 


1984 
117120 
119040 


1920 

7027200 
7027200 



(2) is the number one unit greater than E'^—; 9398 is 2 X 4699; 2078 is 
9398 - 7320 ; 14640 is 2 X 7320. ^^^ 

One element (2) is now determined, and the fraction _. -- remains to be 
. - ^ ^ ' 14640 

expanded. 

(8) is the number one unit greater than E^-^^] 16624 is 8 X 2078; 1984 

is 16G24 - 14640 ; 117120 is 8 X 14G40. ^^^^ 

A second element (8) is now found, and ____ remains over to be expanded. 

^ ^ 117120 ^ 

Proceeding in this manner, and with numerators 4699, 2078, 1984, 1920, 
necessarily diminishing at each step, we come at last to the element 3660 with 
a remainder zero. The required sorites is therefore 



9 I Q I ^tA I « 



60 ' 3660- 

As a second example take the fraction j^gg. 

Tlie work may be arranged in a similar manner to that of the foregoing 
example, and will be as follows : — 



2 


3 


7 


48 


335 
336 
670 


334 

672 

1002 


330 
2016 
2310 


294 
14112 
14112 



and accordingly it will be found that 



335_llli^ 



336 



48 



On an Immediate Generalization of Local Theorems in which the 
Generating Point divides a Variable Linear Segment in a Constant 
Ratio. 

By Samuel Roberts, 

President of tJt^ London Matlumatical Society, 



1. In what follows I make use of the obvious principle, that, if two curves 
have a one to one correspondence, and if the pohits on a particular straight line 
of one correspond to points on a straight line of the other, the curves are of the 
same order and deficiency. The particular straight line is, in the cases I shall 
discuss, the line at infinity for both curves. 

2- A curve may be determined as the locus of a point, which divides in a con- 
stant ratio a terminated straight line variable in length and position ; and a family 
of curves related to one another is obtained by changing tlie ratio. Each such 
family depends, therefore, on one parameter. An additional paiameter is intro- 
duced by the transformation of which I propose to treat. 

There are commonly particular values of the ratio, which give curves of a 
lower order than that of the general locus, especially by the reduplication of the 
locus or a curve-factor of the locus. 

For example, if straight lines through a point meet a circle, the locus of the 
middle points of the intercepts by the circle is another circle through the fixed 
point, and the centre of the direction. 

This is plainly a special locus, and if the chords are divided by the generating 
point in the ratio k : Z, the locus is found to be the inverse of a conic, L e. of 
the fourth order. We may look for a similar reduction of the order whenever 
the ratio is one of equality, and the extremities of the linear segments move on 
one and the same curve. 

It is to be understood that when I hereafter speak of a curve of the class 
described, which for brevity I shall call a ratio-curve, I mean one general as to 
order; in fact, I suppose the ratio of division to be denoted by general literal 
symbols, to which such values may be ascribed as will not give rise to a special 
reduction of order. * 
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3. I propose to establish, that, if similar triangles, unifonnly directed with 
respect to the generating segments, be superposed thereon, each having for base 
the corresponding segment, the general locus of the vertex, say, the vertex- 
curve, is of the same order and the same deficiency as the corresponding ratio- 
curve. 

This is known to be true, for instance, of loci so derived from a constant line 
moving in plane space. The triangles are then all equal, and the result is, that 
the general locus of a point rigidly connected with the moving line is of the 
same order and deficiency as the corresponding ratio-curve, — a conclusion of 
some kinematical importance. 

The statement is also manifestly true with respect to a curve referred to polar 
co-ordinates. If we divide the radii vectores in a given ratio, a similar and simi- 
larly placed curve is described by the dividing point ; and if triangles are con- 
structed on these vectores in the manner proposed, we have a similar curve turned 
through an angle. 

And first of all, as to the deficiency, the correspondence of the ratio-curve 
and the vertex-curve is, by the nature of the construction, one to one, so that 
their deficiency is the same. The complete ratio and vertex curves may, how- 
ever, break up into corresponding factors, and if so, the deficiencies of the corre- 
sponding factors are the same. It is the question of order which requires special 
consideration. 

4. Let AB be the linear segment in one of its positions, divided at the point 
J" in a given ratio. Erect QP perpendicular to AB. The triangle AQB will 
remain similar and uniformly directed if 

AP: BP:FQ=k:l:p, 

where k, l,p are constant and finite quantities. 

If, therefore, X, T, are the co-ordinates of Q; Xi, yi, and x%, y^ those of .4 
and B, respectively; and 6 is the angle which AB makes with a fixed line, the 
axis of x, we have 

JE'= Xi -f- m (ft COB 6 — p sin 6) 

Y= yi -\-m(k sin -\- p cos t 

X= sc3'\-m{l COS 0—p Bin 6 

T= yi + m(l and -b-p cos 6 

where m and are variable parameters. 



(A) 
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In order to define the locus, we must have further conditions equivalent to 
three independent conditions in Xi, yi, x.>, y2? ^^ ^- These may be taken to be 
independent of ky Z, p ; for if these constants should be included among the con- 
stants of the complementary conditions, we are at liberty to change /?, ife, / in ( A) 
into jo', k\ V. 

Now, although by giving form to such further conditions, we can represent 
cases of great generality, the complete proposition cannot be established by this 
means. We must obtain our conclusion independently of the imexpressed con- 
ditions. 

The system of equations corresponding to (A), but belonging to the ratio- 
curve described by the foot of the perpendicular QPy is 

X' = Xi-\- mk cos 6 



Y' = yi + mk sin 
JC' = X2 + ml cos 
Y' =^ 1/2 + ml sin 0. 



(B) 



By combining (A) and (B), we may obtain a variety of relations. It will be 
sufficient to write down 

{I — k) X^ = Ixi — kx2 

{l-k)r = ly,-ky^ 



(a) 



x=x'-l{r-y{) jr=x'-f(r-y,) 

Y=Y' + l{X'-x,) Y=Y' + ^i{X'-3^). 



0>) 



5. Now, if we write for Xi, pi (cos a + i sin a), for y^ , r^ (cos fi + i sin )3), etc., 
where a, )3, etc., are real angles and pi, r^ etc., are real and positive moduli, we 
see, from the foregoing expressions, that, if the moduli of (i-j, y^\ [pc^^ y^) are finite, 
then those of {X', Y') and (X, Y) are also finite. And if the moduli of (xj, yi) 
or of (^2, ^2) are infinite, or one of them is infinite, but the moduli of the remain- 
ing co-ordinates (xo, yo) or (xi, y^ are finite, then the moduli of {X'j Y') and 
(JT, Y)j or one of each is infinite.* 

No doubt we ought to be able to derive all the conclusions we want from the 
same systems (A) and (B), when the segment lies altogether at infinity. There 

• Tliis is ao stated to cover the case of a point at infinity, determined by a line parallel to an axis, when 
one of the co-ordinates is finite. 
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are, however, obvious difficulties in the way, especially when we consider the 
circular asymptotes. These are "lines of no length." Nevertheless, the co-ordi- 
nates of points on a circular asymptote have determinate moduli, so that part of 
the difficulty may be evaded; but, again, a circular asymptote makes any real 
angle with itself It is more satisfactory to employ another process than to argue 
directly on infinites and the circular points. 

6. By the very nature of the construction the correspondence of (JT, T') and 
(X, Y) depends on the position and length of the corresponding segment alone, 
and to determine it, we are at liberty to arrive at any proposed position of tlie 
segment as we conveniently can. Moreover, the actual length of the segment is 
immaterial when we have only to distinguish between finite and infinitely distant 
points. This applies to imaginary as well as real positions. These considerations 
enable us to have recourse to certain elementary cases ; and to avoid direct rea- 
soning on isolated infinite quantities, I take, therefore, some essential cases in 
order. 

I. One extremity of the segment finite and real, the other at infinity and real. 

Let A be the finite extremity. In the direction of the segment take 
AB finite, and construct the triangle AQB and the perpendicular QP, as 
before. 

If now we suppose B to move to infinity, the triangle AQB remaining of the 
same angularity, P and Q ultimately lie at infinity, P coinciding with B, and Q 
being determined by the direction AQ. 

This agrees with the result of neglecting ^2? ^2 ^^ (^) and (6). 

II. The seyment real and altogether at infinity. 

Take the lines OA, OB met by the finite segment AB, and construct the 
triangle AQB and the perpendicular QP, as before. 

When AB moves to infinity, parallel to itself, P and Q also move to infinity, 
when the angularity of A QB is unchanged. 

Since, however, the direction of AB is arbitrary, every point at infinity in 
turn may be made to represent the ultimate position of P, indicating that the 
line at infinity becomes an extraneous factor of the locus, the order of which is 
consequently reduced. But if we determine the direction of P, that of Q is also 
determined for a given angularity. The point to be noticed is that the mutually 
corresponding points, whether proper or extraneous, all lie at infinity. 

The conclusions (I.) and (II.) will hold for imaginary positions of the segment 
when Ave have regard to the moduli of the co-ordinates, except that the case in 
which the segment coincides with a circular asymptote requires special deter- 
mination. 
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7. III. Therefore, consider the elementary case of straight lines through a point 
and meeting two given straight lines. The ratio and vertex curves are conies, 
passing through the points at infinity, corresponding respectively to those of the 
directrices. And since in this case all finite points (Jt', Y^) correspond to finite 
points {Xj Y\ and vice versa^ it follows, generally, that this result holds for finite 
positions of the segment, whether imaginary or real, even when the segment 
forms part of a circular asymptote. But since this is so, and the correspondence 
of the ratio-curve to the vertex-curve is one to one, it follows that to infinitely 
distant points on the ratio-curve must correspond infinitely distant points on the 
vertex-curve. Consequently the order must be the same for both. 

For the purpose of showing the eflfect when the one extremity of the segment 
coincides with a circular point at infinity, it is more convenient to take the case 
of a point and circle. 

The ratio-curve and the vertex-curve are both of them circles, and the corre- 
sponding points {X\ Y') (-ST, Y) coincide at the circular points. 

IV. We must consider the case in which the segment passes through both 
the circular points, and therefore coincides with the line at infinity. 

If parallel lines meet a straight line and a circle, the ratio and vertex curves 
are conies, and the infinitely distant points of one conic correspond to those, 
respectively, of the other. 

According to the same principles, the effect may be shown of the coincidence 
of two extremities of a segment. Thus, if a pencil of parallel lines meets a para- 
bola, the ratio-curve and the vertex-curve are both parabolas, and the points of 
contact with the line at infinity correspond. It is not necessary, however, to 
pursue this further for the end in view. 

We see, then, that to points at infinity on the ratio-curve always correspond 
points at infinity on the vertex-curve ; and since the correspondence is onfe to 
one, the order must be the same for both. 

Since the vertex-curve can be obtained by taking the ratio-curve as one of 
the directrices, to an extraneous factor of the one will correspond an extraneous 
factor of the other ; and if the one curve is composite, so is the other in a cor- 
responding manner. 

It is to be observed that such compasite loci may still be reckoned as proper 
loci, in our present point of view. 

8. The conclusion at which we have arrived is of considerable utility for the 
extension of problems on loci. In many cases a ratio-curve can be determined 
by simple processes, when the analytical investigation of the corresponding vertex- 
curve involves complicated work. 
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Take, for instance, a pencil of straight lines meeting two directrices. In 
the ratio-curve, adopting polar co-ordinates with the vertex of the pencil as pole, 
Avc have to eliminate p^ p^ from 

R = mpi + np2 

• This is often a simple matter where the corresponding elimination for the 
vertex-curve is lengthy or impracticable. 

Suppose the directrices are two circles, the ratio-curve is readily found to be 
of the sixth order (tricircular), with three other nodes, reducing to the fourth 
order (the inverse of a conic) when the pole is 6n one of the circles, and to the 
second order (a circle) when the pole is one of the finite intersections of the 
directrices. It is tedious, though of course practicable, to show analytically that 
the vertex-curve is also in the first case a sextic of similar kind, in the second 
the inverse of a conic, and in the third a circle. The last result is, however, well 
known in connection with the theory of three circles intersecting in a point. 

9. Again, it will also be observed that we can project orthogonally a figure 
relative to a ratio-curve, and reproduce a ratio-curve together with its appro- 
priate conditions of generation. The vertex-curve cannot be so projected, and 
consequently we get an entirely new theorem. 

For example, projecting the last case, above given, we have the follow- 



ing: 



If a vector be drawn through a finite intersection of two similar and similarly 
placed conies, the locus of a point dividing the intercepts in a constant ratio is a 
similar and similarly placed conic passing through the finite intersections to- 
gether, strictly speaking, with two similar and similarly placed conies obtained by 
measuring the intercepts from the pole. 

We have for the vertex-curve the following : — 

If a vector be drawn through a finite intersection of two similar and similarly 
placed conies, the vertices of similar and similarly directed triangles on the inter- 
cepts as base describe a conic through the other finite intersection of the two 
given conies (a conic not necessarilj^ similar or similarly placed), together with 
two supplementary conies. Tliis result is not to be derived by projection, since 
the triangles would not be projected into similar triangles. 

10. It has served our purpose to -consider examples belonging to the very 
simple case of lines enveloping a point. To illustrate different conditions, sup- 
pose that straight lines touch a given circle and meet a given straight line ; the 
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locus of a point dividing the intercepts on the tangents between the point of 
contact and the Ime is a curve of the fourth order. In this case we get 

X=^ Xi + m{k cos — p Bin 6) 

Y= yi + m {k sin d + p cos &) 

yi - 8 = 

X= X2 + m {I cos — j> sin 6) 

Y^=^ y2 + m{l Bm + p cos 0) 

X2 cos ^ + ^2 sin ^ = 

^2 + yi = ^, 
whence we have 

Xcos ^+ Fsin = ml 

X sin ^ — Y cos ^ = — mp ± r 

Y — h=^ m {k sin + p cos 0). 

Simple as these equations are, the reduction is troublesome; but if ^ = 0, 
then 

X^+ Y^ = vi'P + r" 

mkXsin0 = X{Y-S) 

mkX cos = mm - Y{Y-h\ 
giving 

^' X^ {X^ + r'-r')-X''{Y-hf- (j {X^+Y^-r") - F(r- S)^ = 0. 

The curve is circular, having a double point at infinity determined by I^= 0, 
in accordance v/ith our previous conclusions. 

The vertex-curve is, therefore, also circular, of the fourth order, having a 
double point at infinity determined by Xj) — Yk = 0. 

We can now project the circle and line directrices into a central conic and line, 
and deduce a similar result for the vertex-curve in this case. 

11. I have only further to remark, that the transformation of the ratio-curve 
into the vertex-curve is a particular case of the general transformation where the 
powers and products of A'', Y are decomposed into their elements, and each 
X and Y receives an independent linear transformation. 
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We see this directly by writing (A) in the form 

Xk + Tp == Xifi + y^p -\- m {f + A?) cos ^ = X, + m (/ + 1^) cos 

Yk — Xp = yik~XiP + m{p'-\-T^)Bme= Yi + m{f + F) sin 9 

Xl+ Yp = Xil-^ y^p + m (/ + P) cos = X, + m {p^ -\- P) coa $ 

Fl—Xp = y^—Xip + m{p' + P)Bme=r3 + m(f + P)Bm9 

and 

_ X,k- r,p _ X,p + Yjc 

^i— p' + k' yi— y + i" 

and by comparing these with (B). 

Since, howevefj in this way of putting the matter, the nnexpressed conditions 
vary with p, h, I, we cannot at once infer the equality of the orders of the ratio 
and vertex cuires, for which purpose it has been necessary to enter into some- 
what tedious details. I have not been able to bit upon a simpler proof, though it 
is highly probable such a one can be found. I thought it desirable to introduce 
the analytical expressions of Article 4, in order to show where the difficulty 
arises, but in fact we found them insuflicient, and it would favor uniformity to 
adhere to the method of Articles 6 and 7- 




On tJie Expansion of (f>(x-{- //). 

By a. W. WniTCOM, M. D. 

Sheboygan Falls, Jrisamsin. 



The object of this paper is the development of Taylor's formula^ the devel- 
opment of the form of the functional coefficient of h (usually known as 0)y in 
the remainder in that formula, and the development of the forms of ^j, ^^ • • • • 
as they appear in the equations (a/, (6)'. . . . 

Suppose <f>x and <f>x to be finite and continuous functions for all values of x 
from x = x' to x = x' + mA, m being always positive, and either a constant^ 
or a function of x and h of such form as to reduce to a constant when h = 0. 
Then will 

— -<f>{x+ ffh), 

where ff is between and m. 

Let A and B be the algebraically greatest and least values of ^'x for values 
of X between x' and x' + mh. 



Put 



and 
Then 



and 



y = Ax — <f>x, 
z = <f)X — Bx. 

^^ — A JL' 

^-A-<f>x, 



^^ — JL' n 



(1) 
(2) 



both of which are positive for all values of x between x' and x' + mh, and 
consequently y and z are increasing functions for all values of x between a;' 
and X + mh. 



and 
Then 
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Let X take each of the two values x' and x' + mh in both (1) and (2). Then 
■if' ^ A {x + mK) ~ ^ (a;' + mli), 
z" = <^(i' + mh) — B{x + mh), 
■f = Ax — ^x', 
z' = Ax — Bx. 






and 



Because y and z are increasing fnnctions, and m is positive, y" — y' and 2" — z 
are of the same sign as h, and the members of the last two equations are positive. 
Consequently ^ — +w )— _ ? £ jg ]ggg ^j^^j, ^ ^^^ greater than B, and therefore, 
by reason of the continuity of <f>'x between A and B, is equal to some value of 
^'a; between A and B in which x has some value between x' and sf + mh. Let 
x + ffh represent this value of x, & being between and m. Then 

-i^ <^ (x + ^A), 

or 

<^(a; + A) = <^ -I- mAf (x + ^A), (3) 

which will hold true for all values of x and mh within the limits of those giving 
finite and continuous values in <^x and 0'x. 

DiiFereutiating {3} twice, regarding x as constant, and in the result putting 
A = 0, 

(m")i ^ of a: = 2 (mr)* . of a-. 

-•■ (^)* = o = |(m)» = o, and ^ = | (m), ,0 +-^, 

where ^ = when A = 0. These results obtain whether m be constant or 
variable. 

Since is always between and m, and m is always positive, and since & 
reduces to the constant g ("')a = o when A = 0, ^, like m, is always positive, and 
either a constant, or reduces to one when A = 0. Hence, i£ <f>"x, fa; .... ^^"x 
are finite and continuous functions ihe same as tfix and (j/x, we can form Ihe 
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following equations^ in which ff\ ff" . . . . are, like m and ff ^ always positive, and 
either constants^ or reduced to constants when h = 0. 

^ (x + mh) = <^ + mli^ (x + ^/t), (a) 

where is between and m ; 

f {x + ffh) = f X + ^Af ' {x + ^'A), (6) 

where ^' is between and $" ; 

f {x + ff'h) = 4;'x + ^'Af '' (x + r/o, (c) 

where ^" is between and ff' ; 



where 6^* is between and ^""\ 
The same law that makes 

also makes 

1 1 

(^')a = o = 2 (^)a = o = 2~^ (^)a = o> 
(^% = o = 2 (Oa = o = 2^i(^)a = o> 

and in general^ 

Let m = 1, and denote what ^, ^', ^", . . . become by ^i, ^2, ^g • • • • Then, 

<t>{x + h) = <f>x + h<f>' {x + e^h), (a) 
where ^1 is between and 1 ; 

<f> {x + dih) = <f>'x + 0,h<l>'' {x + 0Ji\ (6) 
where ^2 is between and ^1 ; 

f ' (x + ^2*) = f 'a: + ^a^f "x (x + ^3*), (c) 

where ^3 is between and 02 ; 

■ ••••••• 

where 6^^ is between and ^jn-i- 
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Farther, if A = 0, then 






(«. = . = J. 



Forming the successive diffi co. of (3), regartiing x as constant, and in the 
results putting A = 0, 

('»X=of": = ('")»=o'^'a;- (4) 

('n'). = (,fj;=2(m«'),„f'a:. (6) 

6 (mS)f:j+(™').=.f"»^ = e (»'H).t"f+K"'^).t"f + '<"**''*=''*'"''• '^' 

+ 4 (mri),,..;."!. (7) 

20 (m If )£. + 60 (^^- Sl)£. + 30 (»■ ^)£. + 60 [™ (,^)]£. 

+ 20 (m- s)^r>: + (r.').^,rx = 20 (^ t^)£x + 60 (^ S)_f ;:r 

+ 60(JS')S + 120(^^Tf)e + 20(»S)£x + G0(™^,^)£-x 

(8) 



+ 60(m^|')£a, 



^+ 90 f^^fa: 



+ 360 (». ^ ^)^f"x + 60 (»« ^Irx + 120 (^-?X X- 
+ 180 [>»' {s)'\r':+ 30 (m' ''£)£x+ (m'),^,^^'x = SO (»'S?)£^ 
+ 120 (^ S)j:^ + 60 {^^)r. + 180 (£ ^;)^£. 
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+ 360 ( <r S f )jy + 60 ( 0- ^ )j;. + 120 ( g S )j- 

+ 360 (. i^ ^)£x + 360 [5 (,^y]£. + 360 (^ '£ f ^^^ 
+ 30 (». ;!;^).f;'* + 120 (»«■ W-Xty + 360 (« s S).f, 



X 



•"'a: 







+ 180 («»^^^) r^ + 30 (^*S )i> + 360 [md^{f^y]£l 
+ 120 ^«^' ^^ <^y + 6 (m(9'*)A=o <^''^. * (9) 

If in (4), (5), (6), (7), (8), and (9) we put m = I, and write 0i for 6^, we obtain 
the same results as when /i = in the successive diff. co., with respect to /*, 
of (a)'. Hence, 

f X = <f>'x. (10) 

f'ar = 2(^i)ft = of'^. (11) 

rx = 6 (§) <f>"z + 3 (^,^),=o r*. ' (12) 

,^-x = 12 (S)£f + 24 (^. §)£x + 4 (^,')*.or:r. (13) 

<^^- = 20 (§)£. + 60 (^, t^£x + 60 (f )>. + 60 (^,« f)^^ 

+ 5(^i*),^o<^'a:. (14) 







'^x 



<^^'^ = 30 (S)£^ + 120 (^. :S')£»: + 360 (§ ^i)£a: + 180 (^,^ S)^<^' 

+ 360 [^1 (§)']£« + 120 (^i' |j)£a: + 6 {e^'),^,f'x. (15) 

Similarly, 



"^x 



X 



r"- = 42 (S0£? + 210 (^, '§)£'. + 840 (§ f ;)£x + 420 (^,» §')£ 

+ 030 ( S ); J. + 2520 ( e. S S ), r- + 840 ( § )' ^ 

+ 1260 [^,^ ( g )']£x + 420 ( 0.^ S )£* + 210 ( 0,* §)^£'x 
+ 7 (^i«)a=o«^"'x. (16) 
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Equation (a/ reduces to (f}X = <f)X, Avhen A = 0, but its diff. co., with respect 
to hy reduces to tf/x = (f/x, by (10). Hence by one differentiation with respect 
to h, h has been eliminated from one term in h<f> (x + dji). Consequently one 
term in A<^' (x + dih) is A<^'x. 

Again : when h = 0, the second diff. co. of [a)' with respect to A, reduces to 
<^"x = 2 {0i)h:=^o<l>'x, by (11). Consequently by two differentiations with respect 

to hy 77 has been eliminated from a second term in hcj/ {x + 0ih)y and a second 
term in that expression is 

In like manner by three differentiations with respect to A, and in the result 
putting A = 0, (12) is obtained from (a)\ Avhere it is plain 273 has been eliminated 
from a third term in h(f> {x + ^lA), and a third term in in that expression is 



2 



^ r^ = 2^ [e (i)£^ + 3 (^a^).=or^]. 



Additional terms may be found in the same way from (13), (14) . . . ., and with 
the foregoing ones substituted for h<f/ {x + 6ih) in (a)', giving 

(}>{x + h) = <i>x-{- h<f>'x + I' <l>"x + ^ <f>"x + '■^<f>"^ + (17) 

If, in (17), TT «^" (a; + 6/i) denote the sum of all the terms in the right mem- 
ber after the first n, and again — It denote the sum of all the terms after the 
first m, m being any integer between n and 2 n, we can write the two equations 

<j>(x + h) = <f>x + h(l>'x + J <f>"x + ^ f "x + . . . . S «^» - »x + ^ <^"(« + 0A). (18) 



A« ... . h? A" ._ . /*" + ' 



» + 'a; 



4,{x+h) = <f>x ■\- Af X + 2 f X + o r^c + ^ ^"=^ + [irqH «^' 

+ ----|^<^"-^=« + |^- (19) 

From (18) and (19), 

By differentiating (18) n times, regarding x as constant, 

^' (X + A) = <^" (x + dh) + nA ^^^2-^^^ '- + 2 ^ 

h' d'r (X + eh) 
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From (18), when n = 0, 

<f>{x + h) = j<f>''{x + 0h) = <IP{x+0h\ and ^=1. (22) 

Ifn = oo,then, by (20), 

<!>'' {x + eh) = <^% and = 0. (23) 

From (20) and (21) we find the quantity (f/" (x + 0h) can never equal either 
<f)^ {x + h\ or <^"x, unless n has such a value as to cause all the terms after the 
first, in the right members of (20) and (21), to vanish. 

This can only happen in (20) when n is infinite, and in (21) when n is zero. 
Hence for finite integral values of 7i, is a positive proper fraction, or ^ is 
between zero and a unit. 

Differentiating (20), regarding x as constant, 

d9 1 2 A 

I 3A» (m-«)A:rr! !?'+ ^^"-' ^^. ,„., 

^(« + l)(« + 2)(» + 3)?' •^^••••(»+l)....7«-'^ ^ (»+l)(n + 2)....«» ci4 l^^) 

In (24), when A = 0, 

WA=o<^" + 'a; = ;j^,^" + 'a;, and (^)*=o = ;:^. (25) 

Continuing the differentiation of (24), regarding x as constant, and in the 
results putting A = 0, 

2 (^^)£o"^ + (n=o«^"^^x- = (.AhX2) - (26) 

4 (S)ir-^ + i<^i).r'- + 12 (i);*;-. + 12 (^%;-x 

+ mn = ^V^'^= i^n+l){n + l)....(^n^^) - (28) 

From (25) and (26), 

Again, from (27), by the aid of (25) and (29), 

f^\ — /2. 3(n+l)'-(M+2)(« + 3) \ / .^"^V X / 2(>t+l)-(»+2 )\ ^ ^'**x \* ,„^^ 
V''*7a = o~ V 3(«+l)'. (» + 2) (n+3) j \^^" + 'a:; " \^ (n + l)». (« + 2yJ \r^^)' (^") 
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In like manner it may be shown, from (28), that 

f^\ — / 2'3.4(n -f ly- (n + 2) (n + 3) (n + 4) \ /£j^\ _ / 2.3 (n + 1) - 3 (n 4- 2) 
\dhy ~ \ 2''{n -f iy.(n + 2) (n + 3) (n + 4) J [^r"^'^) ~ \ 2(n -f l)^ (/i + 2) 



+ -7 



2.3^(71+1)^-3 (n+2)(n-f 3) \ /^»+^ ^^\ /2^.3 (n+l)'-2l 3 (n+1) (w-f 2) -f 3(n+2) 



)-C 



.2 



3(71-1- l)*.(n-H 2) (w-l-3) J\y^^x' fi^-^'x) \ 2*-' (71 + 1)^(71 + 2)'^ 

2.3(71 -fl) --3(71 4- 2) \ /^-*^\2 
~ (Ti-f ly. (71 + 2) y V</»»+^a:y • V^^; 

In the same way, the values of f j^ ) ? ( 5^? ) • • • • ™^y ^^ found. 
From (25), 6 = ^~:p^ + <^, where ^ = when A = 0; but by one differen- 
tiation with respect to A, and in the result putting h = 0, 

/de\ _ /d^\ _ / 2(7i+ 1) -^(7i4-2) \ / <^*+»a \ 

by (29). Consequently, by one differentiation with respect to A, h has been 
eliminated from one term in <^, and also from a second term in 0. Hence, before 
differentiation, 



^ = .4- 



1 ^j.f^\^A'- 1 , . r2(n + l)~(n + 2) /<^"^«a:\-] 

+ 1 "T" '^ \^rfAy^+ <P — ^TTl"^^ L2Cn+l)^(7» + 2) V*"+'a:JJ "*" ?^ > 



where <^' and ( ^ ) both vanish when h = 0. Differentiating the last equation 
twice, regarding x as constant, and in the result putting '^ = 0, ( -77^ J 

~ Vrf^ ) ^^ *^® right member (30). Hence by two differentiations with 
respect to h; — has been eliminated from a term in (f/j and from a third term 
in B. Consequently, 

a- 1 4. A /'^^ -^ *" (^^ -^A!'- ^ -«- A r/ 2(n+l)-(n + 2) \ /.^-^'x\-| 

A» r/2.3(«+l)'- (n+2)(« + 3 )\ / 4.'-^«a; \ / 2(»+l)-(«+2) \ /^^^XH ■ ,„ 
+ 2 [_\^ 3(n+'iy».(»+2).(»+3) j V<^-+'xy \^ (» + l)'. (»+2) ^ \i>'*'x) J "*" <P ' 

where <A", ^', and ^^ vanish when A = 0. In hke manner additional terms 
may be found, and the general form of 6 shown to be, 
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where fj/A _ J (^/r-), _^^ ^^^ expressible in terms ^'•^^x, <^" + *a;, <^2«^^ 

as in (29), (30), (31). 

From (11), (12), .... (IG), it may readily be shown that 

fdOyX _ 1 ^ 

V^/Va = o "^*"^' (33) 

\^/A = o~ ^^^ *''* ^^ "^"^ "^"^ ^' \^/ * ^^^^ 

(d%\ _ 13 ^2'^ _ 43 ^^ ^ 7 ^1^ /^V_ 1 /^\^_ 3 f<f>"'x\^ 

\ilh^ /^=o~ ^^^ *''^ ~ ^'^^ ~^"^ *''^ ^^ "^''-^ \*""^ / ^^ \ "^"^ y ~ 32 \¥^) ' (36) 

[W )^^Q~ 896 </»"a; 384 </»"aj <f>''x "*" 64 </»"x ^s^''-c J 108"^ \<l>''x ) "" 16 \^^^ ) 4^ 

''a; ^ 1152 \<t>"x J ' \^*) 



53 ^ ^^ 

384 </»"ir "<^ 



The value of di may be found from those of 

/iWA fd%\ /cP$,\ 

in the same manner that the value of 6 was derived from those of * 

/dB\ f<m\ 

Hence 

^1 — 2 "'" ^ |_24 <^"a; J "■" 2 |_24 </."-c 24 \^<^"a; ) J + • • • •» (38) 

or, 

^. - 2 + ^ V^A;,+ 2 VrfA^;,+ 2.3 VrfA»; +„• • • • L« V^A-; +„• • • - (39) 



where 






are expressible in terms of (f/'x, (f/'^x, . , . . (f/^^^x. 

If in (5), (6), (7), (8) and (9) we write di for m, ^2 for 0, and advance each 
order of diflf. co. of x to the next higher, we obtain the same results as when 
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A = in the successive diiF. co. with respect to h, of (6)', and these results by 
easy reductions give 

/d6,\ _ 1 ^'^a: , 1 't>"'x 

l^A = o ~ ^ *"'^ "^ 48 ^- (40) 

('^\ - J_ 5^ _ J_ /'*!!fV-l- _L *!!? _ 1 /^*::^V fA^^ 

\*'V* = ')~' *^^ *"'^ ^^^ \*"'*/ 288 ^"a; 48 [^'f'-'x J ' i*^) 

\<i^)^-a~ 5120 ^"ar 512 .^'"a: <^"a; "^ 3072 l^<^"'a: j ■"" 1280 ^"x "^ 768 ^ ^ 



119 ^ ^ , 11 /'^ 
~ 2304 <a <l>"x ' 384 



or; 
where 



From these values of (^* j , idJi^) ,...., we find 

Pa — 4 i- ft 1^96 ^'"x ^ 48 *"x J ^ 2 |_192 ^'"a; 192 \^<(."'x j ^ 288 .f/'a: 48 ^*"» j J 
+ (43) 

02 = i^^ {ai\t ^ (^Ato 2-3 W),t- ■ ■ • ^ {^'Xt- • ■ •' ^^^^ 

W. = o'l<^V*=o W. = o 

are expressible in terms of <ft"x, <^"'x, . . . . <^"'*'^x, as in (40), (41), (42). 

If in (5), (6), (7), (8) and (9) we write $, for m, «, for 0, ^'"x for ^'x, ^"x for 
<^"x, and so on, then reduce the results, we get 

{'"•\ _ i_ i!» I i_ *!!£ 4. i *'? /iSl 

V"/'»»D~ ■'"*' *"'' "^ *"' * *""' ' 

fd^Br\ ___l_.^"a! ?_ /*Ii£\" I _!_*"* _ 1 /^^N^L _I_*!!?_1 1 ■^''jg »'"» 



From these values of f ^ 1 t ( ;/a^ ) ,...., we find 

^■=8+KS).+ ¥(^) + --^(S) + .... 



(47) 




354 WuiTCOM : On the Expaiision of <f>{x + h). 

where (^/A^) y{dp) >• • • • are expressible in tenns of <^"a-, <^"'x, . . . . ^* + *a;, 

as in (45), (46). 

In general, it may be shown that 

where ( 7/7 ) > ( 7/a« ) » • • • • ( </A"-* ) _ ^^^ "^ expressed m terms of ^ a-, 

<^'"x, .... <^""x, as in preceding cases. 

Eliminating f (x- + O^h), f {x + ^2*) <^"-' (^^ + ^—i*) from (a)', (6)', 

. . . . , there results 

<f>(x + h) = <f>x + h(t>'x + e,h^<f>''x + OAhY'^+''''0i^^^^^ (49) 

Since 0i contains h, h^, h^, .... as factoi-s, and does not contain h in any other 
fonn, and since the same holds true in the expressions giving the values of ^j, 
^3, . . . . , it is plain that (49) will contain h as a factor in the regular ascending 
integral powers, //, 7i^, /^^ . . . . , and will not contain h in any other form, when 
^x, ^2? • • • • ^re replaced by their values in terms of r and h. 
From (39), (44), (47), and (48), we readily find 

taining A®, W^ . , . . (50) 

containing h^^ Ji^y . . . . (51) 

diO^Ozh^^^'^x = A*<^^^a: £5 + 32 ( ^* "I" "^^ "I" "^ j "I" terms containing A', 

A', (52) 

0i920s0ik^(f>'^x = A^<^^x i> * 4 • 8 * 16 M" ^^^^^'^ containing A^ /^^ .... (53) 

In (50), (51), (52), (53), replacing the several diff. co. of ^1, 02^ . . . .hy their 
values in terms of x and h, and substituting the results for 0i^<f>"xj 0i62h^<f>''xj 
. ... in (49), we get 
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.<fx+k<p'x 


-?*■ 


■-£ 


*'"-:4 


*-'-£ 




. U J. 
^1030 


*'^-?£^- 


11 A' 
1152 








-T 


*"•"+&, 


.*-«+^; 




^ 7li3 


*'-S^- 


,1«2 










+£ 


*"-s 




''*"3072 
+ '' 


■^ 7(fS tf"x 
^ 70» ^"* 


A' 
1152 

1»2 


(*■"■)' 



768 0"j: 



1536 <t-"x 



I 1 



- tenns containing /j*, A^, . 



1536 <i>"x 
Uniting terms, 

^(x + h) = ^x + h<j>'x + ^ <f>"x + 2-3 <^'"3^ + 2 3 ~4 "^'^^ "f" 2. 3. 4 " 5 "^^^ "^ terms 

containing A*, h", . . . . 

A' 
By extending the work, it may be shown that <f> (x + h) =■ tl>x -\- htj>x + g ^"* 

+ 2^ 4>"'x 4- . . . . — 4'"^ + such terms in 6ik'^<f>"xj di62^t'<f>"'x, .... 61$^, .... 

^»_iA"'^"{3; + ^„A) as contain A" + ', A" + ^ . . . .,but no power of A less than /i" + ^ 

The 8um of all the terms in the right member of the last equation, after the 

first n, may be denoted by "j^ <^"(a; + ^A), giving (18), and the value of 

found as before. 



On the Theory of Rational Derivation on a Cubic Curve, 



By Wiluam E. Story. 



Theorii of Indices, 

Ix a recent number of this joiinial* Professor Sylvester has given the ele- 
ments of a theory of rational derivatitm on a cubic curve, i. e. a theorv of those 
points of the curve whose co-ordinates can be expressed as mtional functions of 
an arbitrary inHial point of tlie same ; a theory which, although devised for the 
purpose of solving an arithmetical problem,! has an interest of its own from a 
geometrical point of view. It is, so far as it goes, the essence of the theory 
of the representation of the points on a cubic by means of a single parameter, 
i. e. its methods are substantially the same as those which have been employed in 
the development of that theory, but it does not assume any such actual repre- 
sentation. Previous* to the above-mentioned foundation of this theory no one 
had ever, so far as I know, considered other rational derivatives of a point than 
its tangentials of various orders. 

In this paper 1 propose to develop this new theor?/ of indices in a more general 
and symmetrical form than that originally given to it ; and, finally, by combin- 
ing it with the theory of parameters, I shall solve a number of problems espe- 
cially relating to the enumeration of points having certain properties analogous 
to those of singular points or of the contacts of singular tangents. 

I shall call, with Professor Sylvester, the point in which the junction of two 
points of the cubic again meets the curve the connective of those two points; then 
it is evident that the connective of any two rational derivatives of a common 
initial point is also a rational derivative of the same initial. The tangential of 
a rational derivative is only a special case of such a connective, viz. the connect- 
ive of the rational derivative with itself It is by this method of collineation that 
Professor Sylvester obtains the derivatives. That such a method will give all the 
rational derivatives of a point is not yet proved, and the question is irrelevant to 

• This volume, pages 58-88. 

t Xaiuel y, from one solution in integers of the ei^uation u;^ -f y' -f 2^ + kxyz = 0, to find othera. 
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the present investigation ; but, in view of the results obtained, it is difficult to see 
how any geometrical method can give other rational derivatives ; at all events, 
I shall for the present use the expression derivative to designate such a derivative 
only. The derivatives which are thus obtained are the points to which corre- 
spond, as I shall show, values of the parameter diflfering only by multiples of 
certain periods (the inflexion-periods) from commensurable values, if the param- 
eter jLt be so chosen, as it always may be, that /a + //.'+ fL''= is the condition 
for three collinear points. The difference in method of the theories of indices 
and parameters consists in this : that in the latter continuous values of a param- 
eter are assigned to the continuous points of the curve in accordance with its 
equation, while in the former to an arbitrary point taken as the initial an index 
1 is assigned, and then to its derivatives in a certain order all positive and nega- 
tive integers as indices. The index of a derivative thus expresses (with a certain 
modification due to the inflexion-periods) the number by which the parameter of 
the initial must be multiplied in order to obtain the parameter of the derivative. 
Viewed from an algebraic standpoint, as Professor Sylvester has shown, the 
square of the index of a derivative on a non-singular cubic is the degree of the 
co-ordinates of the derivative in terms of the initial ; and from a geometrical 
standpoint, as is proved in the sequel, it is the number of points which bear to 
any given point the relation of initial to derivative with the index in question. 
This method of indices is particularly useful in determining the number of points 
whose derivatives satisfy certain conditions, and for such a determination it is in 
general necessary to take into account the periodicity of the parametric repre- 
sentation ; at least it is necessary to distinguish the cases in which there is no 
period, or one or two periods. The advantage of considering the periodicity 
need not be lost in using the method of indices, so long as the problem in hand 
does not involve the actual determination of points, but only their number. 
If the question of reality enters, of course the nature of the periods and their 
relations to the co-ordinates must be considered. The condition of coUineation 
above cited must be our guide in the assignment of the indices, in order that the 
relation mentioned may subsist between index and parameter,* i. e. for the indices 
a, 6, c of three collinear points the fundamental formula holds, 

a + 6 + c = 0, 

* For the condition of coUineation might have been chosen any linear relation between a -{-h -\- c, 
&c -f- ca -H aft, ahc and an arbitrary constant, i. e. any linear relation between the coefficients of the cubic equation 
of which a, 6, c may be regarded as the roots ; but it is more convenient to consider this condition as put, by 
a proper transformation, which is not in general algebraic, into the form given above. The indices of aU the 
rational derivatives of any point will then be integers ; otherwise they will be commensurable fractions. 
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or [«,&]=-(«+&), (1) 

if, in general, [a , 6] denote the index of the connective of two points whose 

indices are a and 6. In particular, for the tangential of a point whose index is 

a we have 

[a,a]= — 2 a, (2) 

and for an inflexion 

— 2 a = a, i. e. a = 0, (3) 

so that each inflexion has the index 0. I shall have occasion hereafter to 
distinguish derivatives having a common index by means of suffices, but at pres- 
ent we will confine our attention to one point corresponding to each index, and 
to one inflexion selected at pleasure (a real inflexion, if we are to consider real 
derivatives) and give it the index 0, so that it will not yet be necessary to use 
any distinguishing mark. The connective of any point with an inflexion may 
be called the opposite of that point with respect to the inflexion. For the opposite 
with respect to of a point whose index is a we have 

[a,0] = -a. (4) 

We know that the opposites of three collinear points with respect to the same 

inflexion are also collinear; hence, if [a,6] = — (a + 6) for any particular 

values of a and 6, then 

\-a-h] = {a + h). (5) 

• 

It is necessary to show that the indices can be assigned so that the funda- 
mental formula (1) shall hold for any two derivatives and their connective. The 
application of (4) and (5) will make it unnecessary to prove the formula separ 
rately for all cases ; viz., every number of the form 3 m — 1, in which m is any 
positive or negative integer, is the negative of a number of the form 3 m + 1 ; 
after I have assigned all the indices of the form 3 m + 1, 1 shall assign those 
of the form S/w — 1 by (4); and when the fundamental formula has been proved 
for the connective of any two indices of the form 3m + 1, it is shown by (5) to 
hold for two indices of the form 3 m — 1.' It will be noticed that, if a and h are 
both of one of the forms 3 m + 1, 3 m — 1,3 m, then — (a + 6) is also of that 
form ; and if a and h are of diflferent forms, — (a + 6) is of the form different 
from either. 

The proof of the fundamental formula, after the indices have been assigned, 
depends upon a special form of a theorem of Professor Sylvester's ( Salmon's 
Higher Plane Curves, 2d ed., page 135), which may be put thus: If four points 
on a cubic be grouped in pairs in any way, the connective of the connectives of the points in 
the separate pairs is independent of tJie manner of grouping. The point which thus 
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depends only on the position of the four given points is their coresidiialj and 
its index may be denoted by [a,6,c,cZ], where a, 6, c, d are the indices of the 
four points. The theorem just stated may then be expressed thus : — 

[[a,6],[c,d]] = [[a,c],[6,rf]] = [[a,f/],[6,c]] = [a,6,c,cr|. (6) 

For convenience I omit the inside brackets and write the indices in the 

order in which they are used in pairs, separating them by commas; thus (6) 

becomes 

[a,6,c,rf] = [a,c,6,rf] = [a,d,6,c]. 

Later I shall speak also of the coresidual of 3 7i + 1 indices instead of the 
index of the coresidual of 3 w + 1 points. The indices of the form 3 /i + 1 are 



assigned thus: 



1 = index of the initial, 
[1 , 1] = — 2 = index of the tangential of the initial, 

and then, by the- use of — 2 and 1 alternately. 



[-2,- 2] = 4, 

[-5,- 2] = 7, 
[-8,- 2] = 10, 



from which follow 



4,l]=-5, 
7,1]= -8, 
10,1] = — 11, etc., 



-2,1] = 1, 

- 5,1] = 4, 

- 8,1] = 7, 
-11 , 1] = 10, etc., 



[ 4,-2] = -2, 

[ 7,-2]=-5, 

[10,- 2] =-8, 

SO that, if a is any index of the form 3 m + 1, 

[a, 1] = - (a + 1) and [a,- 2] = - (a - 2). 

If a and 6 are any two indices of the form 3m + 1, then by (7) and (6) 

[«,6] = [-(« + l),l-(& - 2), -2] = [-(a+l),-2,- (6-2),l] 
= [a + 3,6 -3], (8) 

so that the index of the connective* of two indices remains unchanged if either 
index be increased by any multiple of 3, while the other is decreased by the 



(7) 



* It is a convenient abbreviation to speak of tbe connective of two indices instead of that of the corre- 
sponding points. 



360 Story : On the Theory of Rational Derivation on a Cubic Curve. 

same multiple of 3, the sum remaininj^ constant. Whatever value = 1 (mod. 3) 
either index may have, it can be increased if negative, or decreased if positive, 
by such a multiple of 3 that it shall become 1, so that (a and 6 both of the form 
3m + 1) 

[a,&] = [a + 6- l,l] = -(a + 6); 

and hence by (5) 

[-a," &] = (« + 6), 

i.e. the fundamental formula holds for any two indices, both of the form 
3m + 1, or both of the form 3m — 1. I will intixxluce multiples of 3 by the 
formula 

[3 m— 1,1] = — 3 m, (9) 

for all positive and negative values of m, in accordance with the fundamental 
theorem. Then also, for all values of m, 

[3m,l] =-(3m + 1). (10) 

Then by (1), (4), (6), and (9), of which (1) and (4) are now known to be true 
for indices of the form 3 m + 1 and of the form 3 ;w -— 1, 

[3;yi+l.,-l] = [-3m+l,-2,l,0] = [-3;w + l,0,-2,l]=[3/»— 1,1] 

= -3m, (11) 

from which follows 

[3m,- 1] = -(3m - 1). (12) 

Moreover 

[37;j,0] = [-3m + 1,-1,0,0] = [- 3m + 1 ,0 ,- 1 , 0] = [3m — 1,1] 
= -3m. . (13) 

It has now been proved that, for all values of a, 

[a,l] = -(a+ 1), [a,- l]=-(a- 1), and [a,0]=-a; (14) 

whence, for all values of a and 6, 

[a,6] = [-a-l,l,-6 + l,-l] = [-a-l -l,-ft+l,l] = [a + 2,6-2], (16) 

which can be repeated any number of times until one or the other of the two 
indices becomes or 1, in either of which cases the fundamental formula holds ; 
hence it holds for all values of a and 6, i. e. 

I. The connective of am/ two indices is their negative sum. 
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For the coresidual of four indices a, 6, c, d we have 

[a,6,c,cr] = [— a — 6,— c — (r] = a + 6 + c + rf, (16) 

i.e. 

XL The coresidual of four indices is their sum. 

In general (see Salmon's Higher Plane Curves, 2d ed., §§154-161), given 
any 3 n — 1 points on a cubic, all the curves of the order n which can be passed 
through them will intersect the cubic again in a fixed point, the residual 
of the given 3 w — 1 points ; and given any 3 n + 1 points on a cubic, any 
curve of the order n + 1 which can be passed through them will intersect the 
cubic again in two points whose connective is a fixed point, the coresidual of the 
given 3m +1 points. Furthermore it is substantially proved (Salmon, 1. c.) 
that, in the determination of residual or coresidual, for any group of 3 A + 1 
points can be substituted their coresidual ; hence, in the determination of the 
index of the residual or coresidual of any number of points of the numbered 
scale, for any four indices we may substitute their sum. We may then group 
the given indices together by fours as far as possible, and substitute for each 
four their sum, thus reducing the number of indices by a multiple of 3, without 
altering their sum. The same reduction may be made in the system of indices 
thus obtained, and this process carried on until the number of indices is less than 
four. We speak only of a residual of 3 n — 1 points and the coresidual of 3 n + 1 
points ; so that, after the above reduction in the number of points by a multiple 
of 3, there will result two points whose residual is their negative sum, or a 
single point which is the coresidual of the given 3 n + 1 points. Hence 

HI. The residual of any 3 n — 1 indices is their negative sum, and the coresidual of 
any 3 n + 1 indices is their sum. 

m 

It may be added that the sum of any Sn — 1 indices is the coresidual of the 
group formed by annexing to them the inflexion twice ; the negative sum of 
any 3 n + 1 indices is the residual of the group formed by annexing to them the 
inflexion ; the sum of any 3 n indices is the coresidual of the group formed 
by annexing to them the inflexion 0; and the negative sum of 3n indices is 
the residual of the group formed by annexing to them the inflexion twice, 
i.e. is the 3(n+ 1)*** intersection with the cubic of every curve of the order 
n + 1 which passes through the 3 n points, and is tangent to the cubic at the 
inflexion 0. 

Theorem II. can be put into this simple form : The sum of the indices oftheSn 
points of intersection of any u-tMc with the cubic is 0.* 

* Compare Clebsch, VorUstmgtn nber GtometrU^ edited by Lindemann, VoL I. p. 623. 
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The foregoing is the complete theory for cuspidal cubics, which have only 
one point of inflexion ; but on a cubic having more than one inflexion^ a series 
of derivatives whose indices are of the form 3 m and 3 tw — 1 exists for each 
inflexion, and theSe series determine by coUineation yet other series whose 
indices are of the form 3 m + 1. 

An acnodal or crunodal cubic will have three collinear inflexions ; let their 
indices be Oq , Oi , O2 (the numerical value of the index of any inflexion is 0, as 
above proved); let the indices Oq, for all integral values of a, be assigned as in 
the preceding case the indices a were, i.e. let Iq be the index of any point 
on the curve, let — 2o,4o, — 5o,7o, .... be assigned with respect to Iq as 
— 2,4, — 5,7, . . . . were assigned with respect to 1, and let — Iq , 2o , — 4© , Sq , 
.... be assigned with respect to Iq and Oq as above — 1,2,3, — 3, — 4,8, . . . . 
were with respect to 1 and 0. Further, let 

[«o , O2] = — Oi and [oq , OJ = — a^ (17) 

serve for the assignment of all indices with the suffices 1 and 2. Then, for all 
values of a and 6, 

[Oo,0o] = Oo,[Ox,oj = 0,, [02,02] = O2, 

[0l,02]=0o,[02,0o] = 0i,[0o,0i]=02, 

[ao,6o] = — (« + &)), 

[01,62] = [— GTcOa,— 6o,Oi] = [— Oo,— 6o,Oi,Oa] = [(a + 6)o,Oo] = —{a + h\, 

[fhA'] = [~ao,Oi,— 6ojOo] = [— Oo,— 6o,Oo,Oi] = [(a+ 6)0,02] = — (a + 6)i, 

[ao,6i] = [—00,00,-60,02] = [— Oo,— 6o,Oa,Oo] = [(a + 6)o,Oi] = —(0+6)3, 

[oi,6i] = [-00,02,-60,02] = [—00,-60,02,02] = [(a + 6)o,02] = —(0 + 6)1, 

[02,62] = [— ao,Oi,— 6o,0i] = [— oo,— 6o,Oi,Oi] = [(o + 6)o,0i] = —(0+6)2; 

so that, in general, if p (x) denotes the minimum positive residue of x (mod. 3), 
we shall have 

[Op , & J = — (a + 6)p[-(p + g)] , (18) 

where each of the numbers p and q has one of the values 0, 1, 2. Evidently 
then 

= [a + 6 + c + rf]^(, + ,+,4.„. 
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By a simple extension of these formulaB, as in the case of the cuspidal cubic^ to 
the residu<al or coresidual of any number of points, we have 

IV. Tlie residual of any 3 n — 1 indiceu on a crunodai or acnodai cubic is their 
negative sum with a suffix equal to the minimum posUive residue {mod. Z) of the negative 
sum of their suffices ; and the coresidual of any 3 n + 1 indices on such a cubic is the 
sum of their indices tvith a suffix equal to the minimum positive residue {mod. S) of the sum 
of their suffices. 

The presence of an inflexion in a group of derivatives can only affect the 
number of indices in tlie group and the suflRx of the resultant index, i. e. can 
only have an effect in determining whether the result is residual or coresidual, 
and hence whether the sum of the indices and the sum of the suffices are to be 
taken with the positive or negative sign. With this in mind it is easy to make 
additions to the theorem just given analogous to those which we made to 
Theorem II., respecting the meaning of the positive sum of 3 » — 1 indices, the 
negative sum of 3 n + 1 indices, and the positive and negative sums of 3 n 
indices, each with either possible suffix. For instance, the sum of 3 n indices 
with a suffix equal to the minimum positive residue (mod. 3) of the sum of their 
suffices is the coresidual of the group formed by annexing to the given Sn 
points the inflexion Oq; the same sum with a suffix one greater (mod. 3) is the 
coresidual of the group formed by annexing to the 3 n points the inflexion Oi ; 
the negative sum of 3 n indices with a suffix equal to the minimum positive 
residue (mod. 3) of the negative of the sum of their suffices is the 3 (n + 1)'** 
point of intersection with the cubic of every curve of the order n + 1, which 
passes through the 3 7i given points and touches the cubic at the point of inflex- 
ion Oq , and also of every curve of the same order which passes through the 3 n 
given points and through the inflexions Oi and Og ; the same index with the suffix 
increased by 1 will be that of the point of intersection when Oi is the point of 
contact or the curve passes through Oq and O2, etc. 

These theorems are true for the derivatives obtained by means of any three 
collinear inflexions, if three or more exist, and will therefore be true for non- 
singular cubics as well as for acnodai and crunodai cubics. Non-singular cubics 
have nine points of inflexion lying by threes in twelve straight lines ; designating 
any three inflexions which are not collinear by Ooo, Oqi, Oio, in accordance with 
the above principles I will assign double indices to each of the other six inflex- 
ions (using only 0, 1, 2 as suffices) so that the conditions of collineation for 
Op ,, 0,.^,, Ot^u shall be p + r + t = and g + 8 + u= Oy or, using p(x) as 
above, 
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L e. in general 

[^,ff ^ ^. J = — (a + &)p[-a» + r)].p[_(g + .)] . (24) 

From this follows 

= (a + 6 + c + d\^p^r^t-\.v),piq + M + u+w) ; (25) 

and hence, by a process similar to that employed in the previous cases, — 

IV. Tlie residual of any 3 n — 1 indices on a non-singular cubic is tJieir negative sum 
vnth first and second suffices equal to the minimum positive residues (mod. S) of the negative 
sums of t/wir first and second suffices, respectively ; and the coresidual of any 3 n + 1 
indices on such a cubic is their sum tvith first and second suffices equal to tlie minimum 
positive residues {mod. 3) of the sums of their first and second suffices, respectively. 

An extension to the sum of 3 n — 1, the negative sum of 3 m + 1, and the 
positive and negative sums of 3n indices, with the various combinations of 
suffices, may be made here, as in the previous cases. 

Compound Derivation. 

The problem of compound derivation is to determine the point which is 
derived from a given derivative just as a certain other derivative is obtained 
from the initial. For instance, to determine the a of 6 is to determine the index 
which is derived from b just as a is from 1, where a and 6 may have any suffices 
in accordance with the notation already employed. In forming the derivatives of 
6, evidently the same operations (additions and changes of sign) are performed 
as in forming the derivatives of 1 ; the only difference is, that in the former case 
they are applied to multiples of 6, but in the latter case to the same multiples of 1. 
Hence the numerical value of a of 6 is a times the numerical value of 6, i. e. is 
aby to which, if necessary, proper suffices must be given ; and the problem 
really reduces to that of finding the suffices of the compound derivative when 
those of the components are known. 

In the case of a cuspidal cubic there is only one point of inflexion, no indices 
are necessary, and, for all values of a and 6, 

a of b = ab. - (26) 

In the case of an acnodal or crunodal cubic only one set of suffices is neces- 
sary, and evidently 

a, o{ b, = (ab),, (27) 
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derivatives of the initial. Such a system is a closed system, i. e. the connective 
of any two natural derivatives of a point is also a natural derivative of that point. 
The natural scale taken with either series of indices of the form 3 m — 1 and a 
certain series of indices of the form 3 7/i constitutes a closed system. For exam- 
ple, the three series (3 m + l)o, (3 m — l)i, (3m)2 constitute a closed system, as 
also (3m + l)oo, (3 m — l)i2, (3m)2i. In fact, if j9, gr, r are the numbers 0, 1, 2 
m any order, and «, <, u the same numbers in any order, then (3w + l)p^„ 
(Sm — l)g,M (^^)r,u constitute a closed system. 

If real derivatives alone are to be considered, the system of indices without a 
suffix may be employed for crunodal as well as cuspidal cubics, and that with 
one suffix for non-singular as well as acnodal cubics. Indeed, if account is taken 
only of the closed system (3m + l)^,, {Sm — l)g.o (3 m)^ „, there is no necessity 
for writing the indices, of which the form 8 m + 1, 3 w — 1, or 3 m gives sufficient 
indication. 

The system without suffices is to be regarded as included in that with one 
suffix, which is itself a special case of that with two suffices ; and it will be con- 
venient in the sequel to give every index two suffices, supplying in place of 
each missing suffix ; thus what I have heretofore denoted by a will now be de- 
noted by c/oo, and that heretofore denoted by a^ will be denoted by Op o or OQ^p. 
Some agreement must be made as to the manner of supplying the missing suffix 
when only one is expressed, and this will affisct in some degree the application 
of the theory of suffices to that of parameters, about which I shall presently say 
more. 

The system above given without a suffix, as applied to non-singular cubics, is 
the only one explicitly treated by Professor Sylvester, who actually expresses the 
co-ordinates of such derivatives as rational algebraic functions, and from these 
expressions proves that the degree of the co-ordinates of the a^ derivative of 
any initial in the co-ordinates of the initial is the square of the numerical value 
of a,* and from this he infers that the number of a^ subderivatives of any point 
of the cubic (i. e. the number of points of which the given point may be consid- 
ered as derivative with the index a) is a*. This theorem is only true of non- 
singular cubics, and the proof seems to be wanting that every point obtained by 
equating to given values the co-ordinates of the derivative in terms of the initial 
is a point of the cubic. In so far as the theorem is true it holds also in the nota- 
tion of this paper, inasmuch as the absolute numerical value of the index of any 
given derivative is the same in my notation as in Professor Sylvester's. This 
missing step is made good in the sequel. 

* Seepages 184-189. 
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m 

Application of the Theory of Indices to that of Parameters. 

The co-ordinates of any point of a cubic can be expressed as functions (ra- 
tional or irrational) of a single parameter, which functions are either non-periodic, 
singly periodic, or doubly periodic ; * so that we can classify cubics as non-periodic 
(cuspidal), singly periodic (acnodal or crunodal), and doubly periodic (non-singular). 
The non-periodic functions are algebraic ; the singly periodic either trigonometric 
with a real period 9,t or exponential with an imaginary period 2i9; and the 
doubly periodic functions are elliptic with a real period 2 K and an imaginary 
period 2 iK\ X 

Let o), (a denote the periods of the cubic, of which, say for convenience, o) is 

real and co' is imaginary. Let also (/x) denote the point to which corresponds 

the value /x of the parameter, 'and let the sign =, if the modulas is not expressed, 

denote equality, congruity (mod. co), congruity (mod. o)'), or congruity (mod. w, co'), 

according as the curve is non-periodic, singly periodic with real period w, singly 

periodic with imaginary period co', or doubly periodic with real period o) and 

imaginary period J. Then the condition that three points (/x), (/x'), {jj!') shall 

be collinear is 

,i + /i' + /i"=0, (37) 

i. e. the parameters of collinear points satisfy a congruence similar to the equa- 
tions satisfied by the indices of three collinear derivatives of a common initial. 
Hence, if a is any integer of the form 3 m + 1, 

aooof(/.) = (a/i). (38) 



• This representation of the singular cubics seems to be due to Salmon (Higher Plane Curves, 1st ed., 1852, 
Arts. 177,- 178, and 183) ; and that of the non-singular cubics to Clebsch (Ueber einen Satz von Steiner und 
einige Punkte der Theorie der Curven dritter Ordnung, Crelle's Journal, Vol. LXIIL, 1864). For a more 
thorough and systematic treatment, see Durege, Ueber fortgesetztes Tangentenziehen an Curven dritter Ordnung 
mit einem Doppel- oder Kiickkehrpunkte, Math. Annalen, VoL I. pp. 509-532; and Clebsch, Vorlesungeu 
iiber Geometric (hernusgegeben von Lindemann), Vol. I. pp. 602 - 660. For further references, see Bibliography 
at the end of this article. 

t I use the sign to denote the ratio of the circumference of a circle to its diameter, usually represented 
by w, and the reversed sign 6 to denote the base of the natural system of logarithms. 

X With the usual notation K and K' are the complete integrals of the first kind corresponding to the 
modulus k and its complementary Vf, 

The simplest representation seems to be the following, in which x, y, z denote the homogeneous co-ordiuates 
of any point of the cubic : — 

For a cuspidal cubic, x :y: z^ fi: I : fi\ 
For an acnodal cubic, x:y : z = sin fi : cos ft : sin* /a. 
For a crunodal cubic, x : y :z= 6** : G^a* : 1 — G^a*, 
For a non-singular cubic, x:i/:2 = sn/i:cn/i.dn/i: sn*/i. 
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From (37) follows that the parameters corresponding to the inflexions are the 

solution of the congruence 

3/i = 0, 

i. e. for a non-periodic cubic, /x = ; 

for a singly periodic cubic, /^ — , J oi , f oi ; 

for a doubly periodic cubic, /x = , J oi , J oi , 

J oi', J 01 + J co', f CO + J co', 

f co', i CO + f co', I CO + f co'. 
So that, in general, say, 

Op.g=i>-*^ + ?.*<«'• (39) 

From (24), (38), and (39) follows 

«P.^ of (/x) = [— 00,0 of ill) , 0,(«p),,(. J = [(— «/^) . (— ;> . i <w — gr. J oi')] 

= (a/i +p.\(a + q.\(a). (40) 

From (39) and (40) follows that the first suffix of any index refers to the real 
and the second to the imaginary period ; hence, in supplying a missing suffix, 
the new suffix must be made the second or first according as the existing 
period is real or imaginary. 

From the expressions for the co-ordinates given in the third footnote on page 
368, it is evident that the necessary and sufficient condition for the* reality of 
the point corresponding to a value ft of the parameter is 

|i = 1/ (mod. \ co'), (41) 

where v is real, which is equivalent to the condition that either /i is real or its 
imaginary part is half the imaginary period ; if there is no imaginary period the 
parameter is real. 

From (40) it is evident that any point whose parameter differs from an inte- 
gral multiple of the parameter of a given point by integral multiples of the 
periods of the inflexions (which are Jco and Jco') is a rational derivative of the 
given point. In this sense the theory of rational derivatives is the theory of commen- 
surable parameters. 

The only real derivatives of a real point are evidently, from (40) and (41), 
those whose index has its second suffix 0, L e. is of the form ap,o, and every such 
derivative of a real point is real. 

If (X) is the ap^g of (/i), 

X = a/i + Hi>« + ?^0> (42) 
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firom which follows 



_ 3X4- (3w— /))w-h (Sm'—q)i^ 



11 = 



3a 



(43) 



where each of the numbers m, m is any integer less than ± a* (including 0). 
The number of such sub-Op^^'s of any point X is thus evidently 1, ± a, or e^, 
according as the curve is non-periodic, singly periodic, or doubly periodic For 
the doubly periodic or non-singular cubics this is Professor Sylvester^s ^^ law of 
squares." From the fact that the parameters given by (43) are all incongruent 
follows that the number of subderivatives of a given index is in a/? cases that 
just stated. 

Moreover, it is evident from the formula that^ in general, a point (fi) will not be 
at once a sub-a^^^ and a sub-d^,, of the same point (X), if &, r, s have other values 
than a,by g respectively. There will, however, be points on the cubic, of which 
a subderivative with given index 6^^ , coincides with a subderivati ve with given 
index Op^^^ if a and h are different. To determine them, suppose (X) to be a 
point of which a sub-o^^^, say (/i), coincides with a sub-6^^„ where for conven- 
ience we will suppose a > 6 ; then (X) is at once an ap^^ of (/i) and a 6,.^, of (ft), 

hence 

\ = afi + I {pta + qta) = 6/Lt + ^ (ro) + s« ), (44) 



and 



(a - 6) ft = J [(r -p) 01 + (« - gr)a)^, 

(3 w + r — /))« -f (3m'-M— j)*/ 

(3 ma -\- ra ^ pb) « -f (3 m^a -\- sa — qh) a/ 

^■" 3 (a - ^) ' 



(46) 
(46) 



(47) 



where each of the numbers w, m' has any value from to a — 6 — 1 inclusive, 
from which it is evident that the number of such points (/i) is 1, (a — 6), or 
(a — 6)^ according as the curve is non-periodic, singly periodic, or doubly peri- 

odic, and the number of such pomts (X) is 1 , g , or — ^ — , where o is the 

greatest common divisor of a and h. 

Formula (44) shows that, if 6 = a, then r =p and « = 9, as is evident from 

the fact that any o^^^ is obtained from the cr,,, by collineation first with a certain 

inflexion 0^^r-p),p(i-q) ^^^ then with the inflexion Oqo, and the two points cannot 

coincide imless Op(,._p),p(,«g) coincides with 0^,Le.r =p and s = q. 

. Equation (45) shows that if the o^,^ of (/Lt) coincides with the b^^, of (/ut), then 



Here and iu the foUowing pageB I employ db tf to denote the absolute (positive) value of a. 
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the (a — 6) (with any suffices) of (/i) is a certain inflexion, and especially the 

(a — 6)p(p-r),p(g-f) of (m) is the inflexion Oqo. 

Equation (42) enables us to determine the condition that of two points given 
by their parameters, one (X) is a derivative of the other (/i). The condition is 
evidently that of the possibility of the determination of three integers a, jt?, q to 
satisfy the congruence (42). It will be convenient to consider X under the form 
XiO) + X2a)', and /i under the form /xioi + /u^joi', — a representation which is un- 
ambiguous if Xi , Xa , /Ai , /u^j are real, since ai and J are respectively real and purely 
imaginary. The condition is then involved in these two : — 

Xi = a/ii + \p (mod. 1), 

Xj = a/x2 + i y (mod. 1), 

i. e. \ (3 a/jti — 3 Xi + jp) and J (3 ajx^ — 3 X^ + g') are both integers, conditions 
which are certainly impossible unless Xi and /xi, as also Xa and /Lt2, are commen- 
surable, in the sense that one can be expressed rationally in terms of the other 
and of absolute rationals ; the most interesting case is that in which y^ and /a2> 
and consequently Xi and X2, are rational quantities. 



Periodic Poinis or Self -Derivatives. 

A general problem which has many special forms of interest is this : to find 
a point (/i) whose ap^g coincides with it The solution is given by 

a/i + J {po + q(a) = ft, 
{a — l)ii = — \ {j)(o + qa/)y 
_ (3 m - J ?) 01 -h ( 3 m^ - g) 0/ 

M = - 3(i^r) ' (49) 

• 

in which, to obtain all the difierent points (/x) for a given index ap^gy to each of 
the integers m, in must be given any ± (a — 1) successive values. The number 
of such dijSerent points (/i) for the index ap^g is therefore 1, ± (a — 1), or (a — 1)*, 
according as the cubic is non-periodic, singly periodic, or doubly periodic. On 
the non-periodic curve the only self-derivative is the inflexion, which corresponds 
to every index, and I therefore omit the further consideration of this case. 
Equation (49) may also be written 

1^ = 3[-(a-2)-l] ' (50) 

i.e. any self-Op^^ is also a 8elf-[~ (a — 2)]p(_^)^^(_^), so that the indices go 
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together in pairs of covgugateB (excepting the index l^.^, which we need not 
consider, as every point is its own lo.o) such that to each index of any pair of 
ccmplementaty indices, say, correspond the same selMerivativea. It is to be 
noticed that one of the indices of every pair is positive, so that the aelf^leriTa- 
tiyes mcy be classed according to the positive index. - However, ya the formula 
(49) there occurs only a — 1, which has the same absolute value for any index a 
as for its conjugate. In what follows I therefore assume a — 1 to mean this 
absolute positive value, without writing the double sign, and take a either 
positive or negative. 

If 3 m — />, 3 m' — gr, and a — 1 in (49) have a common fiictor, the corre- 
sponding point (/x) may also be obtained for a less value of a (more exactly^ for 
a less value of a — 1) with proper suffices^ We may impose upon a, Pf q any 
conditions we please (for instance, that a shall be of the form 3 1 + 1, and p = Oy 
q = 0), wliich may be regarded as conditions imposed upon 3 m — />, 3 m' — y, 
and a — 1. Any point which is a self-derivative with the index Op^^y but not a 
self-derivative with a less index, subject to the given conditions (say ^) will be said 
to behng to the itulex a^^^ {conditions ^). The number of selfderivatives belon^og 
to the index a^^^ (conditions ^) is evidently the number of pairs of numbers, 
the first of the form 3 m — p and the second of the form 3 m' — gr, neither greater 
than 3 (a — 1), which do not lH>(h contain any divisor 8 of a — 1 (other than 1) 

such that the quotients — ^ — , — ^ — , and —^ also satisfy the given conditiona 

The pairs of values m, m' which are to be excluded are those which satisfy the 

congruences 

3m=/>(mod. 8) and 3 is' = 9 (mod. 8), 

where 8 is some divisor of a — 1 satisfying a certain condition ir, which for con- 
venience I assume to include the condition just stated that 8 is a divisor of a — 1. 
With this proviso, k is the condition that the quotients of 3 m — p^ 3 m' — q, and 
a — 1, by 8, shall satisfy the conditions ^. 

If 8 is not a multiple of 3, the number of numbers m not greater than a — 1 

(subject to no condition) and satisfying the first of these congmenoea is — 7— , 

which is also the number of numbers not greater than a — 1 and divisible bj S ; 
and the number of values of m satisfying the second congruence is the same* 
Hence, if a — 1 is not a multiple of 3, so that it has no divisor 8 which is stidi a 
multiple, the number of numbers of the form 3 m — p, not greater than 3 (a — 1)^ 

which have no divisor satisfying the condition ic, is T[p {a — 1) • ic],* and the 

* See note at the end of Uiis aitick for definitioDs of tboe fUumtt^ 
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number of pairs of numbers, the first of the form Sm— p and the second of 
the form 3 m' — y, neither greater than 3 (a — 1),- which have no common 

divisor satisfying the condition k, is T [o (a — 1) . k]^ 

If 8 is a multiple of 3, and 'p is not 0, there is no value of m which satisfies 
the congruenee 3 m = jp (mod. 8). Hence, if a — 1 has any divisors which are 
multiples of 3 satisfying the condition k, and if j9 is 1 or 2, the number of num- 
bers of the form 3 m — p, not greater than 3 (a — 1), which have no divisor satis- 
fying the condition k, is T \o{a — 1) . #c. Os]. Similarly, if a — 1 has any 
divisors which are multiples of 3 satisfying the condition k, and if either j9 or q 
(or both) is diiBTer^nt from 0, the number of pairs of numbers, the first of form 
3w — p and the second of the form 3 m' — q', neither greater than 3 (a — 1), 

which have no common divisor satisfying the condition k, is T [6 (a — l).#c.08]^. 

If 8 is a multiple of 3, and/? = 0, the number of numbers of the.form 3m, 

not greater than 3 (a — 1), which have in common with a — 1 the divisor 8 is 

— ^ — , which is the number of numbers not greater than a — 1 having in 

common Y^ith a — 1 the divisor J 8 ; in fact, if 3 m contains 8, a multiple of 3, 
then m will contain \ 8, and conversely. The number of numbers of the form 
3 m, not greater than 3 (a — 1), which have no divisor satisfying the condition 

/c, is T [6 (a — 1) . K . (03,^03)] ;* and the number of pairs of numbers, each of 
the form 3 m, neither greater than 3 (a — 1), which have no common factor satis- 

fying the condition #c, is T [o (a — 1) . k . (O3, J Os)]*- 

From what precedes it is evident that the number of self-derivatives belong- 
ing to the index a^^^ (conditions i/r) is given by the following table : — 





singly Periodic Gobio. 


Doably Periodic GaUo. 


a not of the form 3 « + 1 


1 


— 1 v^ ^-^^ 

T [0 (* -1) . ic]* 


a of the form 3 « + 1 


^ and ^ not both 


"t[0(^)..c.O,] 


"t[5 (^) . « . 5 J 


^ and ^ both 


r[o(^i).«.(0„iO.)] 


T[o(^).K.(0.,iOJJ 



(51) 



The number of real self-derivatives belonging to the index a^^^ (conditions i/r) 

is found by taking into account the condition (41), which being applied to (49) 

gives 

2 (3 m'— y) = [mod. 3 (a — 1)]. 



* For convenience, I have used here 0(a~l).K.^O, to denote "does not contain one third of any 
divisor of a — 1 of the foim 3 i which Batisfies the condition jc." 
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Now 3 m' — g is never greater than 3 (a — 1) ; hence the only values of m' 
which will correspond to real points are those for which 

3 w' — gr = 3 (a — 1) or the congruent value 0, and 3 w'— gr = f (a — 1), 

neither of which can be satisfied unless q = ; and if y = 0, the« solutions are, 
respectively, m' = a — 1 or 0, and m'= ^(a — 1), which latter solution exists 
only when a is odd. Hence, whatever the given conditions, no real self-deriva- 
tive belongs to any index of the type Op,! or aj,^2i ^^^ to the index Op^o belong 
both or only the first of the self-derivatives 

according as a is odd or even, in each of which all values not greater than a — 1 
(or any natural succession of a — 1 values) are to be assigned to m, rejecting 
only those for which 3 m — p has in common with a — 1 a factor satisfying the 
conditions k. The number of real self-derivatives on a doubly periodic cubic if 
then, by (51): — 



o-l 



T{p{a — 1). (c] if a is of the form 6i or 6i + 2, 

2r[c(^^l).»c] « « 6i + 3or6i+5, • 

2 7'[o(a^l).K.08] « « 6i+landi)i8lor2, 

°f[6(a — l).»c.08] « « 6i + 4andj9islor2, 

2 r[6(a^) . K. (0, , J-O3)] « « 6 i + 1 and i) is 0, 

r[6(a^).»c.(03,i03)] « « 6t + 4andj»i60; 



(53) 



L e. the number of real self-derivatives (suffices p, q) on a doubly periodic cubic 
is the same as or double the number of self-derivatives (suffices ^, q) on a singly 
periodic cubic, according as a is even or odd. 

On a singly periodic cubic with real period only the first of equations (52) 
is to be employed, and all the self-derivatives are real. The only real self- 
derivatives on a singly periodic cubic with imaginary period are those points for 

which 

ft = and fi = ^ o>', 

the former of which corresponds (in an improper sense) to every index, and the 
latter (in the same sense) to every odd index; the latter is the point of contact 
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of the tangent which can be drawn from the real inflexion to touch the curve 
elsewhere. 

If no conditions i/r are given, I say simply that the self-derivative {fi) belongs 
to the index a^^^. K to m be assigned successively all values not exceeding a — 1, 
and top each of the values 2, 1, 0, the number 3 m — p assumes successively all 
values not exceeding 3 (a — 1), and each value but once. Hence the number 
of self-derivatives belonging to the index o^,, is the number of pairs of numbers, 
the first of the form 3 m — p and the second of the form 3 m' — q, neither greater 
than 3 (a — 1), which have no common divisor which divides also a — 1; and 
this number is found from (51) by making the condition k mean only " divisor of 
a — 1/' i. e. in the notation of the appended note 

K = (^^). (54) 

In this classification, if a is of the form 3 i + 1 and p and q are both 0, since there 
is no condition imposed upon the least divisors of a — 1, the only least divisor 
which is a Os is 3 itself; hence 

r[6/c.(03,i03)] = f[O/c.(03,l)] = 0, 

because it contains the vanishing factor ( 1 "" j ) • Hence no self-derivative be- 
longs to the index Gq^qj if ais o{ the form 3 i + 1, and no condition is imposed. 
These results apply to the doubly periodic cubic ; for the singly periodic cubic, 
the number of self-derivatives belonging to the index Op o or Oq,,, according as 
the period is real or imaginary, is the number of numbers of the form 3 m — ^^ 
or 3 m' — q, not greater than a — 1, which have no common divisor which divides 
a — 1 ; and this number is also found from (51) by determining k to satisfy 
(54) alone. 

The first classification of self-derivatives under an imposed condition which I 
shall consider is that in which the suffices are given ; thus, in accordance with 
the above convention, I shall speak of the self-derivatives belonging to the index 
a (suffices j9, q); it is needless in this case to repeat the suffices. As an example 
of this kind of classification consider the point corresponding to ft = | co + f co', 
which may be written 

_ (3.2-l)<o-f(3.2-~2)a/ _ (3.4-2)a)+(3.3-l)a/ _ 3.5o)-h3.4fa^ 
M— 3(3-1) — 3(6-1) — 3(7-1) ' 

which belongs to the indices 3i^a and ~ la,i (no conditions) ; but in the present 
classification it belongs to the indices 3 and — 3 (suffices 1, 2), to 5 and — 1 
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(suffices 2, 1), and to 7 and — 5 (suffices 00). The condition ^ that a self- 
derivative given by (49) shall belong to the index a (suffices^, q) is evidently 
that 3m — /?, 3 w' — y, and a — 1 shall contain no common factor 8 such that 
3w — p and 3 m' — q shall have, respectively, the same residues (mod. 3) as 
their quotients by S. This constancy of residue is the condition k. Tf j? and 
q are not both 0, this condition is satisfied when 8 is of the form 31 + 1, and 

only then, so that /c = (a — 1) . Is ; but if p and q are both 0, —^ will contain 3 

when m contains 8, i. e. the condition i/r will be satisfied if m is a divisor of 

a — 1 ; so that k = (a — 1). 

In this classification, therefore, the number of self-derivatives belonging to 
the index a (suffices/?, q) is as follows ; — 



p and q. 


Singlj Periodic with Real Period. 


Doabljr Periodic. 


Not both 


"f [O (^^) . 1,] 


"f [O (a-^l) . l.]« 


BothO 


r(a-l) 


T» (a - 1) 



(55) 



• 

A very important classification of self-derivatiVes is that according to the 
least index having a given residue (mod. 3) with given suffices, say (= a, mod. 3 ; 
suffices /?, q). It is evident that, unless a is of the form 3 i + 1, and jt? and q are 
both 0, the number of self derivatives belonging to the index a (= a, mod. 3 ; 

suffices p^q) is T[p{a — \). Is] or 7" [6 (a — 1) . IgjS according as the cubic is 

siftgly or doubly periodic. If a is of the form 3 i + 1, and p and q are both 

s tit 
0, the condition k is that the divisor 8 shall be such that the quotients -g-, 

, —^ are all multiples of 3, as the first two are if 8 is a divisor of m and m', 



6 



a-1 



and -— g— will, be if 3 occurs as a factor to a higher power in a — 1 than in 

8 ; if a — 1 contains 3 to a higher power than the first, every factor of a — 1 
will have a divisor 8 containing 3 tp a less power than occurs in a — 1 ; but if 
a — 1 contains only the first power of 3, then every factor of a — 1, excepting 
only 3 itself, will have a divisor 8 which contains 3 to a less power than 
occurs in a — 1, but 3 will not have such a divisor. Hence, if a is of the form 
9 i + 1, and p and q are both 0, the number of self-derivatives belonging to 
a (=1, mod. 3; suffices 00) is T{a— 1) for a singly periodic, and 7^(a — 1) 
for a doubly periodic cubic ; and if a is of the form 3 i + 1 but not of the form 
9 i + 1, and p and q are both 0, the number of self-derivatives belonging to 
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a (= 1, mod. 3; suffices 00) is T[p {a— 1).0^ for a singly periodic, and 

T[o{a — l). O3]* for a doubly periodic cubic. 

If P and q are both 0, and a is of the form 3 i + 1 or — 3 i + 1,* where i is a 
positive integer, the self-derivatives are pertadUe points of the grade i (Sylvester, 
page 74). The condition that a point (/x) should be a pertactile point belonging 
to the grade i is 

11 = 3^ > (56) 

where neither m nor m' exceeds 3 *, and w, m\ and i have no common divisor. 
If i is a multiple of 3, 3 i contains no prime factors which i does not, and the num- 
ber of such points is T(3i) or T^(3i), according as the cubic is singly or doubly 
periodic. If i is not a multiple of 3, 3 i contains one prime factor, viz. 3, which i 
does not, and hence those numbers m and m'y which contain only the factor 3 in 
common with 3 i, do not correspond to pertactile points of lower grade, and 

the number of pertactile points belonging to the grade i is T[o{^i) . Og] or 

T\o{Zi) . 0,]*, according as the cubic is singly or doubly periodic. From the 
values of these totients given in the appended note, it is easy to see that, whatr 
ever the value of t, the number of pertactile points belonging to the grade i is 
3T(i) or 9t^(i), according q<s the cubic is singly or doubly periodic^ which last 
result agrees with that given by Professor Sylvester (page 76). 

In general, if (/i) is a self-derivative belonging (conditions given) to the index 
Op ^,, it follows from (49) that 

(a — 1)/A = ~ i (;xw + qj), — (a — l)/i = J {p(o + q(o)j 

aii = fi— I (po) + q(o)y — aii = — fi + ^ (po) + qa/)^ (57) 

{a — 2) fi = — II — ^ (po) + q(o), — (a — 2) /I = /I + |( i)ai + qto). 

Now, according as a is of the form 3 1 + 1, — 3 i + 1, 3 1 — 1, — 3 t, 3 t, or 

— 3 i — 1, where $ is a positive integer, the number — (a -- 2), a, — a, a — 2, 

— (a — 1), or a — 1 is of the form — 3 n + 1, where n is a positive integer, viz. 
n = i unless a is of the form — 3 i or — 3 i — 1, and then n = t + 1. That is, 
in the six cases, respectively, 

* As has been remarked in connection with (50), the self-derivatives belonging to the index Op,, belong also 
to the index — (a — 2)p(p) ,p(g), so that the indices go together in pairs, thus : 3 i + 1, — 3 * -h 1 ; 3 1, — 3t -f-2 ; 
3«-|-2, — 3« are the (bnns of pairs of indices to which belong the same self-derivatives, and in the following 
I shall assume such a grouping without further mention. Especially is this grouping useful when p and q are 
both 0, for p (Q) «« 0» 00 that (he suffices of any index (sufficea 00) are the same as of the complementary ind^ 
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(— 3» + l)/i = /i + J {po} + qo>), fi — i {po + qo>), — /i. + i {pta + gw'), 

80 that, if a curve of the order n be passed through 3 n — 1 consecutive 
points on the cubic at (/i), i.e. have (3w — l)-point* contact with the cubic 
at (ft), the (3w)^^ intersection of such a curve with the cubic will be, in the six 

cases respectively, the 1^,,, l^p).p(g), —\.qj — lp(i».p(g)> ^p.qj^,{p)Mq) ^^ M'y ^^ 
the first two cases, if j9 and q are both 0, the (3w)"' intersection will be the point 
(ft) itself, and in the last two cases it is a constant point, viz. an inflexion. 
These latter cases appear as special forms of the problem : to determine the 
points (ft) at which a curve of the order n passing through a given point (X) of 
the cubic may have {3n — l)-point contact, the solution of which is given by 
— (3 w — 1) ft = X, so that (ft) is a sub-(— 3 w + l)oo of (X). 

To the subject of self-derivatives belongs the problem of the in- and exscribed 
^-laterals, which may be stated thus : to construct a polygon of k sides, each 
tangent to the cubic at its intersection with the preceding side ; or, in other 
words, to determine a point on the cubic, whose ^^ tangential coincides with it. 
It is evident that the index of the i^ tangential of Iqo, which is foimd by a repe- 
tition of formula (2), is ( — 2)Jo; hence the condition that (ft) shall be a vertex 
of an in- and exscribed A;-lateral is (— 2)*ft = ft, L e. 2*ft = (— l)*ft, or 

/^ = 2* — (— 1)* ' \^^J 

where m and mf have any values not exceeding 2* — ( — 1 )* ; the number i/r (A;) 
of vertices of proper k-lateralSy i. e. corresponding to k but to no divisor of ^, is 

'*-f^'*[6(2*-(-l)*)..] or ^YiH^'-i-^f)-'^]^ 

for a singly or doubly periodic cubic respectively, where the condition #c is to 
be taken to mean that the quotient of 2* — (— 1)* by the divisor, is still of the 
form 2* - (- 1)*. Now 2* - (- 1)* is a divisor of 2* - (- 1)* if i is a divisor of 
ky and only then. For a singly periodic cubic, then, if 1, rf, cf , . . . . , A: are the 
different divisors of ^, 

xj^il) + ^l,{d) + xj^icT) + . . . . + xj, (k) = 2' - {- If; (59) 

therefore, if a, ^, y, . . . . are the different prime factors of A, and if for con- 
venience 2* — (—!)* is represented by/ (A), 

* I make a distinction between A:-point contact and A;-taple contact of two curves, the former implying k, 
and the latter k-^-l consecutive common points, although I believe such a distinction is not usual. 
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^ (A) =f{h) - 2:y(„^) + 2"/(|) - 2'"/ (4) + • • • •' (60) 

where S', S", 2'", .... denote summation with respect to all the factors a, fi, 
y, . . . ., their binary, ternary, etc., products (for a proof of the theorem that 
(59) implies (60), see Dirichlet's Zahkntheortey edited by Dedekind, § 138, or 
Bachmann's Kreisthetlung^ pp. 8-11) ; in other words,* 

r\, {k) = [20 -(- !)()] r{k) = [2<>] r {k). (61) 

The equality of the second and third members of this equation follows from the 
fact that, in the prime totient of fc, according to which the sum is taken in (61), 
the number of positive even terms is the same as that of negative even terms, 
and the number of positive odd terms is the same as that of negative odd 

terms,! so that 

[(- 1)"] r (A;) = 0. 

If the cubic is doubly periodic, (59) is to be replaced by 

,/r(l) +r\,{d) + r\,{d!)+.... + Uk) = {^-{- !)')», (62) 

and hence follows, by virtue of the theorem above cited, 

^{k) =f{k) - Z'f (^) + Sr (I) - ST („7^) + .-.., (63) 

where /'(^), . . . ., are the squares of/ (A;), . . . ., Le. 

^ (k) = [20 - (- 1)( )]« r (*) = [(- 2)«< ' - 2 (- 2)< y] r (k). (64) 

From (58) it is evident that k= 1 gives all the inflexions, which are also 
improper solutions for every value of A, since 2* — (— 1-)* is divisible by 3, what- 
ever value k may have. 

Since 2* — (— 1)* is necessarily odd, and hence J[2* — (— 1)*] cannot be an 
integer, it follows from a comparison of (58) and (41) that the number of real 

• 

• See " Note on Totients ** at the end of this paper. 

t Namely, let n be the number of different prime factors of Jb. If Jb is odd, all its prime factors are odd, 
and all the terms of its prime totient are odd, 2»~^ of them being positive, and 2»-^ negative. If ibis oddly 
even, i. e. contains 2 but not 4, one of the prime factors of k is 2, and its prime totient contains the factor 
(2 — 1), and otherwise only odd factors (i. e. odd monomial factors and binomial factors of the form a — 1, 
where a is odd), so that 2*""* terms are positive and even, 2"""* negative and even, 2*"'* positive and odd, 
2** ~' negative and odd. If A; is evenly even, Le. contains 4, its prime totient contains the factor 2, and every 
term is even, 2*-"* being positive, and 2*~^ negative. If A; = 1, t (k) = 1, and [2** — (— l)<>]r (1) = 3 ; and 
ifib = 2, T(ik) = 2-1, [2<>-(-1)"]t(2) = 0; which are the only exceptions. 
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vertices of proper Jb-Iaterals in- and exscnbable to a singly periodic cubic with 
real period or a doubly periodic cubic is [2< >] r (k), but that there are no such 
real vertices on a non-periodic cubic or a singly periodic cubic with imaginary 
period, excepting the one real inflexion on each of the latter cubics. The 
number of proper jt-laterals in- and exscribable to a cubic is then given by the 
following table (excluding indexions). 



SpHlMif CabU. 


Bi^BdllUClBUT. 


BmL 


CttSPTDAI, 

(non-periodic) 








Cbtwodai 
(singly periodic with 


J[2"3r(A)* 





ACNODAL 

(singly periodic with 
real penod) 


i[2'ar(ft) 


j[2"]'(*) 


N0N-aiNOUT,A» 

(doubly periodic) 


i[(_2)'n_2(-.2)<>]r(A) 


j[2">Wt 



(65) 



As Professor Sylvester has remarked, t the number of proper (t-laterals in- 
and exscribable to a non-singular cubic shows that [2" — ( — 1)"]*t(A) is always 
divisible by k ; but the method here employed shows that, if a is any integer 
whatever, positive or negative, every point (/i) for which o* of (/t) coincides with 
{/i) is given by 

/*= a*^l ' W 

hence, by the same reasoning as above, 

[a<'-l]T(ft) = [al>]r(fc) 

[rf > - 1]« T (A) — to"" _ 2 a"] T (*) 

are divisible by ft ; in general, [o^' — 1]' t (ft), where t i« any positive integer, is 

* Comp&re Romdow, Dit Gunm dritUf Ordn\mg mit mmm DoppifymtUt, p. 41, ud Dartge, Ud>eT 
fartgaetzU* TangmUiaUlitn on Cune^ driver Ordiamg tnit rinen Doppd- odtr SMdMirpiuJeU, Math. Amuden, 
VoLI. 

t Compare ^rnack, Ufhtr dit VcriPcrOtang der elUptuchen. Fuw.tianm fiir die (komelrie dtr Cvrvtn dritteit 
atradtt. Hath. AmMlen, Vol. IX. p. IS, footnote. 

X Thi* Joonud, Vol II. p. SM. 



and 
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also divisible by k^ for it may be developed as a sum of terms of the fonn 
C . [(^^Yr{k) (where C and r are integers, of which the latter is positive), each 
of which terms contains k. Thus, not only the last member of (64), but each of 
its terms, is divisible by k. 

On page 75 Professor Sylvester has obtained a result which may be more 
explicitly stated thus: K any (3a)p,g of (X) coincides with the inflexion 0^^^, 
then the a^^, of (X) will coincide with some inflexion; namely, the a^, of a* 
different sub-(3 a)p^qB of (X) will coincide with any given inflexion, r and s being 
given, and the a^,, of any given sub-(3 a)p^j of (X) will coincide with any given 
inflexion for some one set of values of r and 8. We may solve, by the preceding 
methods, this more general problem : — 

If the {ah)p^g of (X) is a given inflexion, under what conditions will the o^.t 
of (X) also be an inflexion, and what inflexion will it be ? 

Let the given inflexion be J {(ko + ftV), then 



_ Qx - j) -f- 3m) 0, -f (/x^ - g -f- 3mO o>' 
^- 3^b ' W 

where each of the numbers m and m^ has any ah successive values, and the 

«r,* of (X) — 3^ , (68) 

which is an inflexion if 

fjL —p + 3 m = and ii — q + Sm' = (mod. 6), 

and only then. If then h is not a multiple of 3, the values of m and m' satisfy- 
ing these conditions will be found from 

3m=p — fi and 3n/ = q — pf (mod. 5), (69) 

and the number of points (X) found by substituting these values in the above 
expression for X is a* ; but if 6 is a multiple of 3, the congruences for m and m' 
have solutions only when /i — p and fi — y are also divisible by 3, i.e. (since 
each of the numbers /i, /i', jp, q has the value 0, 1, or 2) only when ft =J3 and 
/i' = y ; and if these conditions are satisfied, then 

m = and m' = (mod. J 6), (70) 

which give 9 o? points (X) satisfying the given conditions. In either case say 
3 m = /? — /A + <6, 3 m' =^ q — [i + uhy then 

a,., of (X) = 3 , (71) 



382 Stoet : On the Theory of Rational Derivation on a Cubic Curve. 

which may be cmy inflexion depending on the values of t and u. If 6 = 3, 
F ^/"i ^' = ?' equations (70) show that m and m' may be any integers j this is 
the special case to which reference has been made above. 

Mote on Totiettis. 

In the foregoing paper reference has been made to certain numbers called 
"totienta." A iottetti is the number of things which satisfy certain conditions. 
These conditions may be of any nature, affirmative or negative. Tbe things 
satisfying the prescribed conditions are called totitive to that condition, or simply 
totitivea. Every science has its totitives, whose nature depends upon the subject 
matter of the science, and the determination of the totient or number of things 
satisfying any possible conditions constitutes a distinct branch of the science, 
which may itself be designated as the tt^ies of the subject • For instance, we 
ha-ys geometrical iotics (German, "Abzahlende Geometrie "), the province of which 
is to determine the number of geometrical figures or curves satisfying certain 
conditions. I propose here to give an outline of a notation for arUkmetieal 
totients, and some formulsa belonging to arithmetical toUes. 

I use the following notation : — 

a, b, c, d, n,p,q, a, /3, y, denote integers. 

K, Xj ^^^ logical symbols denoting conditions satisfied. 

r^ (read ''an r to (2") is a logical symbol denoting that division byi^leaves 
the remainder r. 

a denotes some (or any) divisor of a (other than 1 ). 

o denotes " conUuns as divisor," and is followed by the number contained. 

Besides the usual arithmetical multiplication and addition, it is necessary 
in combining condUiom to employ logical multiplication and addition, which I 
denote by (.) and (,) respectively, with these definitions: — 

K . X denotes that k and x ^^ hoih (separately) satisfied. 

K , X denotes that either k or else x '^ satisfied. 

The logical product of two or more nurnhera denotes their least common 
multiple. 

Whenever it becomes necessary to indicate how far the force of a logical 
(dgn or symbol extends, I use parentheses in conformity with the usual conven- 
tion in the case of the arithmetical signs. With respect to the symbol o or o, it 
is assumed that the force of each extends over the signs (.) and (,). A dash 
over any logical symbol indicates that the condition denoted by that symbol is 
not satisfied ; thus, r^ denotes that division by d leaves a remainder different 
from r. 
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K , X Indicates that neither k nor x ^ satisfied. 

K . Xy ^^^ '^ ^^^ X ^^® ^^* '^^*'^ satisfied. 

on denotes "contains some factor of w," and on "contains no factor of n." 
A condition, or logical product or sura of conditions standing by itself de- 
notes any number satisfying the simple or compound condition. 

T [k] denotes the totient to the condition k within the limits p to q/\. e. the 
number of numbers from p to q^ inclusive, which satisfy the condition k. 

q 9 

T \k\ [x] denotes the number of pairs of numbers, the first between p and 

y, inclusive, satisfying the condition k, and the second between r and «, inclusive, 
satisfying the condition x* 

q 

T\k^ denotes the number of sets of k numbers, each satisfying the con- 
dition #c, and between p and q^ inclusive, counting repetitions due to different 
permutations of the numbers of any set. This notation may be extended 
indefinitely. 



It is evident that 



q 



and 



T\.--\ M = nK-\ f [x], 



i\Kf = {t\k-\)\ 



whenever /c is a self-existent condition, i.e. one which may be predicated or 
denied of each number in the set of ^, without reference to any other. For 
example, the condition on is self-existent, but oh is not. 

Similarly T\k\ is the number of numbers within the limits/? to y, which do 
not satisfy the condition k. 

In the case of totients corresponding to ^ds of numbers it may be necessary to 
express conditions which are imposed upon each number of the set, but not 
independently of the other numbers. For this purpose I use the following 
notation : — 

[/c]* denotes a set of Jc numbers each satisfying the condition #c. 

[/c]* denotes a set of k numbers neither satisfying the condition k. 

[/c]* denotes a set of A; numbers some (at least one) satisfying the condition k. 

[k]* denotes a set of k numbers not all (some not) satisfying the condition k* 

f The notations #c and k are borrowed from Mr. Peirce's Algebra of LogiCf this volume, page 22. 
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a denotes some (any) factor of a, the same for each number of the set in 
question (usually to be read "any common factor of o"). For ft = 1, [k] and 
[k] are identical, as are also [k] and [k]. 

In general, 

^W + ^ra = ™» ^H' + ^[^l* = < ^W + ^M' = «'• (72) 

According to the notation just explained, ^[6ii] denotes the number of num- 
bers not greater than n and relatively prime to it; it may be called the prime 
toiierd of n, and represented, for l^e sake of brevity, by t (n), a notation intro- 
duced by Professor Sylvester to replace the customary ^(n). Similarly ?'[Cft]*, 
the number of sets of k numbers, neither greater than n, which do not all con- 
tain any one factor of n, may be called the A:" prime totient of n, and represented 
by 7* (n) J Professor Sylvester has called -^ (n) the " quadritotient " of n. 

The totients which I have had occasion to use in the foregoing paper are 
those expressing the number of numbers within certain limits which have no 
divisors in common with a given number n, which satisfy certain conditions, L e. 
totients of the type 

f[cA.K], rfon.K]*. 

In what follows I assume : — 

0, &, c, . . . ., to be all the different _prM)M factors of n, so that n = cfl^c'', j 

1, (^ (T, . . . ., fl to be all the different divisors of n ; and 

S, S', S", . . . ., to be a complete system of lea^ divisors of n satisfying the 
condition k. By a system of leagi diviaors I mean a system of divisors of which 
no one is a multiple of any other. Then, evidently, 

T\pil = n\, r[o<0' = »'i (73) 

f[od. <?] = '. 3^. f[oi. <)' = «• 31^51, (74) 

and hence follows, by (72), 

r[od]=n(l-l), Z'[B<q* = »»(l-^). (75) 



The repetition of these formule gives 

r(»)=f[oa] = «(l-l)(l-i)(l-^).. 

An) = T [Sf.] = „• (l - i,) (l - ^) (l - ^) . 



(76) 
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of which the first is given in all the text-books, and the second, for the particular 
case k = 2,ia given by Professor Sylvester (page 76). 
The same method gives also 



f[cA.K] = n(l-|:)(l-|:)(l-^) 



(77) 



in which, as is indicated by the dots, the products of factors 8, S', 8", . . . ., in the 
denominators of the expanded expressions are logical products, i. e the least common 
multiples of their factors. More generally, if 8, S', 8", .... is the complete system 
of least divisors of n for the condition /c, and 8i, 8/, 8i'', . . . ., the complete sys- 
tem for the condition ;^, 

T\p{ii . k) .o{ii .x)']= ^ {} - y) \}~¥) \}~¥) •••• V V-^----' 

(78) 



where n does not necessarily denote, the same divisor of n imder the sign o as 
under the sign c * 

The condition k in (77) and (78) is that which expresses any bom fide 
property or properties of the divisor, e. g. that the divisor be the sum of two 
squares, or that it be = 2 (mod. 5). It cannot in general be a property of the 
quotient of n by the divisor. However, if \/i be a given property, there will, in 
general, be a condition k to which, if d be subjected, the quotient of n by rf will 
have the property i/r, as has been assumed above in (51) and (53). The follow- 
ing is an example of this mutual implication : the number of pairs of numbers 
I/, neither greater than n, and not both containing any divisor d of w, such that 

the quotient ^ is of the fonn r^ , may be denoted by T\ S (c? = n) . ( -; = rg ] , 

and is given by the following table : — 

• It may be remarked that, provided aU the least divisors for the various conditions are used in (76), (77X 
and (78), the presence of such divisors in them, satisfying the imposed conditions, as are not included in the 
S3r8tems of least divisors does not affect the results. 
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fomofii. 


'• 


Cendltioaflbrv. 


Tp--.a=-.)]* 


3i±l 


±1 


cA.l, 


T[S0.1.)]' 


Tl 


C)1.2, 


f[S(«-2.)]' 





No auch V 


„. 


a-iSiii) 


±1 


oS" 


icSs-]' 


Tl 


C3'.(«.20 


TgS-.iS.i!,)]' 


3'(3.-±l) 
S> 1 





cA 


^(») 


3> (3i ± 1) 





C(S:6,) 


f[c(*.0,)]' 



(79) 



where the upper or lower sign is to be used throughout any line in which the 
double 8ign occurs. Another example is given in (55). 

Let X, ^ f, .... be any numerical quantities, positive or negative, and ci, ^, 
€t,...., any succesBion of the signs + and — (or of the quantities + 1 and — 1) ; 
and let 



o- = «iX+^ + eai' + ...., and [/()]o- = €,/(X) + ^(/i) + e^/^(i')- 



■i(80) 



then I call [/( )] <r a/undiotuU didribute. What is essential to the definition of a 
functional distribute is the manner in which <t is made up of terms \, ii,v, . . . ., 
and the sign prefixed to each ; L e. the form of expression of <r is essential. In 
the cases which I have occasion to consider here the expression <r is the com- 
plete development of an integral algebnuc expression, the terms X, /x, !>,... . 
being taken all positive, and therefore ci, cg, ^, . . . ., are the signs actually 
occurring in the development. For the sake of brevity I write, in these cases, o- 
in its imdeveloped form. Thus, t (») being assumed of the form given in (76), 

[/( )]rw =/(»)-/(=) -/(O -/(")---+/(S) +/(£) +/(£) 
+ .--/(^)--... '"> 



r^ 
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[/()] (if^) C-i^) (if^'). . . . = [/()](l + <. + a'+. . . . 

+ o-) (1 + 6 + 6^ + . . . . + 6") (1 + c + c^ + . . . . + c*) . . . . 
=/(l) + f{d) +f(<r) + . . . . +/(n), (82) 

where a, 6, c, . . . . , a, j8, y, . . . . , rf, ef , . . . . are defined as above. 

Professor Sylvester has called the function [/( y]T{n) the functional totient of 

^'"' "' [/( )] c-f^') (if^') .... 

the functional mminant of /(n), and has denoted them by {fr)n and {fcr)ny 
respectively (this Journal, Vol. II. pp. 386, 387). 
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Postscript to Note on a Point in Vulgar Fractions. 
By J. J. Stlvebtee. 



Let ^x represent a:* — x + 1, <^"c will then be the general term of the " limiting 
florites" whose first term is c, for which, if we please, 1 — c may be Biibstituted. 
The properties of the numbers ^"c seem to be worthy of some attention. I con- 
fine my observations in what follows to the lowest of such series, viz. where 
c = 2 or — 1. 

The first five terms in such series then become 1 or 2, 3, 7, 43, 1807, 3263443, 
of which all but 1807, which = 13.139, are prime numbers. Every term in the 
series must contain only factors of the form 6 1 + 1, and this, joined to the fact 
that a prime factor which has once appeared in any term cam never reppear in 
any other, favors a tendency, so to say, of the numbers to remain primes, or 
at all events, to be of very limited frangibility into a product of primes. 

It is easy to determine whether -any proposed prime can occur a5 a factor of 
any term whatever in the series j for taking that number, say ^, as a modulus, 
if r is a remainder of any term to that modulus, the remainder of the next term 
will be r* — r + 1, and as soon as any remainder reappears the series of remain- 
ders becomes periodic; so that necessarily in less than the number j? of remain- 
ders, if^ does divide any term of the sorites, we must arrive at a remainder 
zero^ subsequent to which all the remainders are unity. I give the remainders 
and periods in the annexed table for all values of ^ of the form 6 1 + 1 up to 
139, from which it will be seen that, under that limit, 13 and 73 axe the only 
prime numbers which are contained as factors in the tenns of the series. 
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P 



2 
3 

7 
13 
19 
31 
37 
43 
61 
67 
73 
79 
97 
103 

109 

127 
139 
151 
157 
163 
181 
193 
199 



Remainders of <^"(2) to modulus p. 



{ 



0. 

2,0. 

2, 3, 0. 

2, 3, 7, 4, 0. 

2,3,7,5; 2,3,7,6; 

2, 3, 7, 12, 9, 11, 18, 28, 13; 2, 3, 7, ,13; 

2, 3, 7; 6,31; 6,31; 

2, 3, 7, 0. 

2, 3,. 7, 43, 38, 4, 13, 35, 32 ; 17, 29, 20, 15, 28, 25, 52, 30 ; 

2, 3 ; 7, 43, 65 ; 7, 43, 65 ; 

2, 3, 7, 43, 55, 51, 69, 21, 56, 15, 65, 0. 

2, 3, 7; 43, 69, 32, 45, 6, 31, 61, 27, 71, 73 ; 

2, 3, 7, 43, 61 ; 72, 69, 37 ; 72, 69, 37 ; 

2, 3; 7. 43, 56, 94, 91, 54, 82, 51, 79, 86, 101 ; 7, 43, ; 

2, 3, 7, 43, 63, 92, 89, 94, 23, 71, 66, 40, 35, 101, 73, 25, 56, 29, 50, 63 ; 32, 12, 24, 8 ; 

32, 12, 24, 8 ; 

2, 3, 7, 43, 29, 51, 11 ; 111, 19, 89, 86, 72, 33, 41, 117 ; ... . 
2, 3, 7, 43, 0. 

2, 3, 7, 43, 146 ; 31, 25, 148, 13, 6 ; 

2, 3 ; 7, 43, 80, 41, 71, 104, 37, 77, 44, 9, 73, 76, 49, 155 ; 

2, 3 ; 7, 43, 14, 20, B6y 37, 29, 161 ; 

2, 3, 7, 43, 178, 13, 157, 58, 49, 0. 

2; 3, 7, 43, 70, 6, 81, 159, 33, 92, 74, 192; 

2, 3 ; 7, 43, 16, 42, 131, 116, 8, 57, 9, 73, 83, 41, 49, 164, 67, 45, 190, 91, 32, 197 ; ... . 



Instantaneous Proof of a Theorem of Lagrange on the Divisors of 
the ' Form Ax' + By' + Cz', with a Postscript on the Divisors 
of the Functions which multisect the Primitive Soots of Unity. 

Bt J. J. Stlvesteb. 



If possible, let p be not a divisor of a? + y" + 1, and consequently not of tbe 
form 4 1 + 1, since, if it were of that form, aj* + 1 would contain it. 

Let p be any primitive p'^ root of unity. 

Call Ji = ^p", where 3? means any one of the quadratic residues of ftnd 
inferiors to p, and let the period conjugate to ^ be called It. 

Let IP be expanded aa a sum of powers of p. Then, because p is not of the 
form 4 1 + 1, we cannot have a^ + y* = ^, so that no p"" power of p can occur in 
iiiat expansion ; again, because by hypothesis neither 2 a? nor a;* + y* can be 
congruous to — 1 [mod., p'], no such power as ff~'^ which belongs to If, nor 
consequentiy any other term of It, can appear in S^; and as each power of /> in 
S' belonging to the same period must appear a like number of times, we must 
have 

1?=^^S, i.e. /e = 0, or i?=^, 

each of which suppositions is in the highest degree absurd. Hence ^ is a 
divisor of x" + y* + 1. Q. E. D. 

Compare Legendre's Thiorie dea Nomhrea, Ed. 1830, Tom. 1, pp. 211-213, 
and again Serret's Q>urs ctAIg^re Supirieure, Tom. 2, pp. 94-99, for proofs of the 
more general similar theorem due to Lagrange, concerning tc^ + B^ + C. These 
proofs are highly ingenious, but long and labored in no slight degree ; and as 
the sole apparent object of either author in proving the general theorem is to 
make use of the particular case of it to which this note refers as a foundation to 
the proof of Fermat's law of the four squares, I have thought that an intuitive 



Sylvester : Instantaneous Proof of a Theorem of Lagrange. 891 

proof of so important a lemma might not be without interest to some of the 
junior readers of the Journal.* 

But in fact the general theorem may be proved with scarcely any greater 
trouble than the particular case disposed of. 

For, supposing A, B, (7 to be all quadratic residues to j9, we may write 

A = a\ B = ^\ C=y[mod.j9], 
ox = w, iSy = «, yz^^ w'y 

and the congruence w^ + e;* + i^^ = 0, as previously shown, being soluble, evi- 
dently 

A7?'\-Bf+C^ = () 
will be so too, since 

ax = Uy j8y = V, yz = w [mod. j9], 

give integer values for x, y, Z) and as obviously the case of A, B, C being all 
non-residues falls into the previous case by multiplying the congruence by any 
non-residue, we have only to consider the case of two of the three coefficients 
being residues and the third a non-residue, or the converse case, which, however, 
by multiplication as above, may be reduced to the former one. 
Suppose, then, A = a?, B =^ ^y (7 a non-residue, and that 

As? + Bf+Cz' = [mod.p] 

is insoluble. For simplicity, let z= 1. Then u^ + t^ + (7=0 must be insolu- 
ble ; if ^ is of the form 4 i + 3, we shall obtain, precisely as before, 

and ifp is of the form 4 1 + 1, 

or i?2-^^i2+^- = 0, i.e. i?=^-, or iJ = — 1, 

any of which conclusions are eminently absurd. 

• From this lemma there is scarcely more than a step to the theorem in question. If P is contained as a 
factor in the sum of four squares, it is easy to see that we may write PQ=f* + g^ + h^ + A;* where < P, and 

CO' = a- ««')' +(9- pQ^y + (^ - yQy + (A: - tcay, 

where C < 0, and consequently, applying the Quaternion law of multiplication, PQ =f^ + S^* + hf^ + ifc'*, and 
80 we may form a continually decreasing series of quantities 0, C* 0", • • • . any one of which multiplied by 
P is a sum of four squares. Hence any divisor of such sum is itself such a sum, but by the lemma any prime 
number is a divisor of the sum of three, which plays the same part for present purposes as a sum of four squares, 
and is therefore a sum of four squares ; consequently any number whatever, by the rule of multiplication 
already alluded to in this note, will be a sum of four squares. 
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Hence At? + By^ + CJs? = [mod. p] cannot be insoluble ; i. e. the left-hand 
side of the congruence must contain j9 as a divisor. 

P. S. In a future communication I will prove very simply that if a prime 
number jp = c/*+ 1, and e is itself a prime number such that (e — 1) contains no 
odd square number, then every divisor, without exception, (other than p) of the 
function whose roots are the e periods of the primitive p^ roots of unity, must be 
an e"" power residue of p. If (e — 1) contains any square number, the proof 
still holds good, except as regards the factors of such square, and there is no 
reason at present for supposing that the theorem may not be extended to the 
case of these excepted factors.* The same kind of reasoning may be applied 
also to the theory of period-functions for which e (the number of the periods) is 
not a prime number, and I find for the case of e = 4, that, leaving out of account 
the number 2 (which is always a divisor of the four-period function to p when 
|) is of the form 8 i + 1, but never when it is of the form 8 i + 5, and may 
be or not a biquadratic residue of J9, according to a well-known law), the divisors 
of the four-period function (excepting p) which do not divide g (the even term 
in the equation [/^ + fl'^ = i>] )> ar© necessarily biquadratic residues of ^ ; as is 
also true of the prime-number divisors of g which are of the form 4 i + 1 ; but 
the prime-number divisors of g (all of which are necessarily divisors of the four- 
period function), of the form 4 i — 1, are quadratic only, and not biquadratic 
residues of p when p is of the form 8 i + 5 ; whereas for the case oip = 8 i + 1 
all the odd divisors of the four-period function (not counting p) are biquadratic 
residues of jp.t The same investigation leads to the remarkable conclusion 
that if ^ =/^ + 4)^, where /and y are both of them odd and p a prime num- 

ber, every divisor of — ^— is a biquadratic residue of 2>, — a theorem which 
I imagine would be difficult to prove by any other method. 

• Thus ex. gr., if is a prime number of the fonn 2"* + 1, I am able to prove that every divisor of the 
e-period function (not excepting 2, if 2 should happen to be such a divisor) is an e^-power residue of p. Thus 
for e -:= 2, 3, 5, 7, 11, 17 we may be certain that there are none but e^power-residue divisors of the period- 
function. 

t Of course in a certain sense p or zero is an any-power residue. Cut there is good reason for separating 
p from the residues proper, inasmuch as only the fint power of p, but an unlimited power of any true 
e^-power residue is a divisor of the e-period function, — a most important fact, which I presume must have 
been known to Bachmann, but has not been stated by him (in his KreistheUung, 1872). An exceedingly 
simple proof of this and of the corresponding theozem for any cydotomic function was given by Mr. Hathaway 
at a recent meeting of the Mathematical Seminariuniy at the Johns Hopkins Uuiveisity. ->! 
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